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Preface 



Superconductivity continues to be intensively studied and remains one of the 
most interesting research areas in physics. In particular, studies of supercon- 
ductivity in nanostructures, novel superconducting materials like cuprates, 
ruthenates, heavy-fermion metals, novel metallic alloys and organics are pre- 
sented. New and unexpected behaviors have been observed. As examples we 
note the two-gap-like superconductivity in MgB 2 , non-conventional super- 
conductors with d x 2_ y 2 symmetry, triplet-superconductivity and new organic 
superconductors. In parallel there have been impressive advances in the study 
of nano/mesoscopic superconducting structures and tunnel/proximity junc- 
tions. 

Complimentary theoretical and experimental studies have advanced our 
understanding of systems with strong electronic correlations and the asso- 
ciated superconducting phase transitions. New experimental techniques and 
field-theoretical methods have emerged. The symmetry of the superconduct- 
ing order-parameter in certain material classes seems different from the usual 
singlet, s-wave form found in conventional superconductors. There is strong 
evidence of a Cooper-pairing mechanism differing from the conventional one 
arising from the electron-phonon interaction. In view of the simultaneous 
occurrence of an enhanced magnetic response in many novel superconductors 
(cuprates, ruthenates and heavy- fermion metals), pairing due to exchange 
of spin-excitations has been proposed and studied. With this mechanism, 
triplet Cooper-pairing can also occur, in addition to singlet Cooper-pairing. 
This may be the case in Sr 2 Ru 04 and heavy-fermion metals like UPt 3 . 

Many basic questions still await definite answers. Yet the fact that so 
many interesting results are already at hand justifies the production of two 
new books on the “Physics of the Superconductors”, of which this is the 
second volume. Hopefully, they together serve the same purpose as did the 
previous and well-known “Bibles of Superconductivity” published in 1968 by 
our former colleague R . D. Parks. It is our intention that the present books 
should be of use to students, teachers and researchers; hopefully it will help 
the latter to further advance the field and stimulate new discoveries. We fully 
expect new surprises and discoveries in this century, continuing the trend of 
last century, which started with the discovery of superconductivity itself by 
Kamerling-Omnes in 1911. 

The various chapters of this Volume treat in a comprehensive way impor- 
tant new classes of superconductors. The state of the art of research on meso- 
scopic structures, superconductivity in cuprates, ruthenates, heavy-fermion 
metals and organic metals is presented. The introduction gives a brief sum- 
mary of important results and of recent developments. The first chapters treat 




VI 
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superconductivity in granular metals and nanostructures. Note, the interplay 
of lattice structure and superconductivity is one of the classic questions in 
the field of superconductivity. Mesoscopic structures involving superconduc- 
tors may play a major role concerning further applications and technology. 
The book continues with a review of phase-transitions. Important general be- 
havior of the superconducting phase-transition is discussed. One learns how 
to embed this phase-transition into the general theory of phase-transitions 
using statistical-mechanics. The next chapter illustrates the importance of 
photoemission, in particular of angular-resolved photoemission spectroscopy 
(ARPES), for studying the electronic structure of superconductors, in partic- 
ular the elementary excitations in cuprates. The chapter “Concepts in High- 
Temperature Superconductivity” is a critical introduction to the present state 
of the theory of superconductivity. The following two chapters describe in a 
fairly complete way experiments on novel superconductors, organic supercon- 
ductors and heavy-fermion metals. This is followed by a comparison of the 
experimental facts with the theory based on Cooper-pairing due to the ex- 
change of spin-excitations. This tries to explain important experimental facts 
and complements the other theory chapter in this treatise. It may pave the 
way towards a general BCS-like theory for superconductivity in cuprates, 
heavy-fermions and other novel superconductors. The theory is applied to 
hole - and electron doped cuprates and to Sr 2 Ru 04 . Note, Sr 2 Ru 04 exhibits 
interesting anisotropic magnetic activity and likely triplet Cooper-pairing. 
In a following chapter interesting superconductivity in Heavy-Fermion met- 
als is reviewed. In a final chapter superconductivity and superfluidity are 
compared; this stimulates one to view superconductivity, superfluidity and 
Bose-Einstein condensation from a more general perspective. As an exam- 
ple, triplet superconductivity and superfluidity in 3 He are clearly intimately 
connected. 

As in the previous volume, the authors have been encouraged to present 
the material in such a way that it will remain useful and interesting for some 
time to come, as was the case with the earlier Parks books. Simultaneously 
we wish the book to be stimulating and enlightening for both students and 
researchers including those at the forefront of the field. 

We wish to thank all the authors for their careful work and their patience 
through the editing phase. Especially we are grateful for the contribution of 
Dr. V. Emery despite his difficult personal circumstances. Special thanks go 
to Christof Bennemann for his essential help in styling and preparing the 
book for publication. As with the first volume, he strove for accuracy and 
uniformity. We also thank Drs. D. Manske, I. Eremin, and F. Nogueira for 
their assistance. Finally we thank Drs. Ascheron and Lahee from Springer 
Verlag for their patience and help. 



Berlin, November 2003 



K.H. Bennemann and J.B. Ketterson 
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1.1 Introduction: General Remarks 



In 1911 Kamerling-Onnes discovered superconductivity in mercury at 4.2K, 
in 1933 the fundamental Meissner-Ochsenfeld effect (j s oc A) has been dis- 
covered and in 1957 Bardeen, Cooper, Schrieffer explained superconductivity 
using an electronic theory as resulting from the electron-phonon coupling 
(B.C.S. -theory). In many metals this interaction caused singlet Cooper- 
pairing (k — k I) of electrons within an energy-shell of the order of 2a jp 
around the Fermi-energy €f(ujd = Debye energy). The resultant super- 
conductivity was described by an order-parameter A^ having s-symmetry 
(Ah = A). Most metals exhibited superconductivity below a relatively low 
transition-temperature T c and T c < 20K [1]. In Fig. 1.1 we illustrate the oc- 
curence of superconductivity in the periodic table. 

Thus, with the discovery of high T c -super conductors, cuprates, by Bed- 
norz and Muller in 1986 with T c far above 20K a new era started [2]. Many 
novel superconductors among them cuprates, ruthenates, heavy-fermion met- 
als and organic materials were discovered. For the cuprates one observed T c - 
values ranging up to 150K, see Fig. 1.2 for illustration. Heavy-fermion metals 
(such as UPt 3 , Celn 3 , ZrZn 2 , CePd 2 Si 2 , etc.) and the other new supercon- 
ductors had relatively low transition-temperatures T c below a few K. Yet 
most of these novel superconductors exhibited behaviour rather different from 
B.C.S.-behaviour of the conventional superconductors. In particular one ob- 
served non s-symmetry of the order-parameter, strong electronic correlations 
including non Fermi-liquid behavior (electrical resistivity p oc T, scattering 
rates oc a;,...) and unusual phase-diagrams. Possibly Sr 2 Ru 04 and heavy- 
fermion metals (UPt 3 , etc.) exhibit also triplet Cooper-pairing (k — k |) [3]. 

A recent surprise was also superconductivity in layered structured MgB 2 with 
T c ~ 40K and two gaps [4]. 

Presently further observations are necessary and a B.C.S-like theory is 
needed to obtain a definite universal picture about the phenomenon super- 
conductivity with all its facts and possibilities, in particular about all the 
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Fig. 1.1. The occurrence of superconductivity in the periodic table is illustrated. 
Clearly as the history of superconductivity shows alloys and compounds of the 
elements play a most important role 



fields (phonons, spin-excitations, ...) which cause Cooper-pairing and thus 
superconductivity. A goal is also a unifying field-theory of superconductivity 
and superfluidity. 

Metals with parallel magnetic- and superconducting activity are of cen- 
tral interest. Triplet Cooper-pairing relates such superconductors intimately 
to superfluid 3 He [3]. Superconductors with quantum-critical points are of 
special interest with respect to basic questions of quantum-mechanics [5]. 
Mesoscopic superconductivity, superconducting quantum-dot systems and 
nanostructures (arrays of Josephson-junctions, etc.) are of essential interest, 
also with respect to applications and technology [6]. 

By continuity one may assume safely that further surprises and discover- 
ies lie ahead of us. Yet these will relate to what is known already and will 
need for an understanding many basic facts which are presented in the var- 
ious chapters of this book. In the following we summarize some of the new 
observations. 

1.2 Novel Superconductors and Basic Facts 

We concentrate on the new superconductors having a non s-symmetry order- 
parameter like the cuprates, ruthenates and heavy-fermion metals. To con- 
trast their behaviour from the conventional superconductor ones, we repeat 
first basic behaviour of B.C.S. superconductivity, 
a) Conventional Superconductors 

Most metals and alloys thereof exhibit electron-phonon coupling driven su- 
perconductivity with transition-temperatures ranging up to about 20K. The 




1 Recent Developments 



3 



A-15 compounds (NbsGe,...) have the largest transition-temperatures T c [1, 
7]. The superconducting order-parameter A k has s-symmetry (Z\k=const.). 

Depending on the ratio of the coherence length £(T) and the penetration 
depth A(T) magnetic flux may penetrate (vortex formation). Superconductors 
of type I (k = j < and type II (n > with vortices exist [1,2]. 

In conventional superconductors typically non-magnetic impurities re- 
duce T c relatively weak, while paramagnetic impurities have a strong de- 
structive effect and may destroy superconductivity. External magnetic fields 
and electrical currents destroy the superconducting state, break up Cooper- 
pairs, and even may cause gapless superconductivity. 





Fig. 1.2. History of the transition temperature T c for the first 70 years following 
the discovery of superconductivity in 1911. The A-15 compounds were of particular 
interest in the search for higher T c -superconductors. High-T c cuprate superconduc- 
tors were discovered by Bednorz and Muller in 1986. For La2- x Ba x Cu04 a T c — 
35 K, for YBa 2 Cu 3 C> 7- < 5 a T c — 92 K, and for HgBa2Ca2Cu308+<s a transition- 
temperature T c = 133 K was observed, for example 
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Tunnel-junctions of superconductors exhibit the Josephson-effect. The 
tunnelling current is given by 

j oc sin(Z\<£ + cut) . 

A<P is the difference of the global phase of the two superconductors. The 
current results from the tunnelling of Cooper-pairs [8]. 

In all conventional superconductors phase-coherent Cooper-pairing oc- 
curs at the transition-temperature T c . The structure of the order-parameter 
Ak(w), seen in the spectral-density for example, reflects for conventional su- 
perconductors characteristic phonon frequencies involved in Cooper-pairing. 
The Meissner-effect occurs at T c for phase-coherent Cooper-pairs. Part of 
the history of superconductivity is shown in Figs. 1.2. 

It is expected that similar behaviour regarding basic facts can be expected 
also for the novel superconductors, in particular if electron-phonon interac- 
tion causes Cooper-pairing. This seems the case for the recently discovered 
(type II) superconductor MgB 2 with T c ~ 40 K and quasi two gaps, A\ ~ 
4 meV and A 2 ~ 7.5 meV due to 7r-and cr-type electrons [9]. Both gaps 
have s-symmetry and result from the highly anisotropic layer-structure of 
the MgB 2 ~lattice. Note, Boron-planes consisting of hexagon-B-rings char- 
acterize the structure. The dominating bonds of ir- and cr-type cause super- 
conductivity. As a consequence of this anisotropy one gets a critical magnetic 
field H*J 2 and H^ 2 - One estimates ~ (£^)~ 2 ~ 0.2 h|] 2 . Here the hJ, 2 and 
refer to in-plane and perpendicular to B-plane upper critical field, re- 
spectively. Note, H c 2 ^ #o/7r£ 2 ? £ ~ Z\ -1 , ^>0 refers to the elementary flux 
quantum. 




temperature (K) 



Fig. 1.3. Critical upper magnetic fields Hc 2 (T) and referring to the B- 

planes and direction perpendicular to it, respectively, in the layered structure of 
MgB 2 . The anisotropic behavior of H c2 (T) is indicative of the approximate two 
gap behavior 
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In Fig. 1.3 we illustrate the anisotropic behaviour of H C 2 (T) indicative of 
2 gaps. It is interesting that MgB 2 can carry relatively strong superconduct- 
ing currents in magnetic fields up to 3 T, which compares with that observed 
for high-T c cuprates. Note, the isotope-effect as well as tunnel spectroscopy 
support phonon driven superconductivity. One gets that Mg 11 — ►Mg 10 in- 
creases T c by about 1 K in accordance with T c oc(Mg) -1 / 2 . Interestingly AIB 2 
is not superconducting. Note, MgB 2 in another example for the interesting 
role played by the lattice structure regarding superconductivity. 





Fig. 1.4. Doping dependence of the superconducting transition temperature T c (x) 
of (a) hole (La2- x Sr x Cu04, •-■) and (b) electron (Nd2- x Ce x Cu04, ...) doped 
cuprates. (X^ neglects C.P. phase fluctuations, T* refers to the onset of pseudo- 
gap.) A.F. refers to the anti-ferromagnetic phase and n s to superfluid density. The 
inset Fig. in (a) is a calculated spectral-density. The inset Fig. (b) refers to calcu- 
lations. Here, T c oc n 3 for electron doping is an open question presently 
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b) Cuprates 

The high T c -superconductors LSC0(La 2 - a; Sr a; Cu04) and BSCCO(Bi 2 Sr 2 Ca 
Cu 2 O s ) etc. with T c -values ranging up to 150K consist all of layered struc- 
tures with Cu0 2 -layers (one or more per unit lattice-cell) which seem largely 
responsible for Cooper-pairing and superconductivity. Type II superconduc- 
tivity and non-s-symmetry of the order-parameter, likely d x 2 _ y 2 -symmetry, 
is observed. Tunnel-spectroscopy, ARPES, and many other experiments sup- 
port this. Parallel magnetic activity (anti-feromagnetic one) and supercon- 
ducting one occurs. Typically an interdependence of these activities is ob- 
served. Singlet Cooper-pairing is present. Due to strong correlations unusual 
properties are exhibited, see for example the temperature-dependence of the 
electrical resistivity and other transport properties, a pseudo gap of d x 2-3,2- 
symmetry in the quasi-particle dispersions, non-Fermi-liquid behavior (self- 
energy U(u ;) oc a ;, etc.), and so on. As a consequence the elementary excita- 
tions in the cuprates seem to behave anomalously. The doping dependence of 
T c indicates that phase-fluctuations of Cooper-pairs play a role, in particular 
in underdoped cuprates with stronger correlations among the quasi-particles. 
This seems reflected by 

T c OC 7l s , 

where n s denotes the doping dependent superfluid density ( n s = n s 
Whether T c oc n s occurs also for electron doping needs to be verified. It is 
expected for low Cooper-pair density. 

Fig. 1.4 illustrates the doping-dependent phase diagram of hole doped 
(La 2 _a; Sr x Cu0 4 )-and electron (Nd^Ce^CuO^-doped cuprates [10]. In hole 
doped cuprates for increasing doping x one gets that T c increases first due 
to increase of hole concentration and itinerancy and then T c decreases again 
due to the disappearance of the antiferromagnetic spin-excitations. Note, 
electron doping consists largely of occupying the hybridized d-orbitals (up- 
per Hubbard-band) of Cu, of quenching the Cu-spins, while hole doping of 
the oxygen p-states, destroying long-range anti-ferro-magnetism due to frus- 
tration, consists mainly of emptying the oxygen p-band. Thus with increasing 
hole doping anti-ferromagnetic excitations are weakened and itinerancy of the 
correlating hole-carriers is improved. One might expect somewhat different 
behaviour of hole- and electron doped cuprates. 

c) Ruthenates 

Due to advances in crystal growth the ruthenates have become a very in- 
teresting material class in condensed matter physics [3]. There are structural 
similarities with the cuprates [11]. In Sr 2 Ru0 4 layers of Ru0 2 are separated 
by Sr and O atoms, in SrRuOs one has Ru0 2 -layers with Sr in between, 
and in SrsRu 2 07 a similar, but more 3d-type structure is present. Sr 2 Ru0 4 
is a novel superconductor with T c =1.5 K. Several measurements indicate 
triplet Cooper-pairing and p-symmetry of the superconducting order pa- 
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Fig. 1.5. Magnetic anisotropy x+~{T) and x zz (T) referring to in plane and per- 
pendicular to Ru02~plane response, respectively, in Sr 2 Ru 04 . The experimental 
results refer to spin-relaxation (Ti , Knight-shift) 



rameter [3,12], possibly: 

Aic oc z(k x 4- iky) . 

The anisotropy of H C 2 is even larger than in the cuprates. SrRuC>3 is a fer- 
romagnetic metal. Upon applying a magnetic field one observes a magnetic 
quantum critical point in Sr3Ru207. 

These facts suggest already that the ruthenates are a most important class 
of new materials in condensed matter physics. In particular triplet Cooper- 
pairs (k |, — k T) in Sr2RuC>4 may stimulate further studies of triplet pairing 
in superconducting heavy-fermion metals, in organic-systems and ferromag- 
netic metals like Fe under pressure and an unifying view on superconductivity 
and 3 He-superfluidity. 

Concentrating on Sr2Ru04 note that superconductivity seems related to 
both antiferromagnetic- and ferromagnetic-activity. Most important is the 
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Fig. 1.6. Illustration of a possible form of the p-type superconducting order- 
parameter in Sr 2 Ru 04 . In principle incommensurability along 2 -axis may occur 



recently observed anisotropic response to an external magnetic field h. This 
is illustrated in Fig. 1.5 [13]. Note, x ± ^ X ZZ i where the susceptibilities refer 
to the response to a magnetic field parallel to the Ru02~planes and perpen- 
dicular to these planes, respectively. It seems then possible that the Fermi- 
surface topology and the structure of the total spin-susceptibility 
cause triplet Cooper-pairing, since ferromagnetic spin-excitations dominate 
over antiferromagnetic ones. 

The superconducting order-parameter seems of p-symmetry [3, 11]: 



k z c 



Ah = Aqz cos -—{sin cos — b i sin 



kyCl 



kuCL 



kx^h 

cos—} 



( 1 . 1 ) 



with no nodes in the Ru02~planes, but with nodes along the the z-direction 
perpendicular to the planes. The possible form of Z\ k is illustrated in Fig. 
1.6. Note, the spin of the Cooper-pairs, (k k {), is parallel to the Ru0 2 - 
planes, but with no preferable direction in these planes. The orbital angular 
momentum l of the Cooper-pairs points in z-direction perpendicular to the 
planes [3,12]. 

Of course, triplet Cooper-pairing (breaking time reversal symmetry) is 
reflected by corresponding thermodynamical and optical behavior. Due to 
the usual coupling between the orbital angular momentum l and the external 
magnetic field h one expects a rich response and different critical magnetic 
fields (h C 2 (T)) dependent on whether h is parallel to the Rn02~planes or h\\z, 
perpendicular to the Rn02~planes. Furthermore, the breaking of time reversal 
symmetry will be seen by corresponding optical response, for example, its 
dependence on light polarization. The magnetic anisotropy is expected to lift 
the degeneracy of the three triplet states. 
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Fig. 1.7. The phase diagram T C (P ) and T c (h) of the heavy-fermion metal UPt 3 
is shown ( h denotes the external magnetic field, p the pressure). A, B, C refers to 
different superconducting states 



Note, it is of utmost significance to identify definitely triplet pairing and 
the pairing field (spin-excitations), 
d) Heavy— Fermion Metals 

The heavy-fermion metals are characterized by an unusually large electronic 
density of states (DOS) near the Fermi-energy, N(0). Thus, the effective mass 
m of the carriers is much larger then the bare electronic mass mo. Note, m 
may range up to 100 mo or more. Typical heavy-fermion metals are listed in 
table 1.1 [14]. 

Due to the large electronic density of states (DOS) the heavy-fermion 
metals exhibit simultaneously interesting magnetic- and superconducting be- 
haviour. Multiple magnetic and superconducting phases and generally com- 
plex thermodynamical behaviour exist [5,15]. For example, this is demon- 
strated by the phase diagrams of T c ( h) and T c ( P) of UPt 3 shown in Fig. 
1.7. 

Note, while in conventional type II superconductors there are 2 super- 
conducting phases in the h-T plane (low field Meissner phase and a high 
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Table 1.1. List of heavy-fermion metals, m and m 0 are the effective and bare elec- 
tron mass and T c the superconducting transition temperature. Note, the interesting 
dependence of T c on pressure. 





UPt 3 


UBeia 


UPd 2 Al 3 


UGe 2 


m/mo 


360 


1100 


210 


100 


Tc( K) 


0.55 


0.85 


2 


0.7 



field vortex phase above /i c i(T)) in UPt 3 there are five phases: vortex phase 
C, and phases A and B each exhibiting a Meissner- and vortex-phase. The 
phase-diagram T c { P) exhibits also the superconducting phase A, appearing 
for pressure P=0 at T c > 5K, and phase B appearing for P=0 at T c ~ 0.44K. 
The symmetry of the order parameter is certainly not simply s-wave like, 
but different for T c (P,h). This is still analyzed as well as the mechanism for 
Cooper-pairing. However probably spin-excitations seem involved. 

Several studies where performed for analyzing the supercondcuting phases 
by using a Ginzburg-Landau theory and allowing a more complex order- 
parameter including triplet Cooper-pairing. Note, the free-energy change 
may be described by 



AF= ai (T- T c {)\Ai\ 2 + a 2 (T- T c2 )\A 2 \ 2 + /3 1 |Z\ 1 | 4 + fo\A 2 \ A + 

/3i 2 |/ii| 2 |Aj| 2 + (1-2) 



Here, Ai, A 2 refer to the order-parameter of the different phase transitions. 
The coefficients are pressure dependent. 

Of course, one may attempt an analysis using an electronic theory for 
x(q,o;) and A k for the cuprates and ruthenates (Sr 2 Rn0 4 ) [11] and for the 
heavy— Fermion metals. Then, the order— parameter is approximately given by 
(after linearization and for T — > 0) 



A kj cr — ,<T r ^k<r,k'< 



'a' 

2 E k 



(1.3) 



xlq, co) 




Fig. 1.8. Cooper-pairing due to the field represented by the dynamic susceptibility 
x(q> c * ; ) to which the quasi— particles described by the matrix Green’s function G 
couple by U. Here U e ff includes vertex corrections 
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Whether a B.C.S.- like universal theory can be derived as suggested by 
field-theory from the Feyman-diagram shown in Fig. 1.8 is still an open 
question. Strong correlations could prevent such simplifying Eliashberg-type 
theory. However, if the dynamics of the vertex corrections is not changing the 
general behaviour (obtained already for J7 e // — ► U ) one may obtain already 
good qualitative results from such an effective Eliashberg-type theory. 

In Fig. 1.9 we show more data on heavy-fermion metals indicating the role 
played by magnetic excitations. The superconducting transition-temperature 
T C (P) of Celn 3 may be of particular interest due to quantum criticality at 
P~28 kbar where the Neel temperature Tn —> 0 and superconductivity appears 
[5]. This needs, however, further studies. 




20 40 

pressure (kbar) 



Fig. 1.9. Phase diagram of the heavy-fermion Celn 3 . Note the appearance of su- 
perconductivity at larger pressure 



This is also the case regarding the phase diagram of UGe 2 where for P— > 
18 kbar, T c — > 0 and T cur i e — > 0. Not much is known about pairing mechanism 
and symmetry of the superconducting state appearing for pressure above P~ 
8 kbar. Typical phase diagrams indicative of the interplay of antiferromag- 
netism or ferromagnetism and Cooper-pairing are shown in Fig. 1.10. Note, 
further experiments may somewhat modify these interesting phase-diagrams. 

It is of utmost interest to determine for UPt 3 and the other heavy-fermion 
for Fe and UGe 2 and related metals the interplay of magnetism and supercon- 
ductivity, the symmetry of the superconducting order parameter, the thermo- 
dynamical properties and the role played by quantum critical points (Q.C.P.). 




12 



K.H. Bennemann, J.B. Ketterson 




(b) 




Fig. 1.10. (a) Phase diagram of UGe 2 - (b) Superconducting hexagonal e-phase Fe 
under strong pressure. a,/3, e refers to the various Fe phases 



Besides Ginzburg-Landau type analysis electronic theories are needed to un- 
derstand superconductivity in these systems. 

Summarizing, the interdependence of magnetism and superconductivity 
has been a classical problem and seems nowadays due to technical advances 
regain interest. Note, the Larkin-Ovchinnikov state of a superconductor in 
the presence of an exchange field [ 16 ] 

Ak ~ cos (k • r) 

indicates already too that magnetism and superconductivity may seek a com- 
promising arrangement. This is also known from Ginzburg-Landau theory 
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with two order-parameters which may coexist or exclude each other, de- 
pending on the parameters controlling the energetics, 
e) Organic Superconductors 

Recently, many studies have shown that organic metals are most interest- 
ing. A large class of crystalline organic systems are quasi-two-dimensional 
charge-transfer salts. Many become superconducting [17]. Various properties 
of these organic metals are shared with the cuprates like layered structures, 
strong correlations causing also antiferromagnetism and non-s-symmetry 
Cooper-pairing. The organic metals are very clean nearly impurity free sys- 
tems. Also astonishingly superconductivity may be induced by strong mag- 
netic fields. In Fig. 1.11 the interesting phase-diagram of k;-(BEDT-TTF) 2 - 
Cu[N(CN) 2 ]Br a typical composition of a charge-transfer salt is shown. Such 
molecules are stacked into layers. Planes of Cu[N(CN) 2 ]Br aniones separate 
these layers. Within these layers the molecules form dimers and electrons or 
holes can hop then easily from one molecule to the next one, but not per- 
pendicular to the layers (hence: quasi 2d-behavior). Thus, salts consist of 
conducting layers separated by a non-conducting environment (anions). 




Fig. 1.11. Phase diagram of the organic metal «-(BEDT-TTF) 2 -Cu[N(CN) 2 ]Br 
(Bisethylenedithio-terathiofulene-X type salt) 



Clearly bond-length changes, also due to pressure, will sensitively change 
the electrical properties. Also applying a magnetic field perpendicular to the 
layers (along the c-axis) affects the system due to the formation of Landau- 
levels which will pass the Fermi-energy as the external magnetic field varies 
(see de Haas - van Alphen oscillations). In stronger magnetic fields also quan- 
tum mechanical interband tunnelling occurs [17]. 

Superconductivity occurs at relatively low temperatures usually upon ap- 
plying pressure, see Fig. 1.11. Various experiments indicate unconventional 
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Cooper-pairing (2A 0 ~7k B T c , non-s-symmetry of A k). Note, superconduc- 
tivity occurs close to the antiferromagnetic-state like in the cuprates and 
heavy-fermion metals. Experiments indicate that the long range magnetic 
order is due to localized spins on the dimer and not due to the hopping 
carrier (holes or electrons). Antiferromagnetic spin-fluctuations occur as a 
precursor of superconductivity. How much these and phonons are involved in 
Cooper-pairing must be clearified by further analysis. 

In an external magnetic field interesting behaviour may result due to 
the layered structure, Landau-level formation and spin-split bands. Possibly 
Cooper-pairs (k f , — k-fq |) may form. A Larkin-Ovchinnikov state [16, 17] 
with Ak ~ cos(kr) may occur. In general the response to an external mag- 
netic field is highly anisotropic. Furthermore, it is interesting that supercon- 
ductivity may be induced in A-(BETS) 2 FeCl 4 by a magnetic field h which 
destroys long range magnetic order of the Fe 3+ . Field induced superconduc- 
tivity may also occur in a-(BEDT-TTF) 2 KHg(SCN )4 by affecting with the 
external magnetic field h the charge-density-wave (CDW) present in this 
system. 

Clearly further experiments are needed to clarify the situation. However, 
rich behaviour may be expected in general, since CDW-, SDW- excitations, 
Landau-levels and 2d-properties are present. 

1.3 Granular Superconductors, Josephson- Junctions 

As early studies by Buckel and Hielsch and others have shown strongly dis- 
ordered lattices and amorphous metals may effect sufficiently superconduc- 
tivity due to changes in the electron-phonon coupling, phonon-spectrum, 
electronic parameters (DOS:N(0)) and surface effects. As a result supercon- 
ductivity changes and might get strengthened, increase of T c , and generally 
thermodynamical properties might change favorably, see Garland, Benne- 
mann [18], and Deutscher and references therein. In the amorphous state 
some non— metallic systems become metallic and then also superconducting. 
In table 1.2 we illustrate the situation. 

Table 1.2. Superconductivity in disordered and amorphous metals. Estimates of 
the superconducting transition-temperature T c . 



material 




( T c fT c o)expt 


(T c /T^o)caZc. 


A1 


~ 5 


4.9 


Pb 


~ 0 


0 


Ga 


~ 8 


8 


Sn 


^ 1.3 


2 


In 


^ 1.3 


1.2 



Remarkable is also the occurrence of superconductivity PdH-systems 
where dependent on H-doping and disorder dramatic changes in T c are ob- 
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Fig. 1.12. Illustration of an ensemble of small particles, grains which are in 
the normal (n) or superconducting (s) state. For small particle size (radius R) 
and volume V the electronic energy spectrum gets discrete with level spacing 
6(6 = (AT(O)y)- 1 « e F /n = (hV F / R)(Rh F )- 2 ; N( 0) = DOS at e F , n = no of 
electrons). The grains may be in the normal (n)-or superconducting (s)-state. In 
such a grain structure some sites may be empty (0). Note, such a lattice like struc- 
ture may resemble an alloy of sd- and n-state grains and also a nanostructure if 
small particles are removed irregularly from the lattice 



served, see experiments by Bucket et al [23] This is a good example of the 
potential of material science regarding superconductivity studies. Similarly 
this is the case for superconductivity in fullerides. 

Extending these studies of granular materials one investigated small par- 
ticles, nanostructures and metals consisting of an ensemble of small metallic 
grains, clusters [6], see Fig. 1.12. Thus, quantum size effects occur (discretiza- 
tion of electronic energy spectrum: ek — > e n , granular size l ~ £, A; £ in the 
coherence length, A in the penetration depth). In such granular superconduc- 
tors surface effects and proximity effects become important. As a function 
of grain size metal insulator transitions and strong quantum-mechanical be- 
haviour occurs. Note, on general grounds one expects, for example, that in 
reduced dimensions fluctuations play a more important role. 

= ==) 5 




Fig. 1.13. Illustration of size effects in small particles having diameter of the order 
of R and n-e lectrons. The level spacing is S & e F /n & (hV F / R)(k F R)~ 2 and the 
coherence length £ ~ (R5/kT c )(Rk F ) 2 =SoN 2 ^ 3 R. Here, we introduced the dimen- 
sionless size parameter 6o = 5/ kT c 
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The discretization of the electronic energy spectrum, — > e n , is illus- 

trated in Fig. 1.13. Of course, the level spacing <5(T) affects various properties 
such as the coherence-length £(n) and penetration depth A(n) and thus the 
thermodynamical and optical properties. Note, £/R~N 2 / 3 and hence £ ^>R 
due to N 2 / 3 > 1. One expects that superconductivity disappears below a 
critical particle size (R< £). The behaviour of small particles due to changes 
in the number n of electrons, for example n — > n± 1, and Cooper pairs by 
one, for example, is very interesting and may play a role for achieving a 
two level superconducting state (two charged states). This could be used for 
information technology (information storage, optical imprinting technology). 

The charging of small particles is controlled by electrostatic energy. The 
change of the charge Q = en-+ Q±1 causes an energy change e 2 /2C, C is the 
capacitance of the small particle and this may lead to a Coulomb blockade 
(in tunnelling, for example). Approximately at temperatures T^O due to 
the electrostatic energy (Q=eZ\n) it is 

= w - % c ' v < 14 > 

(C, C capacitances, F=external potential) the blockade is periodically lifted 
as a function of n and V (E n + 1 = E n ). In the superconducting state one 
has for T ~0 that A > e 2 /2 C. The situation is illustrated in Fig. 1.14. From 
E n - hi + A = E n and E n +2 = E n , n-even and large Cooper-pair sea, one gets 
a period-doubling with respect to the normal state. Note, F n+2 = E n might 
not hold for smaller density of Cooper-pairs. 




Fig. 1.14. Charging up behavior of a small superconductor with capacitance C 
and charge Q = en, n-even, in a potential ( A > e 2 /2 C). This behavior follows 
from E n = E n +2 and n-even and reflects Cooper-pair formation. One has also 
E n = E n - i-i 4* A, where E n +i has one unpaired electron. Then Q changes by e at 
AV oc (2n-f 1). V is the external voltage 



In view of the strong quantum-mechanical behavior of small particles 
structures consisting of a larger number of small particles seem very interest- 
ing (mesoscopic systems). 
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Fig. 1.15. Transitions in an ensemble of superconducting quantum dots controlled 
by the Josephson-energy Ej and the Coulomb-energy E c = e 2 /2 C. T c refers to the 
global superconducting transition-temperature of the ensemble. Phase O below T c 
refers to a globally ordered superconducting state of the ensemble and phase d 
above T c to superconducting grains with no global Cooper-pair phase coherence, z 
is the coordination number 



An ensemble of grains for illustration may exhibit transitions to super- 
conductivity at T c i, where the single grains get superconducting, and at T c 2 
where globally and phase coherently the whole ensemble becomes supercon- 
ducting (T c 2 < T c i), see Fig. 1.15. Generally an ensemble of grains may 
resemble an alloy like array of S/S and S/N junctions. (S=superconducting, 
N=normal state grains). 

The behavior of an ensemble of grains depends of course on the coupling, 
on electron hopping between the grains. Also the structural order of the grains 
plays a role. A regular lattice like arrangement of the grains (1-dimensional, 
2d-topology) is of particular interest. For small distances between the cluster 
particles electron tunnelling, inelastic Cooper pair tunnelling (Josephson- 
coupling) occurs. Hence, charge fluctuations are present in such granular 
superconductors. The resultant interesting Josephson effect can be described 
by [19] 



H = H t - E id E g (i, j) cos ( Ni - Nj) 2 + ... . (1.5) 

In equation (1.4) the first term refers to normal electron hopping between 
the grains, the second term to Cooper-pairs tunnelling between neighboring 
superconducting grains (Josephson-effect) and the last term is electrostatic 
energy due to different charges of neighboring grains i,j. For simplicity the 
same capacitance C and Ej- Josephson energy is taken. The phase difference 
= 4>i~ refers to the phases <P* of the superconducting order parameter 
Ai = \Ai\e l<Pi of grain i. It is important to note that 



[$,N] =i 



( 1 . 6 ) 
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where N is the Cooper-pair number operator [6,20]. Hence, @ and N are 
canonically conjugate variables. Treating these as classical variables one finds 
immediately from the Hamilton- Jacobi equations the Josephson equations 

jj = (Ej/e) sin A$ 



and 



= 2 eV . 

Note, the commutator Eq. (1.6) implies the uncertainty relation 

A&AN ~ 1 . (1.7) 

Consequently, large phase fluctuations, phase incoherence of the small par- 
ticles make AN small and thus N a good quantum number. Hence, in view 
of Eq. (1.7) one may expect in an ensemble of superconducting grains an en- 
semble transition to a Mott-insulator if the capacitance C gets smaller and 
thus the Josephson-energy (~ Ej) becomes smaller than the electrostatic en- 
ergy ~ 2e 2 /C) [6,19]. The charge transport between the grains is suppressed 
while each grain is still superconducting. This behaviour is illustrated in Fig. 
1.15 [19]. 

Note, if the capacitance C gets larger, AN increases and then all grains 
become phase-coherent (A<P 0) [6,20]. 

For small particles (size <10nm, for example) proximity effect and Andreev- 
reflection [6,22] play an increasingly important role and may cause anomalous 
behaviour of the diamagnetic susceptibility and of the maximal Josephson- 
currents as a function of particle size, temperature etc.. For example, the 
Josephson-currents (jj = j 0 smA$, j 0 = 7 rA/ 2 eR T , Rt resistance of tunnel 
barrier) may reverse (jj — > — jj , 7r-junctions) and maximal current jo reflects 
quantum size effects. In a Josephson-lattice of quantum dots: jo = z^A, 
where z is the lattice coordination number [6]. The ensemble topology of 
the small particles and their separation plays a role, since mean free path 
effects and phase coherency matter. A ring like arrangement of Josephson 
coupled quantum-dots is expected to be an interesting physics-toy regarding 
behaviour of 2-state superconductors and flux-pinning [20|. 

It is obvious that tunnel-junctions have become an interesting new area of 
solid state physics [21,22]. The tunnel medium (metals, insulators, molecules) 
can be manipulated, in particular optically, and new non-equilibrium physics 
could result. In Fig. 1.16 we illustrate a tunnel-junction describing in partic- 
ular S/N/S, N/S/N junctions. Here, S may refer to singlet or triplet super- 
conductors and N to normal state systems, metals and ferromagnets [22]. In 
the case of a S1/N2/S3 sandwich, where Si and S3 are singlet B.C.S.-type 
superconductors, the spin tunnel current is zero. If Si is a singlet- and S3 a 
triplet superconductor, one expects for Josephson-tunnelling [22] 

3 j = ^2 C? 1 ™ sin nA< f > + J2n COS nA<f>) . 



n 



( 1 . 8 ) 
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Fig. 1.16. Illustration of a tunnel junction N 1 /N 2 /N 3 , where N* may refer to singlet 
and triplet superconductors and to normal state metals, including ferromagnets, 
respectively. The tunnel current jr may refer to single-electrons or Cooper-pairs 
and transport of charge and spin. Depending on the thickness 2 d of the tunnel 
medium proximity effect and Andreev-reflection at S/N interfaces plays a role 



Here, n=l,2,... and A</> refers to the phase difference of the order parame- 
ter of Si and S3. We assume that the thickness 2d of N2 does not destroy 
phase coherence of the tunnelling electrons. Eq. (1.8) corresponds to a gen- 
eral Fourier-expansion of jj. If time reversal symmetry is present (both Si 
and S3 are singlet B.C.S. superconductors) one gets that the second term in 
Eq. (1.8) disappears, since A<\> — > —A</> implies jj — > —jj. Then approxi- 
mately jj ~ sin A<t>. If S3, for example, refers to a triplet superconductor, 
then characteristically 



jj( n = 1) = 0 , (1.9) 

since the superconducting wave function ^ = r/^ pm (p? rbttal of i — 1 and i = 3 
are orthogonal [22]. Thus to lowest order for a (singlet/N2/ triplet) sandwich 

jj ~ sin(2 A(f>) + . . . . (1*10) 

Clearly spin-active interfaces of the sandwich resulting from spin-orbit cou- 
pling or spin-excitations in N2 may change the symmetry arguments and then 
jj( n). Note, in case of spin-flip scattering selection rules change and spin- 
and orbital angular momentum need not to be conserved separately, but only 
the total angular momentum. As a consequence one might get contributions 
from jn and j 2 i and from higher j in . 

In summary, one expects characteristic properties and differences for the 
(singlet /N2 /singlet), (singlet /N2 /triplet), and (triplet /N2 /triplet) junctions. 
Similarly, if N2 is a ferromagnetic metal or insulator it will affect differently 
and characteristically junctions involving only singlet superconductors and 
those involving a triplet superconductor. Clearly, Josephson-tunnelling of 
singlet Cooper-pairs is more characteristically affected by a ferromagnet N2 
tunnelling medium than jj for triplet superconductors. 
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Sandwiches ( F1/S/F3 ) involving a superconductor S between two ferro- 
magnets Fi and F3 with parallel or antiparallel orientation of the magne- 
tization with also exhibit interesting behaviour. (We assume for simplicity 
that the thickness 2d of S is smaller than the spin-mean free path in 5). 
Then charge (j c )- and spin ( j sp )- tunnel currents are expected. Due to spin- 
polarized tunnel currents provided by the exchange splitting of majority and 
minority bands in the ferromagnets one gets in general the functional be- 
haviour 

3t = 3t{A , •••} ,A — A{j Ty ...} . (1.11) 

The spin polarized tunnel current jx may cause presence of unpaired single 
electrons at the Fermi-energy ep besides Cooper-pairs and thus supercon- 
ductivity is weakened. The effect should be different for singlet- and triplet- 
Cooper-pairs. A rich thermodynamical behaviour is expected. Due to prox- 
imity effect and Andreev-refiection [6,22] the F/S interface coupling could 
cause the induction of a Larkin-Ovchinikov state [16] into the singlet super- 
conductor (Ak — > A 0 coskx + ...), for example if A ~ 2d. Then the electrons 
in the superconductor may feel the exchange field present in the ferromag- 
nets. Also the exchange field accompanying the spin-polarized tunnel current 
might cause a similar change of the Cooper-pairing. 




Fig. 1.17. Phase-diagram of a (F1/S/F3) sandwich. S refers to a singlet super- 
conductor and Fi,F 3 to ferromagnets with T c at P for parallel (P) orientation of 
their magnetization and T c at AP for antiparallel (AP) one. L.O. is the Larkin- 
Ovchinnikov phase, h the exchange field and T c and T co the superconducting 
transition-temperature in the presence and absence, respectively, of the exchange 
field. dF and ds refer to the thickness of the ferromagnetic and superconducting 
film, respectively 
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Applying Usadel- and Eilenberger-type equations [22] for Cooper-pairing 
in external fields h one has 

{ J n + ih(r) + • V} F = A'(r)G , 

r 1 f dQ , 

W - =UJn + ^J 4^ G(r) ’ 

and 

A'(r) = A(r) + ±f^F(r) . ( 1 . 12 ) 

Here, G and F are the usual Green’s functions and r is the elastic scat- 
tering term. Thus, one obtains the interesting phase-diagram for (F1/S/F3) 
sandwiches shown in Fig. 1.17. 

Recently, Nogueira and Bennemann discussed a Josephson like spin-current 
jsj>m £ or (F1/N2/F3)- sandwiches [20]. If the thickness 2d is smaller than the 
spin-mean free path the results could also be applied if N2 is a superconduc- 
tor. 

1.4 Outlook 

We have attempted to summarize developments in the area of supercon- 
ductivity. Superconductivity in MgB2, cuprates, ruthenates, heavy-fermion 
metals and organic systems shows that new metals continue to keep the field 
alive. This view is further supported by the results on small particles, nano- 
structures and sandwich-structures. The interdependence of structure and 
superconductivity and further of magnetism and superconductivity remains 
a key physical issue. Extreme quantum-mechanical behaviour due to T — >0, 
reduced dimensionality, correlations, quantum-fluctuations and in particular 
at quantum critical points (Q.C.P.) might present new surprises in the fu- 
ture. Of course, still interesting remains the search for new superconductors. 
As an example, may serve superconductivity in intercalated Na x CoC>2(H20), 
x~0.35 and y~1.3,and with T c <5K [24]. An unifying field theoretical analy- 
sis of Non-Fermi liquid behaviour and of superconductivity and superfluidity 
and of Bose-Einstein condensation remains a challenging goal. Systems con- 
sisting of superconducting quantum dots may become very useful for quantum 
information technology. Eqs. (1.4) and (1.5), where the charge changes are 
due to Cooper-pairs, describe the posto get 2-level superconducting states. 
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2.1 Introduction 

We review the structure, transport and superconducting properties of com- 
pounds composed of small metallic grains connected in different ways. After 
a short description of the two main kinds of structures, normally granular, 
random and metal/insulator mixtures, an account is given of their normal 
state behavior near the metal to insulator transition. Superconductivity in 
single grains, weakly connected grains and well connected grains is then re- 
viewed. Finally, some remarks are made on the T c enhancement in granular 
superconductors . 
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2.2 Nanostructured Compounds 

It has been known for a long time by metallurgists that eutectic systems 
composed of two immiscible phases (elements or compounds) can assume 
different structures depending on the procedure followed in their prepara- 
tion such as cooling and annealing schedules. Granular matter falls into that 
category. For instance, when A1 is evaporated in a poor vacuum system it 
condenses in the form of a film composed of small A1 grains, weakly cou- 
pled together through thin amorphous A1 2 0 3 barriers. This was discovered 
accidentally by Abeles et al. [ 1 ] in the early sixties. AI-AI 2 O 3 is a good eu- 
tectic system, because oxygen is essentially immiscible in Al, and AI 2 O 3 is 
the only oxide of Al. This ensures a very sharp boundary between the metal 
and the oxide. In this way, Al grains as small as a couple of nanometers can 
be obtained. Another well studied eutectic system is Al-Ge, which can also 
assume a granular structure when the two elements are co-deposited onto a 
substrate held at room temperature, see Fig. 2.1. In that case also Al is crys- 
talline and Ge amorphous [ 2 ]. But when such a film is annealed, or when it is 
deposited to start with at an elevated temperature, Ge is in crystalline form. 
The structure is then no longer granular. Rather, it is composed of Al and 
Ge small crystallites, randomly distributed in space. The structure is then of 




% Al 

Fig- 2.1. Phase diagram of the Al-Ge system as a function of the growth tem- 
perature T , and %A1 (volume fraction) . The crystalline phase has the random 
percolating structure. The amorphous phase is insulating. The granular phase can 
be either metallic or insulating 
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the percolative type [3]. Other eutectic systems having similar properties are 
Sn-SnO*, Sn-Ar, and Ni-SiC> 2 . 

Abeles et al. discovered that granular A1 films had many interesting prop- 
erties. Their normal state resistivity was typically a few orders of magnitude 
higher than that of bulk Al. Their critical temperature could reach more than 
3K compared to 1.2K for pure Al and the upper critical field several Tesla. 
These properties are structure sensitive. The same composite in its percola- 
tive form does not have an enhanced critical temperature. Its normal state 
properties are different, particularly in the vicinity of the metal to insulator 
transition at high insulator concentration. 

These observations raise some interesting questions. Why does the metal 
form in the granular structure? How should the ’’poor metal properties” be 
understood? Why is the critical temperature higher than that of the bulk 
metal in the granular structure and not in the percolative one? Is the en- 
hanced critical temperature a property of the small grain itself or is it a 
property of the coupled grains? Is it accidental that the maximum T c en- 
hancement occurs near the metal-to-insulator transition? This last property 
is the most intriguing one, because it resembles so much that of the cuprates 
whose highest T c is also reached at an ” optimum doping” very close to the 
metal-to-insulator transition. Is this similarity accidental? Is it a clue that 
may help understand the high T c of the cuprates? Our answers to these ques- 
tions are to-day still imperfect, but we certainly understand that granular 
matter is an even more interesting object of study than was realized at the 
time of its discovery. 

2.3 The Granular Structure 

Granular films can be obtained either by the reactive evaporation of the metal 
in the presence of a sufficient pressure of oxygen in the vacuum system as was 
first done un-intentionally by the RCA group or by the co-deposition of the 
metal and the insulator (for a review see for instance Ref. [3]). The metal and 
the insulator must be insoluble and must not form definite compounds. As 
already mentioned not all metal-insulator systems form granular structures 
and the type of structure that is obtained depends on the temperature of the 
substrate at the time of deposition. Granular structures may also transform 
into other structures upon annealing [5]. 



2.3.1 Grain Size 

An important observation is that in granular films the metal is crystallized 
and the insulator (or semiconductor) amorphous. This has been shown ex- 
plicitly for AI-AI2O3 and for Al-Ge. Furthermore, in these two systems the 
thickness of the dielectric is of atomic size [2] . The size of the metal grains is 
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a decreasing function of the dielectric concentration. At high dielectric con- 
centration it is in the nanometer range. For dielectric concentrations roughly 
higher than 50 vol.%, the mixture turns amorphous, or at least the grain size 
becomes smaller than the electron microscope resolution. 

Detailed studies of the grain size distribution have been performed by 
dark field electron microscopy. They have shown that this distribution is 
rather narrow, particularly at high dielectric concentration [6], see Fig 2.2 
for illustration 

These observations have suggested the following model for the growth 
mechanism of granular films [2]. During deposition metal grains nucleate 
and grow through diffusion of metal atoms in the amorphous as-deposited 
mixture. The dielectric atoms or molecules play a purely passive role in this 
process. They are expelled at the periphery of the growing metal grains. 
When a continuous dielectric layer is formed at the periphery, it acts as a 
barrier that slows down further grain growth. This continuous dielectric layer 
is formed at a grain size value that depends on the dielectric concentration 
in the composite. The higher it is the smaller is this grain size. 

This model explains the observed relationship between the dielectric vol- 
ume fraction and the grain size as well as the uniformity of the latter. The 
prediction that the dielectric thickness is of molecular size, is also in good 
agreement with experiment [2}. 




Fig. 2.2. A typical histogram of grain size distribution n(d) of A1 grains in the 
Al-Ge granular phase. The size d is the grain diameter in Angstrom 
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2.3.2 Granular to Amorphous Transformation 
and the Metal to Insulator Transition 

The above correlations are is only valid at moderate insulator concentrations. 
Beyond a certain concentration the grain size becomes actually concentration 
independent. This limiting value depends on the temperature of deposition. It 
becomes smaller at lower temperatures suggesting that it is set by a diffusion 
mechanism. In this regime, as the dielectric concentration keeps increasing, 
the dielectric barriers between the metallic grains become thicker. Shortly 
thereafter the structure shifts to an amorphous mixture. 

The geometrical growth model assumes a priori that the granular struc- 
ture is energetically more favorable than the amorphous one. A clue as to 
what drives the structural transformation may be the fact that the metal-to- 
insulator transition (discussed later in detail) appears first, but quite close to 
it. When electrons become localized in the grains, since the dielectric barriers 
become thicker, their kinetic energy increases. This increase is on the order of 
the energy level splitting, which is inversely proportional to the grain’s vol- 
ume. For a grain of nanometer size, containing roughly a thousand electrons, 
this energy is of the order of a few tenths of an electron volt. Per grain this 
is a few times the thermal energy at room temperature. Depending on other 
factors such as the interface energy between the metal and the dielectric this 
may be sufficient to tip the balance in favor of the amorphous structure. Thus, 
the granular-to-amorphous transition may in fact be electronically driven. 

2.3.3 The Percolative Random Structure 

If at the time of deposition both the metal and the dielectric crystallites can 
nucleate, one obtains a structure in which they are randomly dispersed. By 
this we mean that the probability to find , say, a dielectric crystal next to a 
metallic one, is solely dictated by the respective volume fractions, at least if 
they are of similar sizes. This structure is obtained if the mixture is deposited 
at a temperature that is high enough to allow the nucleation of dielectric 
crystals. It is well known that metals will crystallize even when deposited at 
cryogenic temperatures, but that dielectrics can easily form in an amorphous 
structure unless the deposition temperature is several hundred degrees Celsius 
above room temperature. For instance, a random Al-Ge mixture will be 
formed if deposited at a temperature higher than about 300 o (7. 

Even though metallic and dielectric crystallites are not located at well 
defined sites on a lattice, the obtained structure is essentially similar to a 
random percolative one. Metallic and insulating clusters are formed, whose 
structure is fractal on scales intermediate between the crystallites size and 
the percolation correlation length for each respective type of cluster [3]. The 
percolation correlation length diverges at a certain critical volume fraction, 
whose value depends on the dimensionality. Below that volume fraction, only 
finite clusters are formed. Beyond it finite clusters are still present, but an 
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infinite cluster is formed as well. In three dimensions there are distinct thresh- 
olds for the two constituents. The phase diagram comprises three regions: at 
low metal volume fraction only the insulator forms an infinite cluster; beyond 
the critical metal volume fraction, both the metal and the insulator form in- 
finite clusters; at still higher metal volume fraction, only the metal forms 
an infinite cluster. In two dimensions there is only one threshold: either the 
metal or the insulator will form an infinite cluster. 

2.4 Normal State Transport 

In this section, we review the behavior of the electrical resistivity and of the 
Hall effect for both kinds of structure, the granular and the random one. We 
start with the latter which is better understood. 

2.4.1 Transport in Random Percolating Structures 

What is well understood in the framework of percolation theory is the case 
of random mixtures where the metal M and the insulator I are randomly 
distributed in space, as we have described above.The resistivity is given by 

pocip-pc)-* , ( 2 . 1 ) 

where p is the metal volume fraction and p c the metal critical volume fraction 
at which an infinite metallic cluster is formed. The value of the exponent t 
depends on dimensionality, tso = 2.0 and t^D = 1,3. . 

In 2 dimensions (2D) theory predicts and experiment verifies that the Hall 
constant Rh does not diverge at the percolation threshold. In 3 D, however, 
one gets 

Rh oc (p — p c )~ 9 • (2.2) 

The 3D experimental value of g = 0.38±0.05 [7] is in good agreement with 
the theoretical result g = 0.29±0.05 from numerical simulations [8]. Hence 
percolation theory predicts and experiment verifies that in 3D one has 

Rh cx p 0 15 (2.3) 

As long as there exists an infinite metallic cluster (p > p c ) the temper- 
ature dependence of the resistivity of the composite has metallic character. 
It decreases as the temperature is lowered. The Hall constant is temperature 
independent. These properties are also well observed experimentally. They 
are non-trivial. For instance, close enough to the percolation threshold the 
room temperature resistivity will be very high typical of a semiconductor 
rather than of a metal. Yet, upon measuring its temperature dependence, it 
will appear that it has the metallic character [9]. This statement is correct 
except for some subtle weak localization effects that will appear at low tem- 
peratures on the weakest parts of the infinite cluster, if the crystallites are 
small enough. 
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2.4.2 Transport in Granular Structures 

The behavior experimentally observed in granular systems, where each metal- 
lic grain is surrounded by an insulating coating, is quite different from that of 
random systems. Contrary to the prediction of percolation theory verified in 
random systems the temperature dependence of the resistivity is activated be- 
yond a certain value of the resistivity. Bandyopahyay et al. have found that in 
granular Al one finds Rh oc p 0,5 [10] near the metal to insulator transition, 
while from percolation theory one would expect R# oc p 0 ' 2 . In comparing 
their results with other theories, Bandyopahyay et al. noted that the scaling 
theory of localization predicts that Rh should be temperature independent. 
Hence, in their samples where the conductivity is activated ( Rh/p ) should 
be temperature dependent contrary to their experiments. Theories based on 
interaction effects predict Rh oc p 2 , also in disagreement with experiment. 
Hence, the transport properties of granular films are not well explained by 
either percolation localization (or interaction) theories. 

One essential difference between granular materials and random M/I mix- 
tures consists in the existence in the former of a finite charging energy E c 
necessary for the transfer of an electron from grain to grain. This is due to 
the insulating coating surrounding each metal grain. The question is then 
whether the M-I transition is still driven by disorder effects, characterized 
in this case by a distribution of intergrain resistances R and for which a 
percolation description might apply as in the case of random mixtures, or 
whether the charging energy plays a dominant role. One would expect the 
first mechanism to apply for large grain sizes (small charging energy) and 
the second one for small grains. In the case of the granular films studied by 
Bandyopahyay et al. the grain size is only of a few nanometers E c « (e 2 /r). 
For the isolated grain it is of the order of 0.1 eV. One expects that elec- 
trostatic charging should play a dominant role near the M/I transition. We 
examine below the possible role of Coulomb blockade in transport phenomena 
in granular nano-structures. 

2.4.3 Progressive Coulomb Blockade 

A number of experiments support the idea of the Coulomb blockade [11] for 
electron tunnelling between small grains, even if this electrostatic effect can 
be washed out by quantum fluctuations in single tunnel junctions [12]. Thus, 
it is certainly not surprising that pure percolation models do not describe 
correctly the experimental situation of nano-strucured granular films. On the 
other hand, since the samples of Bandyopay et al. have a finite conductivity in 
the normal state above the superconducting transition, one might be tempted 
to say that electrostatic effects are negligible. Why should’nt percolation 
effects then dominate? 

It has been proposed [13] that the behavior of Rh near the M/I tran- 
sition can in fact be successfully described in a semi-classical manner [14] 
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by considering the effect of the charging energy in the form of a progressive 
Coulomb blockade in which more and more ’’free electrons” are frozen out 
from the conduction process. 

Following Abeles [15] we discuss the conduction process in granular com- 
pounds in terms of the intergrain resistance R and capacity C. We assume 
that electrostatic effects dominate over disorder, or in other words that R 
and C are uniform. As Abeles first pointed out, when the classical relax- 
ation time r = RC becomes shorter than (4j-) C , the link between two 
neighboring grains can in fact be considered as metallic. This occurs when 
R < (^) independently of the capacitance value. Extending this two-grain 
criterion to the entire granular system, one obtains that it becomes macro- 
scopically insulating beyond a critical resistivity where d is the 

grain diameter. While this criterion is rather well verified empirically, it is of 
course not correct, since the existence of a Coulomb blockade depends on the 
connecting circuit itself, here the rest of the sample. However, we can modify 
Abeles argument so as to make it basically identical to that of Mott [16]. 

Consider a granular system and assume that it is metallic. We ” isolate” 
one grain from the rest of the granular system to which it is coupled through 
R and C. If we charge this grain by the addition of one electron and if RC 
is larger than (^■)C f , this grain is effectively isolated from the system and 
transfer of the electron requires a finite electrostatic energy. However, this 
grain is just like any other grain. Hence, all of them are isolated and the 
medium must be insulating , contrary to our initial assumption. Hence, if 
R > the system cannot be metallic and it must be insulating. 

In fact p c — (^k)d is identical, apart from a numerical factor to Mott’s 
minimum metallic conductivity criterion, with a carrier density d“ 3 . We can 
indeed recover it by using the conventional expression for the conductivity 
and assuming that each grain contributes only one free carrier. The effective 
carrier density is then n = (no/iV), where n Q is the carrier density in the bulk 
metal and N is the number of free electrons in a grain and the conductivity 
is given by 



_ n Q e 2 r 
N m* 



(2.4) 



Here, m* is the effective mass corresponding to the motion of the carriers 
in the lattice of grains. Denoting by l*,v£, the mean free path and Fermi 
velocity corresponding to inter-grain motion, one has 

- e2 ** 
m*Vjd 3 

Ioffe and Regel were the first to point out that the minimum value of T is 
the inter-atomic distance (the inter-grain distance) [17]. Thus, the minimum 



(2.5) 
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metallic conductivity is given with dkj ~ land l* ~ d . We recover the result 



Pc — 




( 2 . 6 ) 



Just as the intergrain resistance value ^ allows the metallic transfer of one 
electron from a grain to a neighboring one, and the system behaves as if it had 
one free electron per grain, we now remark that the value Rp = allows 
the simultaneous transfer of p electrons. In other words, a granular system 
with an inter-grain resistance Rp will behave as if it had p free electrons per 
grain. Its resistivity will be 



P = 



hd 



p2 e 2 



(2.7) 



and using the same approximation the Hall constant will be 



Rh = — 

pe 



( 2 . 8 ) 



Hence, one has 



/ 2 \ !/ 2 

R H = d 5/2^P±_^ . (2 . 9) 

Thus, the progressive Coulomb blockade model predicts that the Hall con- 
stant varies as the square root of the normal state resistivity at constant grain 
size. This is in agreement with the experiments of Bandyopay et al. Keep in 
mind that near the M/I transition the grain size remains constant [6]. 

We conclude that the available data are consistent with a Mott description 
of the M/I transition in granular systems having a small grain size. This 
transition takes place by a progressive freezing out of the bulk conduction 
carriers, until just before the transition each grain contributes effectively only 
one conduction electron. Simultaneous transfer of more than one electron 
per grain requires a finite activation energy. This can be at the origin of the 
negative coefficient of temperature in such films, while there is some evidence 
that their conductivity is finite at zero temperature.. We note that in this 
borderline situation electronic screening is strong within each grain, but weak 
between the grains. From that standpoint such grains become effectively zero- 
dimensional, which has some interesting consequences for superconductivity 
as will be discussed in more detail in a later section. 



2.5 Single Grain Behavior 

A fundamental question concerning superconductivity (as well as any other 
cooperative phenomenon) is to know the size below which superconductivity 
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cannot persist. This question is all the more relevant for superconductivity in 
view of the fact that the surface boundary condition for the order parameter 
is a mild one due to the fact that the coherence length is much larger than 
interatomic distances. To a good approximation it is the gradient of the order 
parameter in the direction perpendicular to the surface that is zero, rather 
than the order parameter itself (on the scale of the coherence length). The 
boundary condition does not prevent the occurrence of superconductivity 
in grains smaller than the coherence length. An exception to this rule are 
high temperature and short coherence length superconductors. This we shall 
discuss briefly at the end of this chapter. 

What is then the limiting size of a superconducting grain? There are 
several ways in which we can try to answer this question. One of them is to 
calculate the thermodynamic fluctuations of the order parameter that result 
from the finie size and to determine at what size these fluctuations are of the 
same order of magnitude as the order parameter itself. The second one is to 
calculate at what size there will be only one Cooper pair per grain. A third 
one is to determine at what size the average separation between the single 
particle electronic levels is of the order of the gap. We shall briefly perform 
these estimates. A remarkable result is that they all give the same answer. 

2.5.1 Estimates of the Limiting Size for Superconductivity 

Assuming that the grain’s size is smaller than f the boundary condition 
for the order parameter, | Vg' |j_= 0, together with the requirement that 
the order parameter cannot vary substantially on a length scale smaller than 
£, imposes that the order parameter is constant within the grain. We can then 
use a simplified Landau-Ginzburg expression for the free energy density: 

F s = F n +a\V\ 2 +^\V\ 4 . (2.10) 

Here, a is a linear function of the temperature that changes sign at the critical 
temperature T c , and b is a constant. Fluctuations of the order parameter 
consist of a deviation from its equilibrium value: 

g'^g'o + ^g' . (2.11) 

Above T c , &o = 0, and the excess free energy resulting from fluctuations is 
simply: 

6F 3 =a(\5*\ 2 )Q , (2.12) 

where 12 is the grain’s volume. At a finite temperature T one has 



5F s ~k B T . 



(2.13) 
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We are now in a position to calculate the quantity of interest: 
(1 6# | 2 ) _ k B T 

I I 2 ~ (f ) n 



(2.14) 



This result is easily understood: fluctuations of the order parameter are of 
the order of the order parameter itself when the thermal energy k bT is of 
the order of the condensation energy in the grain. If we move somewhat 
away from T c (let us say, around T c j 2), T is still of the order of T c , and the 
condensation energy is already of the order of its value at T = 0. Using the 
BCS expression for the condensation energy in the limit T = 0, and noting 
that the gap is of the order of ksT c ,the same criterion gives 

i. N(0)A 2 O ~ A . (2.15) 



In other terms words one has 



N(0)AQ ~ 1 



(2.16) 



Since N(0)A is essentially the number of Cooper pairs per unit volume, this 
condition means that the number of Cooper pairs in the grain is of order 
unity. 

Finally, let us consider the last criterion. The average separation of the 
quasi-particles energy levels near the Fermi level is the Fermi energy Ef , 
divided by the number of electrons n per unit volume times the volume of 
the grain. The last criterion then reads 



Ep_ 

nft 






(2.17) 



In the free electron approximation it is N( 0) = This is the same condi- 

tion as before. For a typical superconductor such as A1 the limiting diameter 
for superconductivity comes out to be of the order of 100 A. 



2.5.2 Numerical Studies 

The above estimates are only rough. Another factor to be taken into account 
to predict the properties of small grains is the odd or even number of electrons 
per grain. We can expect that when the number is odd and the size sufficiently 
small that the separation between the electronic levels is a substantial fraction 
of the gap. The unpaired electron will play the role of a pair breaker further 
weakening the superconducting ground state. 

In small grains with S > A, ab-initio calculations of the effect of meso- 
scopic fluctuations on the heat capacity and the spin susceptibility have been 
recently performed [18]. These calculations take into account the odd or even 
number of electrons, and have been performed for an ensemble of monodis- 
persed grains, where the single particle spectrum is statistically distributed 
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Fig. 2.3. Temperature dependence of the heat capacity and of the susceptibility 
of superconducting grains. A is the superconducting gap, and 8 the separation 
between the electronic levels in the normal state. When both energies are of the same 
order, a smeared peak in the heat capacity can still be observed at the transition 
temperature. At the same temperature, a dip in the susceptibility is predicted 



and characterized by level repulsion. Such calculations are relevant for com- 
parison with experiments where measurements are carried out on a very large 
number of grains. Results differ from those of calculations for equally spaced, 
non-interacting levels. This can give some spurious results. 

Results for the heat capacity predict for an ensemble of grains with even 
number of electrons an exponential decrease at low temperatures T 8, and 
at temperatures T ~ A, an enhancement reminiscent of the heat capacity 
jump in bulk samples, see Fig. 2.3. For an ensemble of grains with odd number 
of electrons the low temperature behavior is the same as that of normal 
grains with a T 2 behavior and no enhancement is predicted at T ~ A. In an 
experimental realisation, even and odd number of electrons will be mixed, so 
that the only effect related to superconducting pairing will be an enhancement 
at T ~ AThis enhancement is substantial (about 20%) for 8 ~ A, but 
vanishingly small for 8 ~ 50A 

The spin susceptibility shows pairing effects for ensembles of grains with 
odd number of electrons. For even number of electrons the exponential de- 
crease of the susceptibility at low temperatures is basically a normal state 
effect. For odd numbers the decrease below T c (due to pairing) is followed 
by an upturn at lower temperatures due to the unpaired electron. This re- 
entrant behavior is a signature of pairing effects. It has been checked that in 
normal grains the susceptibility is continuously increasing as the temperature 
is lowered. 
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2.5.3 Experiments on Nano— Size Grains 

Experiments have not been performed so far on physically isolated nano- 
grains, but on grains effectively uncoupled to neighboring ones. This is re- 
alized for instance in the case of granular composites consisting of metal 
grains separated by dielectric barriers sufficiently thick to prevent inter-grain 
Josephson coupling. For instance, Al-Ge mixtures are like this. Another case 
consists of a metal grain embedded in a dielectric barrier. The first case is 
appropriate for heat capacity measurements and the second one for tunneling 
spectroscopy. 

Heat capacity measurements 

The heat capacity transition of Al-Ge thin film composites has been mea- 
sured for various compositions, near the metal/insulator transition [19]. In 
this region, the A1 grain size (diameter) is of about lOnm. Measurements were 
performed for films ranging from metallic to insulating. A transition, charac- 
terized by a broaden peak in the heat capacity, was observed even for samples 
that were macroscopically insulating. This is explicitly shown Fig. 2.4. For 
that grain size, the separation between the electronic levels is of the order of 
the gap of bulk Al, as we have calculated above. This result is in agreement 
with the calculations of Falci et al. [18] in the sense that it clearly shows that 
superconductivity is not quenched down to sizes at which 5 ~ A. If anything, 
the experimentally observed peak in the heat capacity is rather larger than 
predicted. However, one has to be careful in view of the uncertainties on the 
exact grain size and gap values in the grain. These are probably larger than 
in the bulk in view of the enhanced critical temperature. 

Smaller grain sizes, down to a couple of nanometers, are achieved in the 
composite AI-AI 2 O 3 . In that case, S A. Heat capacity measurements on 
such films have shown that the transition disappears while the samples are 
still metallic, as shown Fig. 2.5. One thus reaches the conclusion that any 
sign of superconductivity in the heat capacity is quenched at a size between 
lOnm and 2nm, again in agreement with theory. 

Tunneling into single grains 

The spectroscopic properties of single grains have been studied by measuring 
the conductance of junctions where the current from one electrode to the 
other passes through a grain, which is weakly connected to them [20]. This 
device is sensitive to both the single level splitting and the superconductng 
gap. The conductance shows a series of peaks marking the bias values at 
which the transfer of an electron from one electrode (lead) to the other. Each 
peak corresponds to tunnelling via an electronic level on the particle. The 
even (odd) number of electrons on the grain (in the zero bias state) can be 
identified by the presence (absence) of field splitting of these peaks. 

For the even case the bias where the first peak is observed decreases as 
a function of the applied field until a field is reached where it stays roughly 
constant. This decrease is associated with the decrease of the superconducting 
gap in the grain under the applied field. In this way, the value of the gap is 
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Fig. 2.4. Electrical resistance in In scale (upper Fig.) and the heat capacity (lower 
Fig.) as a function of temperature for an Al-Ge sample in the granular insulating 
phase. The grain size distribution is similar to that shown in Fig. 2.2. Although the 
sample is macroscopically insulating, the heat capacity transition of the individual 
A1 grains can be observed. The behavior of the heat capacity is similar to that 
predicted in Ref. [18], shown in Fig. 2.3 




determined. In the odd case the first peak corresponds to a state where an 
additional electron pairs with the single one, while in the second one there 
must be two unpaired electrons. The difference in energy must therefore be 
twice the gap and it must go down as the field is increased. This is observed. 

Gap values can in this way be clearly identified as long as they are larger 
than 5. For the studied A1 grains, this corresponds to sizes larger than about 
10 nm. Gap values obtained are larger than the bulk A1 value by about 50%, 
in agreement with the increase in T c observed in granular A1 films. These 
measurements confirm the conclusion drawn from the heat capacity data, 
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Fig. 2.5. Heat capacity transition temperatures of AI-AI 2 O 3 films at various 
levels of the normal state resistivity. As the resistivity is increased from about 
0.5xl0~ 3 i?cm to 5xl0“ 3 i? cm, by increasing the oxide concentration, the transition 
goes from BCS like to very smeared. The grain diameter in these samples is about 
40 A, below the size at which an isolated grain can show a transition, according 
to Ref. [18] (S/A is substantially larger than one). Notice the increased transition 
temperature compared to that of bulk A1 (1.2K), even in samples having a smeared 
transition. In this case, this increase cannot be attributed to the isolated grain, 
since for that size they are basically not superconducting 



that superconductivity persists certainly down to a size where 5 ~ A. They 
also confirm that the increase in T c quoted before is a property of single 
grains. It is not due to intergrain coupling. 

2.6 Weakly Coupled Grains: 

Granular Insulators and Super-Insulators 

We now consider the case of superconducting grains having some degree of 
coupling between them. By this we mean that the granular compound is 
macroscopically very close to being an insulator in the normal state. This is 
different from the case considered in a later section where we discuss critical 
currents and critical fields. There it is implicitly assumed that the compound 
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is a metal in its normal state. Here we wish to review what is known for 
the more delicate situation where the coupling is not so weak that it can 
be ignored, but sufficiently weak that the compound is not really a metal. 
Some remarks concerning the normal state properties of such compounds 
have already been made in Section 2.3. 

For the case of isolated grains, two energy scales had to be considered: 
the level spacing 5 and the superconducting gap A. Here additional scales 
come into play: the normal state tunnelling coupling energy Vt , the charging 
energy E c and the intergrain Josephson coupling Ej. The degree of disorder 
in the compound has also some importance This includes the widths of the 
grain size and of the Josephson coupling distributions. 

We can distinguish between two cases, depending on whether Ej > ksT, 
or Ej <C ksT. It is clear that only in the first case can macroscopic coherence 
be achieved. 

2.6.1 Small Grain Case: Percolative Behavior 

An interesting case where disorder effects dominate is when the individual 
grains are smaller than the critical size defined above. Grains can then be- 
come superconducting only if they couple together. Assuming that the grains 
are all of the same size, but that the coupling between them (defined by the 
normal state intergrain resistance Rpj) has a substantial distribution width, 
one can then show that a percolating structure appears below some critical 
temperature [21]. As the temperature is lowered the condition Ej > ksT is 
met by an increasing fraction of junctions. When this fraction is sufficient an 
infinite cluster is formed. Under the simplifying assumption that only this in- 
finite cluster contributes to the heat capacity the heat capacity transition can 
then be calculated. The only free parameter is the width of the Rn’s distri- 
bution. As shown Fig. 2.6, the result of the calculation is in good agreement 
with experiments [22]. 

2.6.2 Large Grain Case: Superconducting Insulators 

When the grains are larger than the critical size a relevant question to ask is 
whether the compound can be insulating in its normal state and still undergo 
a macroscopic transition to a coherent superconducting state. The tunnelling 
coupling energy Vt represents an effective band width for the granular com- 
pound. It is sufficient to make it a metal if it is larger than the electrostatic 
charging energy E c and vice versa. Calling t the intergrain tunneling matrix 
element, the coupling energy is given by 




where we have ignored numerical factors of order unity (such as the num- 
ber of nearest neighbors) in view of the crudeness of our model for the 
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Fig. 2.6. Fit to a percolation model of the heat capacity transition for one of the 
samples shown in Fig. 2.5 



metal/insulator transition. The compound is an insulator if 



E c > j . ( 2 . 19 ) 

Hence, the question we are asking is whether the situation described by the 
conditions 

t 2 

Ej>E c >j ( 2 . 20 ) 

can be realized. Note, this must be fulfilled if we want to have a supercon- 
ducting insulator. 

The intergrain conductance can be calculated from the Thouless expres- 
sion 

9 = gJj , {2.2\) 

where g c is the universal conductance * Using this relation we can rewrite 
the Josephson expression 



Ej = 



h A 
e eRjy 



as 



Ej A S 2 



( 2 . 22 ) 



( 2 . 23 ) 



So we can have a superconducting insulator only if the gap is larger than the 
level spacing. This is our old large grain condition and not a very surprising 
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Fig. 2.7. Supra-insulator transition in an Al-Ge sample in the granular-insulating 
phase. At low temperatures, the resistance is higher when the grains are supercon- 
ducting than when they are returned to the normal state by the application of a 
strong magnetic field [33] 



result. The other condition that the Josephson coupling energy should be 
larger than the Coulomb energy is more interesting. For an isolated grain the 
Coulomb energy is (~) where a is the grain’s radius. For a 10 nm grain this 
energy is of the order of 0.1 eV. This is several orders of magnitude larger than 
the Josephson coupling energy. Hence, the existence of a superconducting 
insulator at grain sizes typical of granular materials seems to be ruled out. 

Yet, early experiments by Shapira and Deutscher [23] had identified a 
narrow region near the M/I transition in Al-Ge films, where the supercon- 
ducting insulating regime appeared to exist. The grain size was indeed of the 
order of 10 nm. The authors concluded that the Coulomb energy must in 
fact have been strongly reduced by a large effective dielectric constant e e // 
near the Metal/Insulator transition. These early experiments have been re- 
cently extended down to lower temperatures [24]. The claim for the existence 
of a superconductor-insulator regime has been fully confirmed (Fig. 2.7). It 
is therefore established that the effective dielectric constant in the granular 
compound can be increased by several orders of magnitude larger (at least 
three) near the M/I transition. 

It is well known that the M/I transition is one of the most difficult prob- 
lems in solid state physics. Localization (a la Anderson), Coulomb interac- 
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tions and disorder (percolation) may all play a role. A lingering question is 
whether this can be a (presumably second order) phase transition, and if 
such, what is the order parameter? So far the theory has not been able to 
give a full answer to this question. It could be that the true importance of 
the existence of the superconducting insulator near the M/I transition is that 
it implies a divergence of the dielectric constant. This would mean a second 
order phase transition. So far the experiments on Al/Ge granular compounds 
are the only ones that have clearly demonstrated this divergence. It could be 
that this is so, since the dielectric thickness in this compound is particularly 
uniform as discussed in Section 2.2. More work needs to be done to estab- 
lish firmly under what conditions the M/I transition can indeed be a phase 
transition. 



2.6.3 Pseudogap Regime in the Superconducting Insulator 

Nozieres and Pistolesi [25] have considered a model where a material has a 
gap in the DOS in the normal state and at the same time can develop a 
superconducting order parameter below a temperature T c . This model does 
not refer to the granular case in particular, although this could be one of its 
realizations. The parameters of the model are E g and the critical temperature 
T c o that the material would have in the absence of the normal state gap. It 
assumes that the interaction parameter V of the BCS theory is not modified 
by Eg. The critical temperature, the quasi-particle energy gap and the order 

parameter are calculated as a function of where Aoo is the BCS gap 

of the pristine material. The position of the Fermi energy is also taken into 
account. 

The main results are that as f J is increased the critical temperature 
goes down, the single particle excitation energy goes up and the order param- 
eter goes down up to a value where superconductivity collapses all together. 
One of the signatures of the pseudogap regime is that the strong coupling 
ratio (energy gap/critical temperature) becomes very large near the point of 
collapse of superconductivity. As is well known, this behavior has been one 
of the main recent findings in the high T c cuprates [26]. One of the interpre- 
tations proposed for the large gap is that it represents the energy required 
to break up preformed pairs above T c . However, it was shown that in the 
pseudogap regime the coherence energy scale follows the same doping de- 
pendence as T c , rather than that of the pseudogap. The pseudogap in the 
cuprates may thus just be a manifestation of the fact that in the under doped 
regime the cuprates are basically superconducting insulators. Transport mea- 
surements have indeed shown that their normal state conductivity increases 
at low temperatures [27]. 

Tunneling experiments on Al/Ge films in the superconducting insulator 
regime have given some evidence for a large strong coupling ratio [28}. 
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2.6.4 The Superinsulator Case 

Out of the narrow concentration range where the superconducting insulator 
regime is observed one expects to enter into a regime where the grains are 
still superconducting (provided they are large enough), but the Josephson 
coupling is too weak to allow a macroscopically coherent state: 

t 2 

E c >Ej>j . (2.24) 

Here, we have assumed that the decrease of the dielectric constant away from 
the M/I transition is the main reason for the inversion of the order of E c and 
Ej. The main point is that E c becomes quickly larger by orders of magnitude 
upon lowering the temperature. Hence, an increase of Ej will not help to 
recover the superconducting state. There is, however, still another interesting 
regime, where E c is not much larger than the value of the superconducting 
gap in the grains: 

1 2 

U>A>Ej> -- . (2.25) 

o 

In this regime, the intergrain resistance will be substantially increased by 
the known phenomenon of Giaever tunnelling between two superconductors 
which itself requires an energy of 2 A. As the temperature is lowered below 
the critical temperature of the grains, the behavior will go from insulating 
(normal state exponential localization) to superinsulating. 

Indeed, a change of slope in the InR versus T~ * representation has been 
clearly observed just outside the range of the superconducting insulator regime 
[23] at temperatures of the order of the critical temperature of the grains in 
Al/Ge films as shown Fig. 2.8. This experiment is another proof that super- 
conductivity persists in Josephson-uncoupled grains having a size of about 
10 nm. 



2.7 Well Coupled Grains 



In this section we consider the case where electrostatic charging can be com- 
pletely neglected. In other words the granular compound is a metal in its 
normal state. The key parameters are then the grain size and the inter-grain 
coupling [28] . In an homogeneous superconductor the critical current density 
j c and the upper critical field H C 2 are determined by the coherence length 
£(T). The Ginzburg Landau (GL) theory predicts that: 



4 en s h 

Jc = 3V3 rn£(T) 

and 

<£p 

2 tt£ 2 (T) 



(2.26) 



H c 2 = 



(2.27) 
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Fig. 2.8. An Al-Ge sample still in the granular insulating phase having a lower 
resistance than that shown in Fig. 2.7 has a transition to a superconducting state 
near IK 



In what follows we consider whether these relations are valid in a granular 
metal, taking care of course that the value of the coherence length correctly 
reflects the structure of the compound - granular or random. 

2.7.1 Granular Case 

The above relations remain valid for a granular superconductor as long as the 
grain size d is smaller than the coherence length. An expression for the coher- 
ence length valid for a granular superconductor has been given by Deutscher, 
Imry and Gunther (DIG) [29] on the basis of the free energy expression: 

F a = F n + A^\Ai\ 2 +^Y,\ A| 4 +|c£l A -A- | 2 . (2-28) 

% i ij 

where the sum in the last term of the rhs runs over neighboring grains. 
This expression assumes that the grain size is smaller than the value of the 
coherence length of the parent material so that inside each grain the order 
parameter A is constant. If there are spatial variations of the order parameter 
due to thermodynamical fluctuations, it will then vary discontinuously from 
grain to grain. This is expressed in the last term of the rhs. This term replaces 
the usual gradient term of the GL theory. The value of the coefficient C is 
determined by the intergrain dielectric barrier. It is simply related to the 
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strength E c of the Josephson intergrain coupling: 

E c = C\A\ 2 . (2.29) 

The coherence length is given by 



m = 



c 

d\A 



(2.30) 



This expression is valid as long as £(T) > d. When this condition is fulfilled 
the granular superconductor is effectively three dimensional. The coefficients 
A and B are equal to the GL coefficients of the parent material. The explicit 
value of C can be calculated from the Josephson expression for the coupling 
energy near T c : 



nh | A | 2 
Se 2 Rk B T c 



(2.31) 



where R is the intergrain normal state resistance. 

The expression for £(T) allows to check whether it is indeed larger than d, 
which is the condition for its validity. Apart from coefficients of order unity 
we can write 



m 2 

d 2 



JL) (-A-) 

Re V \k B T c ) 




> 1 



(2.32) 



where 



S = 



Ef 

~W 



(2.33) 



is the distance between the electronic levels in the grain and N is the number 
of electrons per grain. 

The condition £(T) > d is always valid near T c . Far below T c this is the 
case if the intergrain resistance is smaller than the quantum resistance (“?), 
as long as the level splitting is of the order of k B T c (or the gap). We have 
discussed in earlier sections the full importance of this condition.. 

In the three dimensional regime, when the critical current density is 
reached, the phase changes by tt over many grains. In the presence of vortices 
their core extends over many grains. The granularity of the material has the 
effect to turn the superconductor into a strong type II one.The grain size 
itself is not directly reflected in the superconducting properties. This was the 
case treated by the group of Abeles [4]. 

In the regime £(T) < d the coherence length evidently looses its meaning, 
since inside each grain the order parameter is constant. The granular super- 
conductor then becomes zero dimensional [6]. If the individual grains remain 
superconducting in the 0D regime, which will happen under conditions that 




2 Nanostructured Superconductors 



47 




Fig. 2.9. Upturn to the critical field of an Al-Ge sample in the granular metallic 
regime 



we have discussed above, the critical current will be determined by the critical 
current of the individual junctions: 

j c = I c d~ 2 , (2.34) 

where 

Ic = \e c . (2.35) 

The critical field becomes equal to the critical field of the individual grains: 

d> n T i 

H c (grain) = (1 - —)* . (2.36) 

The transition to zero-dimensionality that occurs when £(T) < d is di- 
rectly reflected in the temperature dependence of the critical field. While 
it is linear in the 3 dimensional high temperature regime where £(T) > d, 
it becomes parabolic in the zero dimensional regime. The transition is thus 
marked by an upturn of the critical field [30], as seen Fig. 2.9. 

2.7.2 Random Case 

Here again the conventional expressions for the critical current density and of 
the upper critical field are valid as long as the coherence length is larger than 
the length scale that characterizes the inhomogeneity of the system. However 
now the inhomogeneity scale is not the grain size, but rather the percolation 
correlation length £ p : 

Zp = ad(p - pc)-" , (2.37) 

where a is a numerical coefficient of order unity and v is the critical index 
that governs the divergence of £ p near the threshold p c . We are interested here 
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in the case where p > p c - There is then an infinite cluster, which can be vi- 
sualized as composed of ”fat” blobs connected by thin weak links. The blobs 
consist of many interconnected threads, while the weak links are basically 
single chains of grains. More exactly, it has been shown that the number of 
parallel channels in a weak link does not diverge near p c . The physical mean- 
ing of is that it is the distance that separates nearest weak links. At scales 
larger than £ p the infinite cluster can be considered as being homogeneous. 
At scales smaller than £ p , the actual structure of the blobs which is fractal 
will determine the properties of the system. 

The superconducting state probes the properties of the infinite cluster on 
the scale of the coherence length. Again, we have to consider two cases. 
i) homogeneous limit £(T) >> £ p : 

In this limit the percolating superconductor behaves as a homogeneous one. 
The critical current density is determined by the number of independent 
superconducting channels per unit cross section: 

3c oc 2 oc (p - p c f v . (2.38) 

This dependence was observed experimentally for a series of Pb-Ge mixtures 
and offers directly a determination of the critical index of the correlation 
length. The coherence length and upper critical field are determined by the 
macroscopic coefficient of diffusion D which can be calculated from the Ein- 
stein relation for the macroscopic conductivity: 

o = 2e 2 N(0)D . (2.39) 

Here the density of states N( 0) is given by the density of the infinite cluster 
which goes to zero at p c with exponent /?. Hence, 

D oc (p — Pc) t_/3 • (2.40) 



We can use the dirty limit expression to calculate the coherence length: 



em = 



it hD T c 
8k B TT c -T ‘ 



(2.41) 



Due to the divergence of £(T) at T c the homogeneous limit will always apply 
close to the transition temperature. The upper critical field will then vary 
linearly with temperature and is roughly proportional to the normal state 
resistivity (exponent t is substantially larger than the exponent (3 (in 3D, 
t = 2 and (3 = 0.4)). 

ii) inhomogeneous limit £(T) < £ p : 

When £(T) is smaller than the percolation correlation length, we are not 
allowed anymore to use the above expressions. This will happen when p is 
close to p c ( D then goes to zero) and if we are not too close to T c . The new 
and interesting property that then arises is that the coefficient of diffusion is 
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now scale dependent. It is sensitive to the internal structure of the blobs as 
is the value of the upper critical field. 

At short length scales diffusion is not governed by the usual diffusion law 

x 2 = Dt , (2.42) 

but rather by an anomalous diffusion law, which can be represented by an 
analogous equation, but where the diffusion coefficient is itself time depen- 
dent: 

x 2 = D(t)t . (2.43) 



At long time scales D goes back to its macroscopic, time independent value. 
At short length scales, namely at scales shorter than the percolation correla- 
tion length, it varies as a power law of t, in a way that is independent of the 
concentration. The idea here is that at these short length scales the diffusion 
process (or the conductance) is insensitive to the macroscopic structure of 
the cluster (whether it is finite or infinite) .Now, if we apply a magnetic field 
we effectively probe the cluster on a scale 




If f (ff) > € P , we are back to the usual case and the critical field is con- 
centration dependent. It varies with the macroscopic conductivity in a way 
that is similar to that of a regular type II superconductor (there are some 
minor differences, due to the concentration dependence of the density of the 
infinite cluster). But if £(H) < £ p , the cluster is probed on a scale that is con- 
centration independent. Then the upper critical field, which is here the field 
that will destroy the "blobs”, is independent from the concentration, hence 
from the macroscopic conductivity. This saturation of the upper critical field 
in the vicinity of the percolation threshold, where the macroscopic resistivity 
diverges, has indeed been observed [31]. 



2.8 Critical Temperature of Granular Superconductors 

It is a remarkable property of granular superconductors such as AI-AI 2 O 3 and 
Al-Ge that their critical temperature increases as the grain size is decreased, 
reaching its maximum value near the metal to insulator transition. In this 
section we review the available data and make some remarks concerning the 
possible role of weak screening in the critical temperature enhancement. 



2.8.1 Grain Size Dependence of the Critical Temperature 

Enhancement of the critical temperature is observed in granular structures 
only. Random percolating mixtures of the same constituents, for instance A1 
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and Ge, do not show any critical temperature enhancement. Critical tem- 
peratures increase as the dielectric volume fraction is increased up to near 
the metal to insulator transition. Critical temperatures are higher when the 
films are deposited unto substrates held at low temperatures. For instance, 
the maximum critical temperature observed in AI-AI 2 O 3 is about 2 K when 
deposited at room temperature, and more than 3K when deposited at liquid 
nitrogen temperature (1,30). 

As we have seen above the average grain size decreases when the dielec- 
tric volume fraction increases. The grain size is also decreased the deposition 
temperature is decreased. It has been shown that for a given eutectic system, 
T c is in fact only a function of the grain size, itself determined by the dielec- 
tric volume fraction and the deposition temperature. More precisely, when 
plotted as a function of the surface to volume ratio a, the critical temperature 
values of AI-AI 2 O 3 films fall on a single curve for samples deposited at room 
temperature or liquid nitrogen temperature. The results are consistent with 
a simple dependence of the BCS interaction parameter NV on a : 

NV = (NV) o(l + 0.3a) . (2.45) 

Here we assume that the Debye temperature remains unchanged and that 
the interaction is enhanced over a surface layer having a thickness of about 
3 A [27]. 



2.8.2 Weak Screening Model 

Many models, well reviewed by Abeles [4], have been proposed to explain 
the T c enhancement. Amongst them, the idea that T c increase is induced by 
phonon softening at the surface received considerable attention. Yet, detailed 
tunnelling measurements performed on granular A1 failed to give quantitative 
evidence for this model [32]. In addition, it is not clear how it could explain 
why there there is no enhancement at all in the case of the percolating struc- 
ture. Here, we consider a different approach, based on our description of the 
metal to insulator transition in the granular structure. 

When the Coulomb blockade becomes effective, reducing the number of 
electrons that can freely flow simultaneously from grain to grain, electrons at 
the grains surface become weakly screened while the screening in the interior 
of the grain remains strong. It is interesting to consider the effect of this weak 
surface screening on the interaction parameter. 

Weak screening evidently enhances all Coulomb interactions. For speci- 
ficity let us consider the Jellium model of these interactions in a metal: 



47re 2 47re 2 ^ 2 

~ £ W+¥ + +q 2 uj 2 - 



(2.46) 



where k s is the inverse screening length, q the momentum transfer and cj q 
the frequency of a phonon of momentum q. The first term of the r.h.s. is the 
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Coulomb repulsion, reduced by a factor e < 1, which takes into account its 
renormalisation due to retardation effects. In the limit of zero frequency the 
net interaction is: 

47re 2 



F = - 



&f + q' 



r(l-e) 



(2.47) 



This evidently gets enhanced by a reduced screening parameter. But this 
enhanced interaction does not lead to an enhanced T c , on the contrary. 

Multiplying the interaction potential by the normal state density of states, 
k 2 

N = ,we obtain for a typical phonon wave vector qo in the zero frequency 
limit 



NV = 



_fc|_ 

k 2 a +q$ 



(1-e) 



(2.48) 



Thus, the BCS parameter is in fact an increasing function of the screening 
parameter, as is well known. Although obtained here in the framework of a 
very crude model, we believe the conclusion to be quite general. Namely, that 
as a function of the screening parameter, the net interaction potential and the 
BCS parameter vary in opposite directions. This indicates a possible general 
way to obtain higher critical temperatures: one reduces screening under the 
condition that at the same time the density of states is kept unchanged. We 
can in principle do this, if reduced screening is obtained primarily through 
a reduced dimensionality, rather than through a reduced carrier density. In 
fact, in the 2D and ID case, it may even be possible to have an enhanced 
density of states, if the Fermi level is properly located (A15, van Hove). 

It would of course be risky to apply this very simple argument in a quan- 
titative way to such complex materials as the cuprates or the organic super- 
conductors. But it may not be unreasonable to apply this to the granular 
superconductors. 

We consider a grain of a weak coupling superconductor (in the BCS sense) 
that is large enough so that we can neglect special cluster size effects on its 
electronic structure. We assume that the grain is located in an insulating 
matrix. Then reduced screening takes place at the atomic surface layer of the 
grain, while the density of states remains unchanged to a first approximation. 
We write 



K 1 = Ko ( 1 + our) 



(2.49) 



where k so is the screening parameter of the bulk material and a is a numerical 
coefficient of order unity whose value depends on the dielectric properties of 
the insulating matrix.The surface to volume ratio a is the surface of the grain 
divided by its volume, multiplied by a length of the order of the screening 
length, say roughly lA. Assuming a l,we can calculate the new value of 
the BCS parameter: 



2*4 
fcf 0 + qZ 



o’) 



NV = NV 0 {1 + 



(2.50) 
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where V^is the net interaction potential in the bulk material. 

Let us take as example Al. From the BCS expression for T c we get NVo = 

0.18. The renormalized Coulomb repulsion is (i * =0.1 From this we obtain 

( k'io+o'o ) = °' 3v Thus ’ 

NV = JVV 0 (1 + 0.6a) . (2.51) 

In spite of the crudeness of our calculation, this result is in remarkable agree- 
ment with the data (7,30). No particular importance should of course be given 
to the value of the coefficient of a in view of the approximations made. The 
weak screening model can also explain why no critical temperature enhance- 
ment is seen in percolating random structures. Even very near the percolation 
threshold the majority of metal grains that constitute the infinite cluster are 
not at the surface of this cluster, but are well connected within ” blobs”. 
Hence, the effective surface to volume ratio is too weak to have any effect on 
T c . 

Note, this naive model is unlikely to be the last word on the intriguing 
T c enhancement in granular materials. Electronic effects and other may play 
an interesting role. 
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3.1 Introduction 

Although the physics of normal metals (N) in close proximity to supercon- 
ductors (S) has been studied extensively for more than thirty years, it is 
only in the past decade that experiments have been able to probe directly 
the region close to the NS interface at temperatures far below the transition 
temperature T c of the superconductor. These experiments have been made 
possible by the availability of microlithography techniques that enable the 
fabrication of heterostructure devices with submicron scale features. This 
size scale is comparable to the relevant physical length scales of the problem, 
and consequently, a number of new effects have been observed. A variety 
of systems have been studied, the variation primarily being in the type of 
normal metal coupled to the superconductor. Canonical normal metals such 
as copper and gold, semiconductors, insulators, and ferromagnets have been 
employed. Although a variety of theoretical techniques have been used to de- 
scribe proximity-coupled systems, the quasiclassical theory of superconduc- 
tivity [1-12] has proved to be a remarkably powerful tool in understanding 
the microscopic basis for the remarkable effects observed in these systems. 
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A number of excellent recent articles [13-19] have explored the applica- 
tion of the quasiclassical theory of superconductivity to proximity coupled 
systems. In this review, a self-contained development of the quasiclassical 
theory is presented, starting from non-equilibrium Keldysh Green’s func- 
tions for normal metal systems. If the normal metal is clean, quasiparticles 
in the normal metal travel ballistically over long length scales. In the samples 
studied in the majority of recent experiments, however, the quasiparticles are 
scattered elastically within a short distance, so that the quasiparticle motion 
is diffusive. Here, we shall concentrate on this diffusive case, where the elastic 
scattering length t is the shortest relevant length scale in the problem. We 
shall also restrict ourselves to the case where the superconductor is of the 
canonical 5 -wave type, avoiding complications with non-spatially symmetric 
order parameters within the superconductor. 



3.2 Transport Equations 

in the Diffusive Approximation 



As an illustration of some of the issues that arise in dealing with non- 
equilibrium transport in mesoscopic diffusive systems, we consider first the 
classical Boltzmann equation in the diffusion approximation. Consider a one- 
dimensional diffusive normal metal wire of length L. We assume that all 
dimensions of the wire are larger than £, the elastic mean free path of the 
conduction electrons. f(E , x), the distribution function of electrons at energy 
E and at a point x along the wire, obeys the diffusion equation 



d? f(E,x) 
dx 2 



+ C(f) = 0. 



(3.1) 



Here, D = (l/3)vp£ is the three-dimensional electron diffusion constant, with 
vf being the Fermi velocity of the electrons. C(f ) is the collision integral, 
which takes into account inelastic scattering of the electrons, and itself de- 
pends on the distribution function /. If we consider a mesoscopic wire whose 
length L is much shorter than any inelastic scattering length Li n , this term 
can be set to zero. 

This diffusion equation has a simple solution in some specific geometries. 
Consider the case of a wire of length L sandwiched between two normal 
‘reservoirs,’ which we shall call the left (at x — 0) and right (at x = L) 
reservoirs. The reservoirs are defined as having an equilibrium distribution 
function / l(E ) and fn(E ) respectively. Then the solution of the diffusion 
equation, Eq. (3.1), under the condition L <C Li n (so that C(f) = 0), and 
subject to the boundary conditions that f{E , x) — f l(E ) at the left reservoir, 
and f(E,x ) = /r(E) at the right reservoir, is given by [20] 



f(E, x) = [f R (E) - f L (E)} £ + f L (E) 



(3.2) 
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The electrical current I through the wire in the diffusion approximation is 
given by 

I — —eAD f N(E)^f-dE , (3.3) 

J ox 

where A is the cross-sectional area of the wire. With f(E,x) given by Eq. 
(3.2), this can be written 

pAD r 

I = J N(E)[f R (E) - f L (E)]dE . (3.4) 

In order to obtain a finite current, we must apply a voltage across the wire. 
Let us apply a voltage V to the left reservoir, keeping the right reservoir at 
ground (V = 0). This has the effect of shifting the energies of the electrons 
in the left reservoir by — eV, so that the electron distribution function there 
is given by / l(E ) = fo(E — eV ), where fo(E) is the usual equilibrium Fermi 
distribution function 

fo( E ) = e E/k B T l 

and the energy E is measured from the Fermi energy Ep- Figure 3.1 shows 
the distribution function f(E,x) in the wire. It has a step-function form, 
which varies linearly along the length of the wire. Evidence for such a non- 
equilibrium distribution has recently been seen experimentally in a series of 
beautiful experiments by the Saclay group. [21] 

In the limit of small voltages V, the difference of distribution functions 
in Eq. (3.4) can be expanded as 



f R (E) - f L (E ) 


= fo(E)-f 0 (E 


- ,-Y) ME) - ME) + eV ( 


•SIS 

1 

v > 




(-§) 




(3.6) 


so that 








I^ AD V 
L J 


f N < E > (-f§) 


dE^mO)fAD v 

L 


(3.7) 



where N(0) is the density of states at the Fermi energy. In performing the 
integral, we have assumed that we are at low enough temperatures so that 
the derivative of the Fermi function (—df 0 /dE) can be approximated by 
6(E). The electrical conductance is then given in the Nernst-Einstein form 
G = N(0)e 2 D(A/L) = o 0 (A/L). 

The thermal current through the wire is given by an expression similar 
to Eq. (3.4): 

lT = ^rJ EN WIM E ) - ME)]dE . 



(3.8) 
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Fig. 3.1. Nonequilibrium electron distribution function / in a normal wire with a 
potential V applied across it as a function of energy E and position x. The position 
x is normalized to the length L of the wire 



The critical difference between the expression for the thermal current and the 
expression for the electrical current is the presence of an additional factor of 
E in the integrand in Eq. (3.8), which has important consequences in the 
calculation of the thermal properties. 

To obtain expressions for the thermal coefficients, let the temperature of 
the left reservoir be T and its voltage V, and let the temperature of the right 
reservoir T -f AT and its corresponding voltage V = 0. The distribution func- 
tion in the left electrode is then /l(E) = f 0 (E — cK, T), and the distribution 
function in the right electrode is }r(E) = fo(E,T + AT). In the limit of 
small AT , V, the difference in the distribution functions in Eq. (3.4) can be 
expanded as 



f R (E)-f L (E) = 



A(£,r) + f at (-§§)]-'. 



f AT-eV 



(-D 



(3.9) 



Putting this expression into the equations for the electrical and thermal cur- 
rents, Eq. (3.4) and Eq. (3.8), one obtains the two transport equations 



1 = 



e 2 AD 






dE 



AT ’, 



(3.10a) 
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i T 



+ £[j B2N w(-inf) dE . 



V 

AT . 



(3.10b) 



These equations are equivalent to the usual form for the transport equa- 
tions for a metal: 



I — GV + r/AT , (3.11a) 

I T = CV + kAT , (3.11b) 



with the linear-response thermoelectric coefficients defined by 

If we approximate the derivative of the Fermi function by a 5 function at low 
temperatures, as we did for the electrical conductance G, we see that all other 
coefficients vanish. In order to obtain a finite value, we use the Sommerfeld 
expansion for the integrals [22] 



(3.12a) 

(3.12b) 

(3.12c) 

(3.12d) 



/ (-§§) dB = *<°> + 



d 2 $(E) 

dE 2 



+ ... . (3.13) 

E = 0 



Using the fact that N'( 0) = N(0)/2Ep, we obtain the following expressions 
for the last three coefficients 



■n 2 kgT eAD N( 0) 

* = — 6 l—e7 

7t 2 (k B T) 2 eAD N( 
C " 6 L E 

ir 2 k 2 B T AD „, n . 

« = — 5 s — 



(3.14a) 

(3.14b) 

(3.14c) 



Experimentally, the quantities often measured are the thermopower S and the 
thermal conductance G T . The thermopower is defined as the thermal voltage 
generated by a temperature differential AT, under the condition that no 
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electrical current flow through the wire (1 = 0). Putting this condition into 
the first transport equation, Eq. (3.10), we obtain 



V _ rj _ 7r 2 ks fcgT 

AT = ~G~~ 17^7 



(3.15) 



Note that since the expression for S contains a factor I^bT/Ef, the ther- 
mopower of a typical normal metal is very small. 

The thermal conductance G T is defined as the ratio of the thermal cur- 
rent I T to the temperature differential AT, under the same condition of no 
electrical current flow (I = 0). From the equations above 

G t = ^ = k + CS . (3.16) 

For typical metals, the second term is much smaller than the first, and is 
usually ignored, so that G T « k. If we take the ratio of the electrical to the 
thermal conductance, we obtain 



G 3 e 2 ' 



(3.17) 



Consequently, one finds that the Wiedemann-Franz law holds, even though 
the scattering lengths for momentum relaxation (£) and energy relaxation 
(Li n ) are quite different. This is because the reservoirs are assumed to be 
perfect, so that any electron entering a reservoir immediately equilibrates 
with the other electrons in the reservoir. 

Before we go on to discuss normal metals in contact with superconduc- 
tors, it is worthwhile to review some important assumptions in the calcu- 
lations above. First, in our calculations, we have assumed that the diffusion 
coefficient D is a constant independent of the energy E and position x. When 
coherence effects are important, as in the case of the proximity effect, the dif- 
fusion coefficient becomes a function of both these parameters, D(E,x). The 
differential equation for the distribution function, Eq. (3.1) is then modified. 
D(E,x) itself in general is determined by the distribution function f(E,x), 
so one must solve a set of coupled differential equations to obtain a solu- 
tion. This is difficult to do analytically in all but the simplest of cases, and 
more often must be done numerically. The remainder of this chapter will be 
devoted in great part to deriving the appropriate differential equations for 
the distribution functions and diffusion coefficient in the case of normal met- 
als in contact with superconductors, using the quasiclassical equations for 
superconductivity. 

Second, apart from the electrical conductance G, the thermal coefficients 
derived above would all vanish if the density of states at the Fermi energy 
N(E ), were assumed to be constant, so that it could be taken out of the 
integrals. The small variation in the density of states at the Fermi energy is 
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responsible for finite (but small) values of the off-diagonal transport coeffi- 
cients rj and £. For example, the thermopower S , which is non-zero only if 
there is an asymmetry between the properties of particles and holes near the 
Fermi energy, vanishes if N(E) is assumed constant. The small difference in 
N(E) above and below Ef gives rise to the small but finite thermopowers 
of typical normal metals. The conventional quasiclassical theory of supercon- 
ductivity assumes patticle-hole symmetry a priori in the definition of the 
quasiclassical Green’s functions, in that N(E) is assumed constant at Ep • 
Consequently, thermoelectric effects cannot be calculated in the conventional 
quasiclassical approximation; an extension of the theory is required. 

Finally, we have been discussing here currents and conductances , rather 
than current densities and conductivities. These are the more relevant quan- 
tities, since we will be discussing mesoscopic samples in which the measured 
properties are properties of the sample as a whole. This will be particularly 
important for the proximity effect, where long range phase coherence means 
that non-local effects are important. 



3.3 The Keldysh Green’s Functions 



The starting point for developing the quantum analog to the classical Boltz- 
mann transport equation is the Keldysh diagrammatic technique. We shall 
begin our discussion of the Keldysh technique in the notation of Lifshitz 
and Pitaevskii. [23] As in the equilibrium case, we define a non-equilibrium 
Green’s function 

G ai<T2 (X 1 ,X 2 ) = -i (n (X 2 )|n) . (3.18) 

Here X\ and X 2 take into account the three spatial coordinates (denoted by 
ri and r 2 respectively), and the time coordinate ( t\ and £ 2 )- The difference 
between the non-equilibrium Keldysh Green’s function above and the usual 
equilibrium Green’s function is that the average is taken over any quantum 
state | n > of the system, rather than just the ground state |0 >. The time 
ordering operator T has the effect 



GW*x, *2) 



-i (n ^ <Tl {X 1 )i)+ 2 {X 2 ) n\ ,iit x >t 2 , 
+* In V>+ {X^^Xi) n ) , if t 2 > ti , 



(3.19) 



for fermion operators (the case of interest here). For simplicity, we label the 
spin indices and the coordinate indices by numbers. We shall define a set of 
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Green’s functions that will be useful later: 



G? 2 “ = -i (t$ ii>t) , 


(3.20a) 


G™ = 


(3.20b) 


g°2 = — * ) > 


(3.20c) 


G^ = i{i>ti> i)- 


(3.20d) 



The first Green’s function is just the one defined above, in this new notation. 
The second Green’s function is similar in definition to Gf-f , except that it 
is defined with operator T instead of T, which orders the operators in re- 
verse chronological order. The last two Green’s functions are defined without 
any time-ordering operators. The four Green’s functions so defined are not 
linearly independent, but are related by linear equations of the form 

G aa + = G a 0 + G Pa . (3.21) 

The retarded and advanced Green’s functions G R and G A can be defined as 
in the equilibrium case 



\o , if t 2 > 



(3.22) 



and 




(3.27) 
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and the second subscript to Gq 1 denotes that the differentials in Eq. (3.27) 
are with respect to coordinates corresponding to this subscript. The argument 
of the delta function Eq. (3.26) includes space, time and spin coordinates, 
and the notation G ^ aci (with a superscript 0) signifies a Green’s function 
for an ideal gas. 

The 5 function in Eq. (3.26) arises from the discontinuities in G aoc at 
ti = ^ 2 - G R and G A have similar discontinuities, and obey a similar equation. 
G( o)^ 3 has a discontinuity of the opposite sign, and hence obeys the equation 

= -6(Xi - X 2 ) . (3.28) 

G a(3 and G^ a have no discontinuities at t\ —t^, and hence obey the equations 



GoiG ( ^ 0a = 0 , (3.29a) 

GoiG ( ^ a0 = 0 . (3.29b) 

The diagram technique for Keldysh Green’s functions is similar to that 
for equilibrium Green’s functions, except that one needs to sum over the 
internal indices a and (3 , with a corresponding increase in the number of 
diagrams. For example, Fig. 3.2 shows two diagrams corresponding to the 
first order corrections to Gf-f in the presence of an external potential, which 
is represented by a dashed line. 





Fig. 3.2. Diagrams corresponding to the first order corrections to the Keldysh 
Green’s function G?-? in the presence of an external potential U, which is repre- 
sented by a dashed line 



In the same manner, Dyson’s equation for the Green’s function can be 
represented as shown in Fig. 3.2, where the ellipse represents the self-energy 
function S af3 . In order to make the notation more compact and tractable, it is 
useful to introduce a matrix Green’s function and corresponding self-energy 
matrix: 



G = 



(G™ G a(3 
{pP* G aa 



)■ 



s = 



/ S 00 S <X0 



)■ 



(3.30) 
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Dyson’s equation can then be written in matrix form as 

G 12 = G° 12 + J G° 14 Z i3 G 32 d*X 3 d 4 X 4 , (3.31) 

where the usual rules of matrix multiplication are used. 



a a 



^ + -<=- 

a a a 




a 



+ 



a 




a + a 




a 



+ 



a 




a 



Fig. 3.3. Dyson’s equation in diagrammatic form for the Keldysh Green’s function 
G 12 • The thick line represents the exact Green’s function Gig, the thin line rep- 
resents the Green’s function for an ideal gas G $ aoc , and the ellipse represents the 
self-energy S 



As we saw earlier, the components of the Green’s function matrix are not 
independent, but are linearly related. One can therefore perform a transfor- 
mation to set one of the matrix components to zero. There are many ways 
to do this; the one we shall use here is the one employed in most recent lit- 
erature on the quasiclassical theory of superconductivity. [11] The matrices 
above are first rotated in Keldysh space using the transformation G — > t 3 <$, 
where the r matrices are identical in form to the Pauli spin matrices 



r 



o 







(3.32) 



and then transformed G — > QGQ\ where the matrix Q is given by 






(3.33) 



The resulting matrices have the form 




(3.34) 



where the retarded and advanced Green’s functions G R and G A have been 
defined above, and the new Keldysh Green’s function G K is given by 

G k = G aa + G 00 = G a0 + G 0a . 



(3.35) 
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S R , E A and S K are defined in a similar manner. In what follows, we shall use 
the ‘check 5 to denote the Keldysh matrices. In order to avoid writing integrals 
over the space and time coordinates, we introduce the binary operator (g>, 
which has the effect of integrating over the free space and time coordinates 
and performing matrix multiplication when applied between two Keldysh 
matrices. Thus, the Dyson equation for the Keldysh Green’s function written 
above can be represented as 

G = G 0 + G°<g>£®G. (3.36) 

G° obeys the equation of motion 



Go 1 1 G° 12 = 6(X 1 -X 2 ). (3.37) 

Operating Gq j 1 on the Dyson equation Eq. (3.36) from the left, we obtain 
Go/6 = S(X i - X 2 ) + E ® G. (3.38) 

The conjugate equation is 1 

GGm = S(Xi- X 2 ) + G ® E. (3.39) 

Subtracting the two equations, we obtain 

(Gq 1 ® G - G ® Gq x ) - (E ® G - G ® E) = 0, (3.40) 

where we have suppressed the subscript ‘1’ of Gq 1 1 . This can be written as a 
commutator 

[Gq 1 0 G\ — [B 0 G] = 0 



or 



[Go 1 0G] = [£©G] (3.41) 

where the © operator defines the commutator of two operators [A Q B] = 
A&B-B&A. 

The mixed or Wigner representation 

The Green’s function <$12 oscillates rapidly with the difference 7*2 - ri, on 
the scale of the inverse Fermi wave vector kp 1 . In the physical systems to be 
discussed, we are interested in variations on much longer length scales. We 
therefore perform a transformation to center-of-mass coordinates, R , T, and 
difference coordinates, r, t, defined by the equations [24] 

ri = R — r/2 1 7*2 = R + r/2 (3.42a) 

t\—T — 1/2, t 2 =T + 1/2 (3.42b) 

1 From the right, we operate on the coordinate 2, hence we use the operator G^ 1 . 
Gq 2 operated on the right is equivalent to Gq 2 * operated on the left. 
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and then define a Fourier transform of G 12 with respect to the variables r 
and t: 



G(R,T;r 



,»=/. 



e -iBt e ip r T . p dp dE 



(3.43) 



In Eq. (3.41) the part of the commutator involving G 0 1 can be written as 



Goi 1 ® G — G ® Gq2 



\dti dt 2 ) 




V2) 



G, 



(3.44) 



using Eq. (3.27) in the free electron approximation. Transforming to the 
coordinates, R,T,r,t, this can be written 



( 4 + ^ v -' v *) 6 ' 



(3.45) 



From Eq. (3.35), the Keldysh component G K of the Green’s function can be 
written as the sum of the Green’s functions G af3 and G Pa . Keeping in mind 
the definitions of these functions given in Eq. (3.20), we can define a non- 
equilibrium distribution function f(R,T,r), which is related to the function 
CP* by 



f(R, T, r) = (j> + {R + r/2, T + t/2)${R - p/2, T - t/ 2 ) 

= -iG 0a (R,T,r,t) t=o ■ (3.46) 

Similarly, we have 

(4>(R + r/2,T + t/2) / ip + (R — r/2,T — 1/2^ = 1 - f(R,T,r) 

= iG a/3 (R,T,r,t) t -o ■ 
(3.47) 

Subtracting the first equation from the second, we obtain 

1 — 2/(i2, T, r) = h(R, T, r) = i(G a ^(R,T, r , £)t=o + G@ a (R, T, r, £)t=o) 
= iG K (R, T, r, t) t = 0 , (3.48) 

where we have defined a new distribution function h(R, T, r). In terms of the 
mixed Fourier transform, Eq. (3.43), this can be written as 



h(R, T, r) = iG K (R, T, r, t) t=0 = ^J s ipr G K (R, T; p, E) dp dE. 



(3.49) 



Taking the Keldysh component of Eq. (3.44) at t = 0, we obtain 

+ b Vr VR ) J dp i f eipr G K (R,T-,p,E), 



(3.50) 
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or, in terms of the Fourier components with respect to r, corresponding to 
momentum p, 



dh(R, T, p) 
dT 



+ ?--V R h(R,T,p), 

171 



(3.51) 



where the Fourier transform of the Wigner distribution function /i(H,T,p) 
is given by 



h{R,T,p) = -^J G K (R,T-,p,E) dE . (3.52) 

In equilibrium, h is given by 

h 0 (e p ) = 1 — 2/ 0 (e p ) = tanh(e p /2A;BT) . (3.53) 



Eq. (3.51), which is the Keldysh component of the left hand side of Eq. 
(3.41), has the form of the one side of the classical Boltzmann equation for the 
distribution function. (Using the definition of the function h(R, T, p), this can 
also be written in a more conventional form in terms of f(R , T,p).) The right 
hand side of the Keldysh component of Eq. (3.41) must therefore correspond 
to the collision terms. The right hand side of the Keldysh component can be 
written as 2(S^ a G <x(3 — U aP G Pa ). Taking the limit at t = 0, and writing in 
terms of the distribution function /(i2,T,p) using Eq. (3.45) and Eq. (3.46), 
this Keldysh component of the right hand side of Eq. (3.41) can be written 
as [23] 

-2 i[27**(JJ, T,p)( 1 - f(R, T,p )) + Z a HR, T,p)f(R, Hp)\ ■ (3-54) 



The first term in Eq. (3.54) with the factor (1 — f(R,T,p )) has the usual 
form of a scattering-in term, corresponding to the gain of particles, while the 
second term has the form for a scattering-out term, corresponding to a loss of 
particles. Consequently, we see that the Keldysh component of the right-left 
subtracted Dyson equation gives the transport equation for the distribution 
function. From the diagonal components components of the same equation, 
one can obtain solutions for the other components of G and S. More typically, 
the scattering terms on the right hand side of the Boltzmann equation make it 
difficult to solve, and some approximations must be employed. If the variation 
of the system with the center-of-mass coordinates T and R is small, then 
one can expand the Green’s functions and self-energies, which are functions 
of R, r, T, t about R and T in a Taylor’s series to first order in r and t. This 
is the gradient expansion discussed by Kadanoff and Baym [24] and Larkin 
and Ovchinnikov [4], and we shall return to it at the end of this section. 

Instead of taking the difference of Eq. (3.38) and its conjugate equation, 
Eq. (3.39). Thus, we take the sum, we obtain the equation 

[Go 1 ® 6} = 2S(Xt - X 2 ) + [£©<$], 



(3.55) 
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where the operator 0 defines the Keldysh anti-commutator, in the same way 
as the operator © defines the Keldysh commutator. The left hand side of Eq. 
(3.55) can be written as 



Gqi 1 (8)6 + 60 Gq 2 




(Vf + Vl) 



G . 



(3.56) 



Transforming to the mixed representation, we obtain 



24 + 

at 



JL^ 

m 




(3.57) 



Now, the assumption we are making is that the variations of G on the scale 
of R are much slower than the variations on the scale of r. Hence, the terms 
in equation above involving derivatives with R contribute much less than the 
those with r, and can be neglected in this approximation. If we consider the 
equation for Go, for which the terms involving £ on the right hand side of Eq. 
(3.55) are 0, then we obtain after transforming to Fourier components [25] 



(E-e p )G 0 (R,T,p,E) = l 


(3.58) 


or 




Go(R,T,p,E) = j W ±— 
{h, — e p ) 


(3.59) 


where 




ep= 2^~ V^fpiP-PF)- 


(3.60) 



So far, we have assumed a free-electron model. If there is a slowly varying 
potential U(R, T), the equation above can be modified to 



(3.61) 

This equation has form of a Green’s function for a free particle, but in a slowly 
varying potential U ( R , T). The operator Gq 1 in the mixed representation can 
therefore be written as 



Gq 1 = (E — e p — U (R, T)) . 



(3.62) 



More accurately, one transforms Eq. (3.27) using the following equations 



8 _ 1 d d 
dt l<2 ~ 2dT ± dt’ 

V i ( 2 = ± v r 

V?,2 = V" • Vr + 



(3.63a) 

(3.63b) 

(3.63c) 
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Again, assuming the functions in the mixed representation are slowly varying 
functions of jR, we can ignore the second derivatives with respect to R , to 
obtain 



G 



-l 

o 



I A + 9 + S + 

2dT dt 2m 



Vr ‘ Vfl 

2m 



+ 



(3.64) 



In most applications of interest here, we also ignore the slow T dependence. 
Adding the potential [/(JR, T), and writing in terms of the partial Fourier 
transform with respect to p and E , we obtain 



G 0 1 — E — e p + — vp -Vh + p — U(R, T), ( 3 . 65 ) 

where we have replaced p/m by since the important region of interest is 
at the Fermi surface. Note that we still keep account of the direction of the 
momentum. 

To conclude this section, we derive some expressions for the convolution of 
two operators in the mixed representation, the gradient expansion discussed 
above. Consider the convolution of two operators defined as an integral over 
the internal space and time coordinates 

A®B = J dr 3 J dt 3 A{ri,r 3 ,ti,t 3 )B(r 3 ,r2,t 3 M) • ( 3 . 66 ) 

If we do a partial transform to p, R (but do not transform the time coordi- 
nates), A(g)B can be represented as 

A®B = J dt 3 e%( v *' v v~ V p' vI K)A(R,p,ti,t 3 )B{R,p,t 3 ,t 2 ), ( 3 . 67 ) 

where the superscripts to the derivatives denote that they operate only those 
functions. If the derivatives are small, we need to take only the first order 
expansion of this expression 

(A®B)(p,R) = fdt z [l + i (Vr • V® - V£ • Vg) 

x A(R,p,ti,t 3 )B(R,p,t 3 ,t 2 ) ■ (3.68) 

Similarly we get 

(B ® A)(p, R)= J dt 3 [l + i (Vf • V£ - Vf • V£) 

x B(R,p,ti,t 3 )A(R,p,t 3 ,t 2 ) ■ ( 3 . 69 ) 

If we were dealing with functions alone, then the multiplication of the two 
function A and B is commutative. When A and B are matrices, however, 
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they do not in general commute, so we obtain 
(A © B)(p, R ) = A® B - B <g) A 

= J dt 3 [A, B)+ l -J dt 3 [{VrA, V p B} - {V P A, VrB}] , 

(3.70) 

where [A, B] notation stands for the commutator of the two functions, and 
{A, B} stands for the anticommutator. A similar equation can be obtained if 
we transform the times to the mixed representation T, E 

(A © B)(T,E) = A® B — B ® A 

= J dr 3 [A,B] + l -j dr 3 [{drA,d E B} - {d E A, drB}\ , 

(3.71) 



When we transform both sets of variables, we obtain 
(A © B)(p, R,T, E) = A <8> B — B <g> A = 

[A,B]+ l - [({ &rA,d E B } -{d E A,drB})+{{V R A,V p B} -{V P A, V r B})) . 

(3.72) 

In most cases, we are interested in stationary situations, where there is no T 
dependence. In this case, the equation above reduces to 

(A © B)(p, R, T, E) = A <g> B - B 0 A 

= [A B)+ l - [{VrA, V P B} - {VpA, V*B}] . (3.73) 

These expressions will be useful in the calculations to follow. 

3.4 The Quasiclassical Approximation 

The non-equilibrium spectral function A is defined in the same way as in the 
equilibrium case [11,26] 

A = 4~(G r - G a ) = -~lm(G R ), (3.74) 

27T 7 r 

where Im (G R ) denotes the imaginary part of the retarded Green’s function. 
In the equilibrium case, A defines the spectrum of energy levels, for station- 
ary quantum states, it has the form of a sum of d-functions at each state 
energy. In the quasiparticle approximation, these ^-functions are broadened, 
but the width T of each state, defining its lifetime, is still small compared 
to its energy. If r is large, the quasiparticle approximation breaks down, 
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and one cannot obtain a kinetic equation for a distribution function by inte- 
grating over the energy E. However, for most perturbations of interest, the 
self-energies typically have a weak dependence on the magnitude of the mo- 
mentum, this dependence being appreciable only near the Fermi energy. On 
the other hand, while the Dyson equation has a strong dependence on E and 
e p , the subtracted Dyson equation, Eq. (3.41), from which we will obtain the 
equations of motion, has a very weak dependence on both E and e p . In this 
case, it is possible to average over the particle energy to eliminate the depen- 
dence on the magnitude of the momentum, but keep the dependence on the 
direction of the momentum. Hence, one can think of replacing the Green’s 
functions and self-energies by their values on the Fermi surface, multiplied 
by a 5-function in the form 

G(R,p,h,t 2 ) -► 5(e p )g(R,p,ti,t 2 ) . (3.75) 

To this end, we define the so-called quasiclassical Green’s function 

g(R,p,t!,t 2 ) = ^ j de p G(R,p,ti,t 2 ) . (3.76) 

Care must be taken in performing this integral, since the integrand falls off 
only as l/e p for large e p . To avoid this, one can introduce a cut-off in the 
integral, as done by Serene and Rainer, [7] or following Eilenberger, [1] use a 
special contour for integration. 

We would like to obtain an equation of motion for the quasiclassical 
Green’s functions. If we obtain an equation of motion by operating Gq 1 
in the form of Eq. (3.64) on Dyson’s equation, and then integrating over e p , 
there are terms in the equation that will have large contributions. In order to 
eliminate these large terms, we start from the left-right subtracted equation 
of motion, Eq. (3.41), in which the troublesome terms are cancelled, and then 
integrate over e p . The terms on the right hand side of Eq. (3.41) are of the 
form 

27® G = J dt 3 dx% Z(xi,ti,x 3 ,t 3 )G(x 3 , t 3 , x 2 ,t 2 ) . (3.77) 

We first Fourier transform this term with respect to p , which takes care of 
the integral over X 3 . We then average the resulting equation with respect 
to e p . The assumption here is that only G has a strong dependence on the 
momentum p, so the result of this averaging is a term of the form 

J dt 3 E{R,pM,t 3 )g{R,p,t 3 ,t 2 ) . (3.78) 

Now, to complete the transformation, the self-energy 27, which is a functional 
of the Green’s functions <5, must become a functional only of the quasiclassical 




72 



V. Chandrasekhar 



Green’s functions g , £[G\ — > a[g\. With this final change, Eq. (3.41) for the 
quasiclassical Green’s functions becomes 



[Gto 1 -*)?$] =0. (3.79) 

The o operator in the commutator [A o B] involves an integral over the in- 
ternal time coordinates in addition to the usual matrix multiplication for 
Keldysh matrices. If we transform the time coordinates as well, this integral 
can be removed, as shown at the end of the last section (Eq. 3.72). In this 
case, the commutator becomes a simple commutator (but involving matrix 
multiplication of the Keldysh matrices). 

It remains to express the physical quantities of interest in terms of the 
Green’s functions. The particle density is given by 

p(l) = —2iGfi (3.80) 

and the current density in the absence of external fields is given by 

3(1) = “ (Vi - V 2 )Gf“| 2=1 . (3.81) 

From the definitions of G R , G A and G K in terms of G af3 , G P a and G^, we 
can write the function G@ a as 

Cfi a = 1 [G k + ( G r - G a )] . (3.82) 

G R and G A depend on the equilibrium properties of the system, and so do 
not contribute to the current on nonequilibrium density. Consequently, these 
terms can be dropped in the expression for the particle density and current. 
Writing in terms of the quasiclassical Green’s functions, we can obtain expres- 
sions for the density and the current in the mixed representation. Consider 
the expression for charge density 

5p(R, T ) = —ieG K (R, T, r = 0, t = 0) , (3.83) 

where we use 5p instead of p to emphasize that this does not include the 
equilibrium contributions. Expanding G K in terms of Fourier components in 
momentum space p 



5p(R, T) = —ie 



= —ie 




c <p - r G K (R,T,p,t ) 



r=0,t=0 



d 3 p 

(2tt) 3 



G K (R,T,p,E) , 



(3.84) 



where we have used the fact that setting t = 0 in G K (t) is equivalent to 
integrating G K (E) over dE/2n. 
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The equivalent expression for the current density can also be written in 
terms of the quasiclassical Green’s function. From Eq. (3.81) and Eq. (3.82) 
we have in the mixed representation 

j(R,T) = [(V! - V 2 ) G k (R, T, r,p)] r _ Q t _ 0 . (3.85) 



The integral over the momentum p can be rewritten as 



/ 



d 3 p 




(3.86) 



where N$ is the density of states at the Fermi energy, and df2 p is an element 
of solid angle in momemtum space p. Writing Vi — V 2 = 2V r from Eq. 
(3.63b), we obtain 



j(R)T) = — — V. 



m 



■/ 



d 3 p 



e ipr G K (R,T,p,t) 



J r =0,t=0 



(3.87) 



Operating V r on the exponential within the integral gives ip. In the quasi- 
classical approximation, we assume that the major contribution comes from 
near the Fermi surface, so that p/m = vjr, the Fermi velocity. With this 
approximation, we obtain 

j(R,T) = —ie J J v F G K (R,T,p, E) . (3.88) 



If we use the definition of the distribution function h given by Eq. (3.48), we 
obtain 

j(R,T) = -ef ^ v F h(R,T,p) (3.89) 

which is the expected classical form for the current. Recalling the definition 
of the quasiclassical Green’s function, Eq. (3.76), we obtain 



j(R,T) = -\eN 0 J dE J ^v F g K (E,p,R,T) , 



(3.90) 



where we have used Eq. (3.76) and Eq. (3.86). Note that writing these expres- 
sions in terms of the quasiclassical Green’s functions necessitates reversing 
the order of integration over E and e p . 

The transformation, Eq. (3.86), assumes that the density of states is con- 
stant at the Fermi energy, and hence assumes that particle-hole symmetry 
holds. Hence, within this approximation, we will not be able to obtain any 
results on physical phenomenon that depend on particle-hole asymmetry, in 
particular, thermoelectric effects. This should be contrasted with the deriva- 
tion of the current in the diffusive limit that we performed in the introduction, 
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where the energy dependence of the density of states was taken into account 
explicitly. 

So far, we have ignored the effects of external fields and potentials. In 
particular, the effect of a magnetic field is of interest. The magnetic field is 
introduced in the form of a vector potential A(R y T ). Here, we shall consider 
only time independent fields. is introduced by making the change 

ieA(R) = d R (3.91) 



in all equations involving the spatial derivative. For example, the operator 
Gqi is now written 



G 



-l 

01 




d 2 



(3.92) 



In the equation above, we have also added a term e(f>, corresponding to the 
presence of a scalar potential. 

In our formulation, we would like all observable quantities to be invariant 
under a gauge transformation of the vector potential 

A -+ A + Vx(r) , (3.93) 

which also transforms the potential 






dx 

dt 



(3.94) 



Eq. (3.87) for the electrical current is then modified to 






[V, - «A(B)] / 7 ^ e*'G l ’°(R,T,p,t) 

J \ Z7T ) J r=0,t=0 

(3.95) 



where we have written the current in terms of G@ a rather than G K . It follows 
-that Eq. (3.88) can be written as 

j(R,T) = -»2e v r G*«(R,T,p,E) + ^A(R) 

* / d 4I^ G ^ R ’ T ' p ' E '>- < 3 - m) 

The second term in the equation above is called the diamagnetic term. It 
is cancelled by a contribution from the first term arising from energies far 
from the Fermi energy, which are not taken into account in the quasiclassical 
Green’s function as defined by Eq. (3.76). [11] Note that such a cancellation 
does not occur in the case of a superconductor, and the second term gives 
rise to the supercurrent, which is proportional to the vector potential and the 
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phase gradient according to Eq. (3.94). With this high energy contribution 
cancelled by the diamagnetic term, the equation above transforms into the 
expression Eq. (3.90) for the electrical current, written now in terms of the 
Keldysh component of the quasiclassical Green’s function. 

Such a cancellation does not occur in transforming Sp in terms of the 
quasiclassical Green’s functions, and the contribution of the integrals in Eq. 
(3.84) must be explicitly calculated. [11] The result that was obtained by 
Eliashberg [3] can be written as 

6p(R,T) = -^ jdE J ^g K (E,p,R,T) - 2e 2 N 0 <t>{R,T), (3.97) 

where <f)(R,T) is now the scalar electrochemical potential. This expression 
can also be obtained by invoking gauge invariance arguments. Since we must 
preserve charge neutrality in the system, 5p = 0, so that </>(R, T) is given by 

<f>(R,T) = -±-JdEj ^g K (E,p,R,T) (3.98) 

For completeness, we also write expressions for the thermal current and 
the density of states. The expression for the thermal current in terms of the 
Keldysh Green’s function is given by 

j th (R,T) = iJ^J Ev F G K (R,T,p, E), (3.99) 

and the corresponding form in terms of the quasiclassical Green’s functions 

jth(R,T) = ±No J dE J ^ Ev F g K (E,p,R,T ). (3.100) 

As in the equilibrium case, the density of states is given directly by the 
spectral function A defined in Eq. (3.74), now expressed in the mixed repre- 
sentation 



N(E,R,T) = A(E,R,T) = - -lmG R (E,R,T ) 

7 r 

= --Im / -p?-G R (E,p,R,T). (3.101) 

7T J (J7r)° 

Written in terms of the quasiclassical Green’s function, this becomes 

N(E, R, T) = N 0 Re J ^ g R (R , E, T), (3.102) 



where the notations Re and Im stand for the real and imaginary components 
respectively. 
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3.5 Non— Equilibrium Green’s Functions for 

Superconducting Systems 

The formalism that we have developed for non-equilibrium Green’s functions 
for normal systems carries over into the superconducting case, except that 
the Green’s functions for the superconducting case are more complicated. In 
order to show how the Green’s functions are defined, we start by expressing 
the Green’s functions in the superconducting case in terms of field operators 
in the Nambu-Gor’kov formalism. In this formalism, the field operators can 
be written as two-component column matrices 






^1T 



(3.103) 



where the up and down arrows refer to the spin indices, and the numbers 
now refer only to the time and space coordinates. The Hermitian adjoint of 
this operator can be written as a two-component row matrix 

= (i’ll i’u) • (3-104) 

The multiplication of two such operators is defined as the tensoriai product 
of the two matrices. For example 



= 



i’ni’ti i’ufa 1 
i’ni’ti i’ni’n 



(3.105) 



It is natural then to define the Green’s functions in terms of these products. 
For example, the natural definition of the Green’s function corresponding to 
G aQJ , Eq. (3.20a), would be 



G 



12 



—l 




(3.106) 



However, we would like to keep the same form for the equations of motion 
and Dyson’s equation as for the normal case, except, of course, the quantities 
will be matrices in Nambu-Gor’kov space. To see if the definition above fits 
this requirement, let us operate id/dti on the Green’s function for an ideal 
gas, as defined above. With the definition 



hoi = 



.y? 

2 m 



-V 



(3.107) 



we have the matrix Equation 




(0)aa 

12 



= hoi 



( (tmZi) (TM21) \ 
\-(T^tii>ti)-(Ti>tii>2i)) 
(8{Xi -X 2 ) 0 \ 

V 0 8(X 1 -X 2 )J ■ 



(3.108) 
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This does not have the required form of the analogous equation for the normal 
case, Eq. (3.26). To remedy this, we define our Green’s functions with an extra 
factor of t 3 . The definitions corresponding to Eq. (3.20) are then 



r 12 



^12 “ 



rtot/3 __ 
<jri2 — 



(t*m) = ( ft’ 4 ; y-f - 1 

{fi&) - 

\ / \{T^i r ) {T^n 

-ir°(*A + ) = -ir 3 




(3.109a) 

(3.109b) 

(3.109c) 

(3.109d) 



Here, the ‘tilde’ over the Green’s functions denotes that they are matrices 
in Nambu-Gor’kov space. The operator corresponding to Eq. (3.26) is then 
defined as 



<5 “> 1 = <t 3 Jt + Is + '‘- 



(3.110) 



Here it is understood that any ‘scalar’ quantities in the equation above and 
in what follows are mulitiplied by the identity matrix r°. With these modi- 
fications, all the equations derived for the Keldysh Green’s functions for the 
normal case can be carried over directly to the superconducting case. In par- 
ticular, the advanced and retarded Green’s functions G R and G A are defined 
in terms of the Green’s functions in Eq. (3.109) in the same manner as before. 
The Keldysh matrices corresponding to Eq. (3.34) are then 




(3.111) 



Since each element of these matrices are themselves 2x2 matrices, the result- 
ing Keldysh matrices for superconductors are 4x4 ‘supermatrices,’ and we 
shall denote them by a ‘hat’ symbol ("). The equation of motion equivalent 
to Eq. (3.41) is 

[Go 1 © G] = [-E 1 © G]. (3.112) 



Before we go any further, we need to specify the self-energy E. At the tem- 
peratures of interest in the experiments on proximity systems, the important 
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self-energy terms are due to electron-phonon scattering (£ e - p ), and elec- 
tron impurity scattering {Simp)- For conventional superconductors, the elas- 
tic component (SjL p + ^t- P ) °f electron-phonon contribution is the one 
that leads to the coupling between superconducting electrons [8] (the other 
contributions of electron-phonon scattering will be ignored, under the as- 
sumption that we are at low enough temperatures so that inelastic electron- 
phonon scattering can be ignored). Perhaps a simpler way of dealing with 
this component of the electron-phonon interaction is to start directly with 
the Gor’kov equations of motion [26] for the Green’s function Eq. (3.109a), 
which we write in the form (ignoring impurity scattering for the moment) 

. 9 A v\ , ]G?2 a = *(*i-X2), (3.113) 

l dt j 

with the pair potential A defined as 2 

A = A limit < >= *A limit [G“ if] 12 (3.114) 






Vt 

2^ + / z 



-A* 



in terms of the upper left component of the Green’s function GJf, which is 
frequently called the anomalous Green’s function (or pair amplitude), and 
denoted by F. Here A is the coupling constant. For a uniform bulk supercon- 
ductor A is real. For a normal metal, A vanishes, and hence, although the 
pair amplitude in a normal metal may be finite, the pair potential vanishes. 
Eq. (3.114) defines a self-consistent equation for the pair potential A; it is 
defined in terms of the anomalous Green’s function F, which in turn is deter- 
mined by an equation that depends on A. Note that unlike [Gi 2 *]ii, [G 12)12 
is continuous at £2 = so that A can also be written in terms of [Gjf] 12 or 

[Gv 2 *] 12 £2 — di- 

still ignoring impurity scattering, the equation of motion Eq. (3.112) can 
then be written in compact form as 



^zr 3 



dti 



V? 

+ 2^ + ^ + A 



) ©G 



©G =0. 



(3.115) 



Here A represents a 4x4 matrix 




(3.116) 



(3.117) 



2 A defined this way differs from the conventional definition by a factor of i. Note 
that the signs associated with A in the matrix above are different from the 
conventional definition of Gor’kov ’s equation, because of the r 3 factor in the 
definition of the Green’s functions. 
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with A defined by Eq. (3.114), and 



f 3 




(3.118) 



Before we move on to making the quasiclassical approximation, it is use- 
ful to obtain expressions for measurable quantities in terms of the Green’s 
functions defined in this section. Following Eq. (3.49), one can define a distri- 
bution function by averaging the Keldysh component of the Green’s function 
defined in Eq. (3.111) 



h(R,T,p) = ^JdE G K (R,T,p,E ) . (3.119) 

However, since G K is a 2x2 matrix, h is also a 2x2 matrix, so that its in- 
terpretation as a simple distribution function (in the flavor of Eq. (3.49) for 
the equilibrium case, for example) is not immediately clear. A more physical 
interpretation can be obtained by diagonalizing the Gor’kov equations given 
in Eq. (3.113) [12]. The matrix on the left hand side of this equation can 
be diagonalized by a unitary transformation; this transformation, of course, 
is just the Bogoliubov-Valatin transformation, which results in a diagonal 
‘energy’ matrix with eigenvalues 

E 2 = e 1 + A 2 . (3.120) 



The same transformation also diagonalizes the equilibrium distribution ma- 
trix ho, which now has the form 



h °-\ o 2f ol (E p )-l) ■ (3 - 121) 

The top-left component is for electron-like excitations, and the bottom-right 
component for hole-like excitations. This suggests that for our combined 
Nambu-Gor’kov-Keldysh Green’s functions, the equations for the electric 
current and thermal current should be modified to 

j(R,T) = -7/ ff / ^3 v F Tr [t 3 G k (R,T,p,E)] , (3.122) 

and 

j th (R,T) = 3 E ” fTc [G K (R,T,p,E)] . (3.123) 



Taking the trace of the matrix takes the contributions of both electrons and 
holes. Note that the expression for electrical current includes a factor of r 3 
in the argument of the trace, while the thermal current does not. 
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3.6 Quasiclassical Superconducting Green’s Functions 

In principle, the properties of the superconducting system may be calculated 
starting from Gor’kov’s equations. In practice, however, such calculations are 
difficult in all but the simplest cases. The problem is that Gor’kov’s equations 
contain information at length scales much finer than those of interest. The 
way around this is to make the quasiclassical approximation as we did for 
the case of the normal Green’s functions, which we proceed to do below. 

Taking into account impurity scattering, the equation of motion for the 
superconducting Green’s function can now be written as 

/ d d 2 \ 

Ur 3 - — b 7“^- n A — IJimp) © G = 0, (3.124) 

where the impurity self-energy Simp includes contributions from both spin- 
flip and spin-independent elastic scattering. 

The elastic contribution to the self-energy can be written as 

£o (p) = N *f W p - p') I 2 <V) • (3.125) 

Here v is the impurity potential, and N% the number of impurities per unit 
volume. We assume that v(p) is independent of the magnitude of p, so that 

to(p) = NiNo J de p ' \v(p • p')| 2 G(p') . (3.126) 

Defining the elastic scattering rate 1/r in the Born approximation by 

\ = 2nN i N 0 J ^ \v(p ■ p'f , (3.127) 

we can write 

= dt p G(p) . (3.128) 

Here G(p) is a function of the magnitude of p alone. Similarly, for the con- 
tribution from spin-flip scattering, one obtains 

£ W = ^7 / de *> f3< ^(P) f3 ■ (3.129) 

Prom Eq. (3.111), one has 

17 -3 9 d\ , . . \ A 

K" ht + ^ + " + 4 - * - r *') e G J " 0 • 



(3.130) 
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Converting the left hand side of this equation to relative coordinates using 
Eq. (3.63) (neglecting any derivatives with respect to the center-of-mass time 
T), and using only the first term of Eq. (3.73) to lowest order, we obtain 

[f 3 E + A G) + iv F - d R G - [£(, + £sf, G] = 0 . (3.131) 

Note that there are no integrations over space or time coordinates in the 
equation above, but only matrix multiplications. Written in terms of the 
quasiclassical Green’s functions, this becomes 

[t 3 E + A, g}+ iv F ■ dng - [<3o + a sf ,g) = 0 , (3.132) 

where 

do = i— ~9s y (3.133) 

and 

cr s f = -i-^—T 3 g a T 3 . (3.134) 

tTaf 

The subscript to the quasiclassical Green’s functions denotes that they are 
averaged over all angles of p. Eq. (3.132) is Eilenberger’s equation [1] and is 
the starting point for many calculations on superconducting systems. 

To complete the transformation to quasiclassical Green’s functions, we 
express the equations for physically observable quantities in terms of the 
quasiclassical Green’s functions. From Eq. (3.114), the gap parameter A can 
be expressed as 



Z\ = i\[Gtf + ) 12 = l -X [Gf 1+ ]i 2 (3.135) 

using the definition Eq. (3.35) of the Keldysh Green’s function. In the mixed 



representation, this 


can be written as 




-f/ 


dE i 

2tt J 


r (^ (G ^ (ii ’ r ’ p ’ £;)l12 




,vr A 

= No— 
4 


h 


/ ^rls K (R,t,P,E)]n 






j iE 


f -ir *)<,-< (R,t,p, E)} . 


(3.136) 



From Eq. (3.122) and (3.123), the electrical current and thermal currents are 
given by 

j(R,T) = J dE J ^v F Tr [r 3 g K (R,T,p,E)\ 



(3.137) 
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and 



jth(R,T) = ~_ fdE I ^ Ev F Tr [g K (R,T,p,E)\ . (3.138) 

One can also define an equation that gives the amount of charge associ- 
ated with quasiparticle excitations. In a superconductor in equilibrium, the 
number of particles and holes are equal, so the quasiparticle charge should 
vanish. If there is an imbalance in the population of electrons and holes, one 
can obtain a charge imbalance , [2,27] usually denoted by Q*, which is given 
by 




ie 

~2 

eN ( 

4 



d 3 p 



f d £lw 



dQ p 

47T 



IV [g k {R,T,p,E)} 
Tr [g K (R,T,p,E)] 



(3.139) 



Q* is essentially the first term on the right hand side of Eq. (3.97). Invoking 
charge neutrality, this then would result in a electrochemical potential given 
Eq. (3.98) 



T) = — 




(3.140) 



The normalization condition and the distribution function 
In obtaining the equation of motion of the Green’s functions by subtracting 
the Dyson equation from its conjugate, some information was lost regarding 
the norm of the quasiclassical Green’s function g. The norm of g can be ob- 
tained by the normalization condition for the quasiclassical Green’s function 
obtained by Eilenberger, [1] and Larkin and Ovchinnikov [4] 

99 = t°, (3.141) 



where (4x4) matrix multiplication is implied. This normalization condition 
can be obtained by explicit calculation for a bulk system in equilibrium. 
Furthermore, it can be shown that the normalization condition is consistent 
with Eilenberger ’s equation Eq. (3.132). 

Eq. (3.141) is equivalent to the three (2x2) matrix equations 



o 

II 

05 

10* 


(3.142a) 


tOl 

to* 

II 

o 


(3.142b) 


and 




o 

II 

ic* 

* 

+ 

05 


(3.142c) 



As in the case of the E-integrated Green’s functions, we would like to 
obtain an equation of motion for a distribution function, equivalent to the 
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quantum Boltzmann equation derived earlier. We introduce such a distribu- 
tion function h by the ansatz [11] 

g K = g R h - hg A . (3.143) 

This form of the quasiclassical Keldysh Green’s function satisfies the normal- 
ization condition Eq. (3.142c), as can be verified by direct substitution 

g R (g R h - hg A ) + ( g R h - hg A )g A = 0 (3.144) 

using Eq. (3.142a) and(3.142b). Note that the function h is not uniquely 
defined; if h is replaced by h + h', where 

h! = g R x -1- xg A (3.145) 

and x is an arbitrary matrix function, the right hand side of Eq. (3.143) is 
unchanged. [7] This arbitrariness allows us some flexibility in choosing the 
distribution function h. At low frequencies, for example, following Schmid and 
Schon, [2] and Larkin and Ovchinnikov, [5] we may choose h to be diagonal 
in particle-hole space 

h = h LT 0 + h T T 3 . (3.146) 

The subscripts refer to the longitudinal {hi,) and transverse (/it)? a terminol- 
ogy introduced by Schmid and Schon to refer to changes that are associated 
with the magnitude {hi) or phase {hr) of the complex order parameter. In 
equilibrium, hi,{E) = 1 — 2fo{E) and hx{E) — 0. 

Another possible choice is one introduced by Shelankov [28] 

h = h!T° + g R h 2 . (3.147) 

This representation has the advantage that the equation for the distribution 
function reduces to a form very similar to the Boltzmann equation when 
the quasiparticle approximation is valid. In what follows, we shall use the 
representation of Schmid and Schon. 

The representation of the Keldysh Green’s function in terms of a distri- 
bution function allows us to obtain an equation of motion for the distribution 
function from the equation of motion for the Green’s function. From Eilen- 
berger’s equation (3.132), we obtain three equations of motion for the three 
components of the quasiclassical Green’s function 

[Et 3 + A, g R ] + iv F ■ d R g R - [d R , g R ] = 0 , (3.148a) 

[Et 3 + A, g A ] + iv F • d A g A ~ [a A , g A ] = 0 , (3.148b) 

[Et 3 + A, g K ] + iv F ■ d R g K - a R g K - a K g A + g R a K + g K a A = 0 , 

(3.148c) 
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where a = <r 0 4- <J s f- Substituting g K from Eq. (3.143) into Eq. (3.148c), we 
obtain 

[Et 3 + A,g R h — hg A ] + iv F ■ d R (g R h - hg A ) - a R (g R h - hg A ) 
—a K g A 4- g R a K + {g R h - hg A )a A = 0 . (3.149) 

Subtracting from the equation above Eq. (3.148a) multiplied by h on the 
right, and adding Eq. (3.148b) multiplied by h on the left, we obtain 

g R B[h) - B[h\g A = 0 , (3.150) 

where 

= [Et s + A, h] 4- a K — ( a R h — ha A ) + ivp • dnh . (3.151) 

Equation (3. 150) is the required equation of motion for the distribution func- 
tion h. 

As an example, we shall calculate the Green’s functions for the equilibrium 
case for a bulk superconductor, in the limit where a — 0. Equation(3.148a) 
in this limit has the form 



[Et 3 + A,g R ] = 0 . 



(3.152) 



First, if we represent the retarded Green’s function by 

g R — ( gn 

y \921 922 ) 



(3.153) 



The normalization condition Eq. (3.142a) and Eq. (3.152) together imply 
that 



0n = —022, 

011 + 021012 = 1 , 

A* 

021 = 012 



(3.154a) 

(3.154b) 

(3.154c) 



and 



E 

011 = 012 ^ • 

Solving these equations, we obtain 

E A 

E 2 — \A\ 2 
E 



xR _ [ y/E*=\A P 

0 — I A* 



y/E2-\A\* y/E 2 -lA\ 2 



(3.154d) 



(3.155) 



In taking the square roots in the equation above, a factor of i will appear if 
E 2 < \A\ 2 . This is the expected solution from Gor’kov’s equations. Note that 
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gn is just the normalized BCS density of states for E 2 > \A\ 2 , so that gu 
represents a generalized density of states. 

From the equations above, it is clear that #21 = —9i2- To obtain g A , we 
can use the relation Eq. (3.24), which in terms of Nambu-Gor’kov matrices 
reads 

G a — —t 3 G r+ t 3 or g A = -T 3 g R+ r s (3.156) 

where the G + etc. denotes the Hermitian conjugate. 

3.7 The Dirty Limit: The Usadel Equation 

In systems where elastic impurity scattering is strong, the motion of quasi- 
particles is not ballistic, but diffusive. In this case, the effect of the strong 
impurity scattering is to randomize the momentum of the quasiparticles, so 
that it makes sense to average the properties of system over the directions 
of the momentum, keeping in mind that the magnitude of the momentum is 
still its value at the Fermi surface, pf- 

With this in mind, let us consider a system with strong impurity scatter- 
ing, which we define as a system in which the impurity scattering rate 1/r, as 
defined by Eq. (3.127), is much larger than any energy in the problem ( E , A). 
In this case, we expand the quasiclassical Green’s function to first order in 
momentum (essentially an expansion in spherical harmonics) 

9=9s+P9p, (3.157) 

where p denotes a vector of unit magnitude in the direction of p, and g s 
and g p are independent of the direction of p, and the subscripts stand for 
s- wave and p - wave components of g. The assumption is that g p <C The 
self-energy is expanded in a similar fashion 

cr = <T 0 + & a f = <j s + pa p . (3.158) 

We would like to calculate the components of dr in terms of the components of 
g , for which we shall need the definition of dr in terms of g. Ignoring spin-flip 
scattering for the moment, this relation is given by Eq. (3.126), which can be 
rewritten in terms of the quasiclassical Green’s functions in the form 

o-o {p) = -iirNiNo J ^^-\v(p ■ p')\ 2 g(p') 

= -inNiNo J ^^-\v(p-p')\ 2 (g a +p'g P ') , (3.159) 

using the expansion Eq. (3.157) for the Green’s function above. In order to 
do this, we take the dot product of p with both sides of the equation above 



p.ff = pa s + (p ■ p)& p = pa a + Op . 



(3.160) 
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We perform a similar operation on Eq. (3.159) 

P ■ <So (p) = -inNiNo J ^ ~\v(p • p')\ 2 (pg s + ( p ■ p')g p -) . (3.161) 

Since both p and g s are independent of the integration over d£2 p *, the first 
term under the integral in the equation above can be written as 

-iirpg a NiN 0 J ^^-\v{p - p')\ 2 = —^_pg a (3.162) 

using the definition Eq. (3.127) of 1/r. If we consider non-spin-flip scattering 
alone, then d can be obtained by equating like terms in Eq. (3.160) and 
(3.161). If we include spin-flip scattering, one can write 

= -7^ 9s 2r7 f3 ^ 3 ’ (3.163) 

as expected from Eq. (3.133) and (3.134). For the p - wave component, we 
consider only the contribution from non spin-flip impurity scattering, under 
the assumption that it is much stronger than the spin-flip scattering. The 
second term under the integral in Eq. (3.161) can be written as 

- inNiNo J • P')?(P ' P')9p' = 

- inNiNogp J ^-\v(p-p') \ 2 [1 - (1 -p-p')] , (3.164) 

where g p can be taken out of the integral since it is independent of the 
direction of p. The first term in the square bracket can be seen to be related 
to the elastic scattering rate 1/r. The remaining terms can be written in 
terms of the transport time, defined by 

- = 2-n-NiNo [ ^2-\v(p-p')\ 2 (l -p-p') , (3.165) 

T~tr J 47T 

that is well known in the transport theory of metals. With this definition, a p 
can be written as 

~ ~~)9 P • (3.166) 

By putting Eq. (3.157) into the normalization condition for the quasiclassical 
Green’s function, and neglecting terms quadratic in we also obtain the 
two equations 

g s g s = 1 (3.167a) 



and 



g s g P H" g P g s — 0 . 



(3.167b) 
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We now proceed to expand the Eilenberger equation, Eq. (3.132), in terms 
of the s and p - wave expansions of g and a. Replacing vf by v F p, we obtain 

[t 3 E - A , < 7 s] + p[t 3 E - A, g p \ + iv F p ■ d R (g s + pg p ) - [a a ,g a ] - 
p[v s , 9p\ + [<$>, g a ] + P ■ p[v p , g P ]= o . (3.168) 

The last term is second order in the small quantity g p , and can be neglected. 
Collecting the terms that are even in p, we obtain 

[t 3 E + A, &,] + iv F (p ■ p)dRg p = 0 . (3.169) 

Averaging this equation over all directions of p gives 

[t 3 E + A,g a ] + i^-dRg p = 0 . (3.170) 

Ignoring spin-dependent scattering for the moment, the terms that are odd 
in p can be written 



[t 3 E + A, g p \ + iv F d R g a - [g p , <) s ] = 0 , (3.171) 

iTtr 

where we have used Eq. (3.163) and (3.166) to write a 3 and <r p in terms of 
g s and g p . If elastic scattering is strong, the first term in the equation above 
can be neglected compared to the third, so we obtain 

iv F d R g s + —9s9 P = 0 , (3.172) 

Ttr 

where we have used Eq. (3.167b) to simplify the second term. Multiplying 
this equation by g 3 on the left and using Eq. (3.167a) we obtain 

VF9sdR9s = — X —9v , (3.173) 

Ttr 

or writing g p in terms of g 3 we get 

g P = v F Tt r g s d R g 3 = -tg s d R g s . (3.174) 

Here, we have introduced the elastic scattering length £ = v F r tr . Putting this 
into Eq. (3.171) we obtain 

[f s E + A,g a \ - i^^d R g 3 d R g 3 = 0 . (3.175) 

Writing this in terms of the diffusion coefficient D = (l/3)v F £, and reintro- 
ducing the spin-flip scattering term, we get 



[f s E + A - & a f,g 3 ] - iDd R g s d R g s = 0 . 



(3.176) 
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This is the equation first derived by Usadel [29] and forms the starting point 
for most discussions of dirty superconducting systems. 

In the remainder of our development we shall neglect the spin-flip scat- 
tering term. Writing g s as a matrix 




(3.177) 



we can write the matrix equation, Eq. (3.176), as three separate equations 

[t z E + A, iff] = iDd R (gfd R gf), (3.178a) 

[t 3 E + A, gf) = iDd R {gfd R gf) , (3.178b) 



and 



[r z E + A, gf] = iDd R [(g?d R g?) + (g?d R g?)\ . (3.178c) 

As before, the first two equations come from the diagonal components of the 
Usadel equation, and describe the equilibrium properties of the system, while 
the third equation comes from the off-diagonal or Keldysh component, and 
represents the kinetic equation for the distribution function. These equations 
are supplemented by the equations for measurable quantities corresponding 
to Eq. (3.137), (3.138) and (3.137). Expanding g K in Eq. (3.137 using Eq. 
(3.157) and Eq. (3.137), we have 

j(R,T) = J dE J ^v F pTr [r 3 (gf + pg£ )] 

= j dETr \t 3 {g s d R g s ) K } , (3.179) 

where the angular average over the p- wave component give a factor of (1/3), 
and we have replaced (l/3)vp£ by the diffusion coefficient D. Now 



( 9 s 9r9s) K = (g*d R g?) + (gfd R gf) (3.180) 

so that Eq. (3.180) above can be rewritten as 

j(R, T ) = J dETr [r 3 (g?d R g? + §*&*§?)] . (3.181) 

The equation for j t h is obtained in a similar way 

jth(R,T) = J dE E Tr [iff d R g* + pf d R gf] . (3.182) 

The kinetic equation, Eq. (3.178c), can be recast in terms of a differen- 
tial equation for a distribution function h, in the hopes of separating the 
equilibrium properties of the system, represented by gf- and gf, from the 
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non-equilibrium properties of the system, represented by h. To this end, as 
before, we substitute Eq. (3.143) for gf in Eq. (3.178c), which then becomes 

[t 3 E + A, gfh) - [t 3 E + A hgf) 

= iDdn [(g?(dRg?)h - h~gf{d R gf)) + d R h - (g?d R hg{)\ . (3.183) 

Taking the trace of both sides of the equation above gives 

0 = iDd R Tr{d R h + g?(d R g?)h - hg*{d R g*) - g«{d R h)g* } , (3.184) 

using Eq. (3.178a) and (3.178b). In the linear regime, we can use the diagonal 
representation of h given by Eq. (3.146) to obtain 

D d R [(d*/i L )Tt{l - gfgf) + /irivjr 3 (g?(d R g?) - ~g?{d R g?)) } 

- (d R h T )Tr{g* r 3 ^}] = 0 . (3.185) 

Here, we have used the fact that 

^{^(5^} =Tr{(^«(pf )pf + gf (d R (g*)} 

= 2Tr{g?(d R (g?)} = 0 . (3.186) 

Taking the trace after multiplying both sides of Eq. (3.183) by r 3 gives 

Dd R [5r/i t Tt{1 - g?T 3 gfr 3 } + h L Tr{r 3 (g?(d R g*) - g*(d R gf)) } 

- d R h L Tr{~gfgfr 3 }] 

= t [/liTrlr 3 ^ - gf, A}} - 2h T Tr{A(g f + & 1 )}] . (3.187) 

Equations (3.185) and (3.187) form a set of coupled differential equations for 
the distribution functions h,L and hr- Let us define the quantities 

Q = jTr {r 3 (g?(dRg?) - g?(d R g?)) } (3.188) 

and 

Mij = ^Tr {SijT 0 - g^Agfr*} . (3.189) 

Then Eq. (3.185) and (3.187) can be written in the form 

Or [Moo(5r/il) + QHt 4- M^SrUt)] = 0, (3.190a) 

d R [M 33 {d R h T ) + Qh L + M 03 d R h L )} = A- _ §A t A]} 

-2hrTr{A(g? + gt)}] . (3.190b) 
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These equations are in the form of diffusion equations for the distribution 
function, more general forms of the diffusion equation discussed for the nor- 
mal case in the introduction. As we shall see, the quantity Q is related to 
the spectral supercurrent in the system, D/Mij are now the energy and po- 
sition dependent diffusion coefficients, and Eq. (3.190) are essentially conti- 
nuity equations for the spectral thermal and electric current. In the normal 
limit, g R = r 3 , g A = — r 3 , and A = 0, so that M 0 o = M33 = 1, and 
Q — Mq 3 = M 30 = 0. Equations (3.190) then reduce to Eq. (3.1), as ex- 
pected. Noting that the term in square brackets in Eq. (3.178c) is the same 
as the term in parenthesis in Eq. (3.181) and the term in square brackets in 
Eq. (3.182), the electric current can be written as 

j(R,T) = eNoD j dE ( M33(dnIiT ) 4- Qhi, 4- M 03 BrIil) . (3.191) 

The first term corresponds to quasiparticle (or dissipative) current, and the 
second term to the supercurrent. The third term, which is proportional to 
the derivative of /iz,, is associated with an imbalance between particles and 
holes. The thermal current can be written in a similar way 

Jth(RiT) = NoD j dE E[Moo(dnhL , ) 4- Qh j* 4- M 3 Qdjihr\ • (3.192) 

For the charge-imbalance <2*, we note that only the 5-wave part of the 
Keldysh Green’s function in the square brackets in Eq. (3.139) survives after 
angular averaging. Writing gff in the form given by Eq. (3.143), with h given 
by Eq. (3.146), we have 

Q* = -~-jdE h L 1r{g* - g. ^ f dE h T Tr{r 3 (g? - gf)} 

= -eN 0 J dE h T N(E ) , (3.193) 

since g R and gf are traceless. Here we have defined the normalized super- 
conducting density of states by 

N{E) = ilV{r 3 ( 5 f - <^)} , (3.194) 

which reduces to the conventional BCS density of states in the equilibrium 
case. 

We can also recast the kinetic equations Eq. (3.190) in a slightly different 
form sometimes used in the literature. To do this, we subtract Eq. (3.178b) 
from Eq. (3.178a), multiply by r 3 , and take the trace. The result is 

- 9s, 4} - -iDd R (Tr{T 3 [g?d R g? - g*d R g?}}) . (3.195) 

Using the definition of Q, we have 

d R Q=~Tr{r^-gtA}} . 



(3.196) 
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If we choose a gauge in which A is real, the right hand side of the equation 
vanishes, so that 9rQ = 0. Clearly, OrQ = 0 also for a normal metal (even 
a proximity-coupled normal metal), where A vanishes. In either case, the 
spectral supercurrent Q is conserved. The right hand side of the equation 
above multiplied by 1%l is the same as the second term of Eq. (3.190b). 
Subtracting Eq. (3.195) multiplied by hi, from Eq. (3.190b), we obtain 



9r [Mss(dRh T ) + M 0 s(dRhL)]-\-Q(d R hL ) = — ^ 1 2h,TTr{A(g f + <7^)}J . 

(3.197) 



For real A, when d R Q = 0, Eq. (3.190a) can be written in a similar manner 



9r [ Moo{dRhL ) + M3o(9r/it)] + Q^rJit) = 0 . (3.198) 

Finally, we can also write the kinetic equations in a form similar to Eq. (3.150) 
g*B\h\-B\h]g? = 0, (3.199) 



by performing similar manipulations on Eq. (3.178) as were performed on 
Eq. (3.148). For the diffusive case, B[h] is a functional of h now given by 



B[h\ = [t 3 E + A, h] 



iD 



(dR 9 ?)(d R h) + - (g?(d 2 R h) - ( d 2 R h)gf ) - . 

(3.200) 



Boundary conditions for the quasiclassical equations of motion 
Eq. (3.178) or their derivatives form a set of coupled differential equations 
for the quasiclassical Green’s functions and the distribution function. In order 
to obtain a solution, however, we need to specify the boundary conditions for 
the Green’s functions and the distribution function. To this end, we define the 
concept of a reservoir , where the Green’s functions and distribution function 
have well-defined values. 

For a normal reservoir, the retarded and advanced quasiclassical Green’s 
functions are given by 



r _ ^3. _ 3 

9 no — T > 9no ~~ ~ r > 



(3.201) 



and for the superconducting case, by Eq. (3.155), which we reproduce here 

E A 

(3.202) 



R_ / y/E*-\A\* 

9 = A* 



y/E 



2-|^i 2 

E 



y/E*-\A\* y/E*-\A\\ 



Here, g$ 0 is given by Eq. (3.156). 
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The equilibrium distribution function h is given by Eq. (3.121) in both 
normal and superconducting reservoirs (since we are dealing only with exci- 
tations), where, as we noted earlier the (1,1) component of the matrix applies 
to particle-like excitations, and the (2, 2) component of the matrix applies 
to hole-like excitations. Erom this point of view, the Fermi functions in Eq. 
(3.121) are given in terms of the usual equilibrium Fermi function Eq. (3.5) 
by / ot (E) = fo(E) and foi(E) = fo(—E). (Since we are dealing with the 
static limit in all that follows, we again use the symbol T to refer to the 
temperature.) Looking ahead to where we might have a finite voltage V on 
a reservoir, the equilibrium form of h can then be written as 




If we write ho in the form of Eq. (3.146) the equilibrium values of Hl and hx 
can then be expressed as 

h L , T - i [ta»h ) =fc tanh [S—)] ■ (3-204) 

If a finite voltage is put on the superconductor, we will obtain a time evolu- 
tion of the phase in accordance with the Josephson relations. Since we have 
restricted ourselves here to the static case, we must assume that the volt- 
age on the superconducting reservoir V — 0. In this case, hx = 0 for the 
superconducting reservoir. 

For a system with perfect interfaces between the superconducting and 
normal parts, the boundary conditions defined by the equations above are 
sufficient to solve the differential equations, the implicit assumption being 
that the Green’s functions and the distribution functions are continuous 
across any interface. When the transparency of the interface is less than 
unity, this is no longer true. Zaitsev [30] derived the boundary conditions for 
the Green’s functions at an interface of arbitrary transparency. Kupriyanov 
and Lukichev [31] simplified these equations for the diffusive case in the limit 
of small barrier transparency. Consider then an interface at x = 0 between 
two metals, say one a normal metal in the half-plane x < 0 (labeled by the 
index T’) and one a superconductor in the half-plane x > 0, (labeled by 
the index ‘2’), although it also could be an interface between two different 
normal metals or superconductors. The boundary conditions of Kupriyanov 
and Lukichev are then 



VFiDi9si(d x g s i) = v F2 D 2 g s2 (d x g s2 ) , (3.205a) 

9sid x g s i = 7^[<7si? 9s2\ • (3.205b) 

Here d x denotes a derivative in the positive x direction, and r = R^/R^f is 
a parameter that is nominally the ratio of the barrier resistance to the 
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normal wire resistance per unit length Rn/L , but is inversely proportional to 
the transmission t of the interface. The first of the equations is clearly related 
to the conservation of current across the interface. The right hand side of the 
second equation has been shown to be the first term in an expansion of terms 
of the transmission coefficient t , [14] and hence, it is only valid for low t. 

The diagonal part of Eq. (3.205b) gives the boundary condition for the 
Green’s functions 

9*d x g* = ^ [sfiffS - 9*29*} • (3.206) 

The off-diagonal part of Eq. (3.205b) gives the boundary condition for the 
distribution function 

9*d x g* + 9si d x9si = ^ [§*9*2 + 9si9s2 ~ 9*29* - 9*29 A] ■ (3.207) 

If we put in Eq. (3.143) for gjf , with Eq. (3.146) for ft, and then take as before 
the trace of the resulting equation, and the trace of the equation multiplied 
by t 3 , we will obtain boundary conditions for hr and ft l- Noting that the left 
hand side of Eq. (3.207) is simply the term in square brackets on the right 
hand side of Eq. (3.178c), we obtain the two equations 

2r [Moq^rIil) 4- QHt 4- MsodnhT)] = Oi± , (3.208a) 



and 



2 r [A/ 33 {dj{h r p s ) 4- QHl 4- Mo^duhi,)] — £*2 , (3.208b) 

where 

C*1 = Tr{fiff (g*h 2 - b-292 ) + (9*hi - higf)g£ 

~ 9 *{ 9 \h 1 - h-Lg*) - {g*h 2 - h 2 g 2 )9i} . (3.208c) 

and 



a 2 = Tr{(r 3 firf (gg h 2 - h 2 g 2 ) + ( 9*hi - hig?)g£ 

- 9*(9*hi ~ hi 9i) ~ (Sfh2 ~ h 2 9 2 )9i)} • (3.208d) 



We note that although the boundary conditions of Kupriyanov and Lukichev 
are valid for large r, they also give the correct boundary conditions (that of 
continuity of the Green’s functions and distribution functions) in the limit of 
r — > 0. For arbitrary transmission of a barrier with n channels, the boundary 
condition can be represented as [19] 



v 

9si&x9si — 7 ^ ^ 27^, 

/ 7T 



l 9sl,9s2 ] 



1 4 4- T n (g 3 ig S 2 4- g 3 29 si ~ 2) 



(3.209) 



where 7 is a constant factor, and T n is the transmission of the nth channel. It 
can be seen that for a single channel with small transmission T, this equation 
reduces to the boundary condition of Kupriyanov and Lukichev. 
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3.8 Parametrization of the Quasiclassical 
Green’s Function 

The normalization Eq. (3.167a) permits a parametrization of the quasiclas- 
sical Green’s functions that is very convenient for calculations. Eq. (3.167a) 
is a matrix equation that is equivalent to the three equations (3.142) for the 
s-wave component of the Green’s function. To take into account the macro- 
scopic phase of the superconductor, we note that a gauge transformation that 
transforms the vector and scalar potentials according to Eq. (3.93) and (3.94) 
transforms the field operators according to the equations 

^ -> i>e ix , (3.210a) 

^+ e -ix . (3.210b) 

The Nambu-Gor’kov Green’s functions defined in Eq. (3.109) are transformed 
accordingly. For example, two components of G would transform according 
to 



[<5i2 Q ]n - [G??]ne- <(x(ri) - x(ra » , (3.211a) 

[Gf£]i2 -» [G^\ l2 e i{x(ri)+x{r2)) . (3.211b) 



Making the transformation (3.42a) to mixed coordinates, and taking the limit 
as r — » 0, we see that the off-diagonal components of the Nambu-Gor’kov 
Green’s functions are multiplied by a phase factor e %x ^ or e~ lx ( R \ while the 
diagonal components remain unchanged. Consequently, A also transforms as 

A Ae ix{R) . (3.212) 

Keeping this in mind, we can express gf as 



/ cosh# sinh#e tx \ 
y— sinh 0e~ tx — cosh 9 ) ’ 



(3.213) 



where 9 and x are complex functions of the energy E and position R. This 
form satisfies the normalization condition g R g R = r°. Note, one can also 
express g R equivalently in terms of sin and cos. For completeness, we also 
give the expression for gf: 



( —cosh#* — sinh#*e lx *\ 
\sinh #* e"" 1 ** cosh 9* ) 



(3.214) 



We now put this into the Usadel equation for g R , Eq. (3.178a). Keeping in 
mind that the matrix for A involves additional factors of e %x and e~ %x due 
to the gauge transformation, the diagonal (1,1) component of this matrix 
equation is 

D sinh 2 # djiX + D sinh 2# Orx 9r9 — 2zIm(Zl) sinh # = 0, 



(3.215a) 
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and the off-diagonal component (1,2) is 



Dd^O — — sinh 20 (8rx) 2 4- 2 Ei sinh 0 — 2iRe(A) cosh 0 = 0, (3.215b) 

where we have used Eq. (3.215a) to simplify Eq. (3.215b). Defining a current 
j s (E, R) by the equation 

j s (E, R) = sinh 2 6{E, R)d RX (E, R), (3.216) 

we can rewrite Eq. (3.215a) as 

Ddnjs(E, R ) — 2iIm(A) sinh0 = 0. (3.217) 

j s (E, R) is proportional to sinh 2 0, which is proportional to the square of the 
pair amplitude, and it is also proportional to the gauge-invariant gradient of 
the phase. Consequently, it is similar in form to the conventional definition of 
the supercurrent, and is called the spectral supercurrent. Indeed, Eq. (3.217) 
is simply another way of writing Eq. (3.196), and Q and j s are related by 

Q(E, R) = -Im (j s (E, R)). (3.218) 



As we noted before, OrQ = 0 if A is purely real, and from Eq. (3.217), it can 
be seen that dRj s (E , R) = 0 also if A is real. 

Equations(3.215) form a set of coupled equations that can be solved in 
principle for 9(E, R) and x(E, -R). In the case of a negligible spectral super- 
current, the equations decouple, and one needs to solve only Eq. (3.215b). 
In the limit of a bulk superconductor with a uniform real order parameter 
and no phase gradient, we recover the bulk value of the Green’s function, 
Eq. (3.155). The differential equations must be supplemented by boundary 
conditions. From Eq. (3.155), in a superconducting reservoir, we have 



cosh 050 = 



E 

\/E 2 - |4|* ’ 



(3.219) 



so that the value of 0 in the superconducting reservoir is given by 



&so = 



2*251 _l_ I in \ A \+ E 

l 2 ^ 2 m \A\-E 

1 In g -H^I 

2 m E-\A\ 



if E< \A\ , 
if E > |^1| . 



(3.220) 



The value of x In a superconducting reservoir is just the macroscopic phase of 
the superconductor. In a normal reservoir, 0 = 0. The value of x in a normal 
reservoir is meaningless, of course, and any choice that results in no phase 
gradient is valid. 

In terms of the 0 parametrization, the boundary conditions of Kupriyanov 
and Lukichev can be expressed as 



r sinh0i(d.RXi) = sinh6» 2 sin(x 2 - Xi), 



(3.221a) 
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and 



r [djiQi+i sinh 0icosh 9i(0rXi)\ — cosh 0isinh 0 2 e^ X2 Xl ^~ sinh 9\ cosh 62 . 

(3.221b) 

Note, that for r = 0, the boundary conditions reduce to xi = X 2 and Q\ = 0 2 . 
In the absence of a supercurrent, (djixi) = 0, so that the equations above 
simplify to 

Xi = X2, (3.222a) 



and 



r(d R 0i) = sinh(0 2 - 0 ± ). (3.222b) 

Finally, we can write expressions for physical quantities in terms of 6 and x* 
These quantities can be written in terms of the M# 

Moo = ^ + (coshOcoshO* — sinh 6 sinh 0*e^ x “ x *^J , 

M 33 = I [l + (cosh 9 cosh 9* + sinh 0 sinhflVfr-**))] , 

M 03 = [sinh 9 sinh 9* sin(x - X*)] , 

and 

M 30 = - [sinh 9 sinh 0* sin(x — X*)] • 

If x is real, then the M03 = M30 = 0, and Moo and M 33 simplify to 



Moo = cos 2 (lm(0)) 


(3.224a) 


M33 = cosh 2 (Re(0)) . 


(3.224b) 



These relations will be used in the next section when we discuss applying 
the Usadel equation to derive the transport properties of some simple device 
geometries. 

To conclude this section, we shall write an expression for the gap in terms 
6 . Replacing Eq. (3.143) for g K into Eq. (3.136) for the gap, we have 

A = No^J dE \g*h - h§t)i2 , 



(3.223a) 

(3.223b) 

(3.223c) 

(3.223d) 



(3.225) 
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where performing the angular average in Eq. (3.136) gives the s-components 
of the Green’s functions. Putting in h in the form of Eq. (3.146), we obtain 

A = N 0 ^ J dE [ h L (g f - gf) + h T (gfr z - r 3 gf)} 12 . (3.226) 

With gf and gf given by Eq. (3.213) and (3.214), we obtain 

A — JVo— J dE [/i£,(sinh0e* x 4- sinh0*e* x *) 

—hr( sinh 0e lx — sinh 0*e* x * )] . (3.227) 

As an example, consider the case of a bulk superconductor, where x = 0 and 
h T = 0. We then have 

A = N 0 ^ J dE /i L Re(sinh0) 

= J dE tanh(E/2k B T)Re (-^=A_) , (3.228) 

which is the usual self-consistent equation for the gap. 

3.9 Applications of the Quasiclassical Equations 
to Proximity— Coupled Systems 

We shall conclude our discussion of the quasiclassical theory by applying 
the equations that we have derived to some simple devices incorporating 
normal metals in close proximity with superconductors. Since the equations 
of motion in the diffusive limit are in general nonlinear, solving them usually 
requires numerical techniques, except in the limit of large resistances between 
the superconductor and the normal metal, where the Usadel equation can be 
linearized. We shall restrict ourselves to one-dimensional examples; these are 
the ones discussed most in the literature. 

3.9.1 Proximity— Coupled Wire 

We start with the simplest possible device, a one-dimensional normal-metal 
wire of length L connected on one end to a superconducting reservoir and at 
the other end to a normal metal reservoir. For definitiveness, let us take the 
superconducting reservoir to be at x = 0 and the normal-metal reservoir at 
x = L, and let us consider first the case of a perfect SN interface, so that the 
interface barrier resistance parameter r = 0. In this geometry, there can be 
no supercurrent, so that Q (or alternatively, j s ) is zero. Furthermore, we can 
take the phase x t° zero i n the superconducting reservoir without loss of 
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generality, and we note again that A = 0 in the normal metal. Under these 
conditions, only Moo and M33 are non-zero in Eq. (3.190), which now read 



Moo{dnhL) = K\, 


(3.229a) 


and 




M33(dnhT ) = K 2 , 


(3.229b) 


where K\ and K 2 are constants of integration. On integrating these equations 
from x = 0 to x = L, we obtain 



h L (x = L) - Hl{x = 0) = Ki [ — dx, 

Jo Moo 

h T (x = L) - h T (x = 0) = K 2 [ -Jr-dx . 

Jo M33 



(3.230a) 

(3.230b) 



To calculate the conductance of the normal— metal wire in the linear approx- 
imation, we apply a small voltage V on the normal-metal reservoir, keeping 
the superconducting reservoir at V = 0. If we consider the second equation, 
h T (x = 0) = 0, and expanding hr(x — L) in a Taylor’s expansion to first 
order, we obtain from Eq. (3.230b) 



Ko = 



eV 



2k bT cosh 2 0 M ™( E ’ X 



f 



0 



dx . 



(3.231) 



The electric current in the linear response regime can then be obtained from 
Eq. (3.191) 



N 0 e 2 VD /• 1 f L 1 , 

3 2k B T J d cosh 2 (E/2k B T) Jo MssCE, *)***' (3 ' 232) 

There are two differences between this equation and the equivalent equation 
for a normal metal in the classical regime (Eq. (3.10) that we derived earlier. 
First, the equation above involves an integral over energy and position. One 
can define a energy and position dependent electrical diffusion coefficient 

D3(£ ' i>= iidfe) <3 - 233) 

instead of the constant diffusion coefficient D in Eq. (3.10). Second, the cur- 
rent in Eq. (3.232) does not involve temperature differentials. Indeed, if one 
assumes that the superconducting reservoir is at a temperature T, and the 
normal reservoir at a temperature T 4- AT , and expand h^{x = L ) to first 
order in AT, the terms involving AT cancel, so that there is no term pro- 
portional to AT. As a consequence, thermoelectric phenomena cannot be 
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described using the quasiclassical equations, and an extension to the theory 
is required to take them into account. 3 

From Eq. (3.232), one can define a spectral or energy dependent conduc- 
tance of the wire 



G(E) = G n [ 1 
Jo 



Ms3(E,x) 



dx , 



(3.234) 



where Gn is the normal state conductance of the wire. The total conductance 
is then 



G 



-j 



dE- 



G(E) 



2k bT cosh z (E /2k bT) 



(3.235) 




Fig. 3.4. Spectral conductance G{E) of a one-dimensional wire of length L as a 
function of energy E , normalized to the correlation energy E c . The barrier interface 
parameter r=0, and the gap is set to be A = 1000 E c 



Figure 3.4 shows the results of a numerical calculation of G(E)/Gn as 
a function of the normalized energy E/E c . The normalization factor E c = 
D/L 2 is called the correlation energy or Thouless energy (from the theory of 
disordered metals, where it also occurs), [32] and is dependent on the length 
L of the wire. At high energies, G(E) approaches its normal state value, as 
expected. As the energy is lowered, the conductance increases, as might be 

3 See, for example, F. Wilhelm, PhD Thesis, Universitat Karlsruhe, 2000 
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expected in a proximity-coupled normal metal. However, instead of contin- 
ually increasing as the energy is reduced, it reaches a maximum of around 
1.15 Gn at an energy of E ~ 5 E c , and then decreases, reaching its nor- 
mal state value at E = 0. This non-monotonic behavior of the conductance 
is called reentrance, and has been observed in experiments by a number of 
groups. [33] It should be emphasized that the relevant energy scale where 
the maximum in conductance is observed is set not by the gap A of the 
superconductor, but by E c , which itself depends inversely on the square of 
the length of the sample L. Hence in very long or macroscopic samples, the 
energy (and correspondingly, the temperature) at which the minimum would 
occur is far below the experimentally accessible range, and one regains the 
monotonic behavior expected from the simple Ginzburg-Landau theory of de 
Gennes. [34] 

The temperature dependent conductance G{T) can be obtained from 
G{E) using Eq. (3.235); the result of this calculation, plotted in terms of 
the normalized resistance R(T)/R n , is shown in Fig. 3.5. In obtaining this 
plot, we have used a value of A = 32 E c , corresponding to a weak-coupling 
transition temperature of T c = 1.764zA/&£, typical parameters for A1 films. 
We have also assumed that the gap is temperature dependent. Like G(E), 
R(T) is also non-monotonic, with a minimum at some intermediate temper- 
ature. We would expect the minimum in R(T) to be around T ~ 5E c /kB , 
based on the behavior of G(E). However, the temperature dependence of the 
superconducting gap modifies this behavior, so that the minimum in resis- 
tance occurs at a somewhat higher temperature when the interface between 
the normal metal and the superconductor is perfect. Figure 3.5 shows addi- 
tional curves corresponding to progressively increasing values of the interface 
barrier parameter r. Increasing the resistance of the NS interface decreases 
the leakage of superconducting correlations from the superconductor into the 
normal metal, and consequently results in a smaller increase in the conduc- 
tance of the proximity-coupled normal metal. In addition, the temperature 
Tmi n at which the minimum in resistance occurs is also shifted down. 

From Eq. (3.194), the normalized density of states N(E) can be expressed 
in terms of 9 as 

N(E) = cosh (Re(0)) cos (lm(0)) . (3.236) 

Figure 3.6 shows the density of states as a function of energy and position 
along the wire of length L. There is a proximity-induced decrease of N(E) 
near the superconducting reservoir. In fact, at the NS interface, there is a 
divergence in N(E) at the gap energy, and it goes to zero at E = 0, just as 
one would expect for a superconductor. However, unlike a superconductor, it 
is not strictly zero for E < A, but still has a finite amplitude. As one moves 
away from the NS interface into the proximity-coupled normal wire, both 
the amplitude of this effective gap and the divergence are smoothly reduced, 
so that at the normal reservoir, one recovers the normal density of states. 
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Fig. 3.5. Temperature dependent resistance R(T ) normalized to the normal state 
resistance Rn, as a function of the temperature T normalized to E c , for different 
values of the interface resistance parameter r. The gap is set to be A — 32 E c 



This position dependent variation of the density of states has been observed 
in experiments. [35] 

In our analysis above of the proximity effect in a normal metal coupled to 
a superconductor, we have ignored the effects of electron decoherence on the 
proximity correction. Phase coherence is essential to observing the proximity 
effect; if the phase coherence length L $ is less than the length of the sample 
L, a finite spatial cutoff of the proximity effect is introduced. Phenomenolog- 
ically, this can be taken into account by saying that the length of the wire 
is now L<f, instead of L. Since L $ is typically of the order of a few microns 
even at low temperatures, this sets the dimensions of the samples that are 
required to observe this mesoscopic proximity effect. 

While L ^ sets the upper cutoff for observing the proximity effect, a second 
relevant length scale for the problem can be obtained by considering the 
length at which E c is equal to ksT. This length is 



Lt 




(3.237) 



where Lt is called variously the thermal diffusion length or the Thouless 
length, again from the theory of disordered metals, where it also occurs. [32] 
(We put in here explicitly the factor of h.) In fact, here it is simply the diffusive 
form of the superconducting coherence length in the normal metal, familiar 
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Fig. 3.6. Density of states N(E , X) normalized to the normal state density of states 
No for a one dimensional wire of length L, as a function of E/E c and position x along 
the wire. The superconducting reservoir is at x = 1.0, and the normal reservoir is at 
x = 0. The density of states is suppressed at low energies near the superconducting 
reservoir 



from the de Gennes/Ginzburg-Landau theory of the proximity effect, [34] 
which in the clean limit is given by 



hv F 

* k B T ' 



(3.238) 



At low temperatures, when Lt is longer than L, the superconducting corre- 
lations induced in the normal metal extend throughout its length. At higher 
temperatures, they are restricted to a region of length Lt near the supercon- 
ductor. Lt is also on the order of a few microns in typical metallic samples 
in accessible temperature regimes, so it also sets a limit on the dimensions of 
the samples in which one can see a proximity effect. 

To calculate the thermal conductance of the wire, we proceed from Eq. 
(3.230a). We now consider a small temperature differential AT applied across 
the wire. Expanding in a first-order Taylor’s expansion, as we did for 
we obtain 
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We then obtain from Eq. (3.192) 

N 0 DAT f _ E 2 



3th 



/ 



dE 



2k B T 2 J cosh 2 (E/2k B T) 



f L 1_ 

Jo Moo(E, 



*) 



dx . 



(3.240) 



As with the electrical conductance, we can define a thermal diffusion coeffi- 
cient 



Do{E,x) = 



D 



Moo(E,x) ’ 
and a spectral thermal conductance 

G,UE) = GW l M^( E ,x) dx ' 



(3.241) 



(3.242) 



where GthN is related to the normal state electrical conductance by Eq. (3.17) 

G t hN =Gn--~T . (3.243) 

o 

Finally, the thermal conductance itself is given by an integral over energy 

G „ = 3 1 f JE n 244i 

th 7T 2 2 (k B T) 3 J dE cosh 2 (E /2k B T) ' ( • ) 

Of course, as noted by Andreev [36}, the thermal conductance of a normal 
metal wire sandwiched between a normal-metal reservoir on one end and 
a superconducting reservoir on the other end must vanish, since the super- 
conductor acts as a thermal insulator, so that no thermal current can flow 
through the device as a whole. However, one may consider a normal-metal 
wire with the superconducting reservoir connected off to one side, so that it 
does not block the flow of thermal current through the proximity-coupled 
wire. One may then consider the thermal conductance of the normal metal 
wire itself. Figure 3.7 shows the thermal conductance of this geometry, as a 
function of temperature, for different transmissivities of the interface barrier. 
The thermal conductance shows a monotonic decrease as T is lowered below 
T c , although there are no distinct features at any particular temperature, 
unlike for the electrical conductance. In a superconductor, the exponential 
decrease in the thermal conductivity is associated with the opening of the 
gap in the quasiparticle density of states, since it is the quasiparticles that 
carry the thermal current. Noting the decrease in the density of states in the 
proximity-coupled normal metal wire, shown in Fig. 3.6, it is not surprising 
that this system will also show a decrease in the thermal conductance. The 
thermal conductance of the wire is strongly dependent on the transmission 
of the NS interface, characterized by the parameter r, and approaches the 
normal state thermal conductance as r increases. 
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r=0.5 




Fig. 3.7. Thermal conductance Gth of a normal wire connected to a superconduct- 
ing reservoir on one end, and a normal metal reservoir on the other, as a function 
of the normalized temperature T, for a number of different values of the interface 
barrier parameter r. The gap is set to be A = 32E C , corresponding to a transition 
temperature of T — 18.142£ c 



We note here again that, in our current approximation, a small voltage 
drop across the S/n-wire/N device will not result in a contribute to a thermal 
current through the system, since any terms proportional to voltage in the 
expansion of hi, will cancel. This is the converse of the case for the electrical 
current, where a small temperature drop did not contribute to the electrical 
current, emphasizing again that the conventional quasiclassical approxima- 
tion cannot take into account thermoelectric effects. 



3.9.2 Superconductor— Metal Bilayer 

Instead of a normal reservoir on one side of the wire, if we consider a wire 
of length L connected only on one end to a superconducting reservoir (with 
the other end open), then a true gap in the density of states opens up in the 
proximity-coupled normal metal. The magnitude of the gap is related to E c ; 
hence, one can consider the proximity-coupled normal-metal in this case as 
a superconductor with a gap of E c . 

If the superconductor is not a reservoir, but a thin layer itself, then one will 
suppress superconductivity in the superconducting layer due to the proximity 
of the normal metal, an inverse proximity effect. The suppression of super- 
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conductivity is expected to reduce the gap in the superconductor. It is an 
interesting exercise to calculate the transition temperature of the bilayer in 
the quasiclassical approximation. We shall loosely follow here the treatment 
given by Martinis et al. [37] and Gueron [38]. 

Let the thickness of the superconductor be ts , and the thickness of the 
normal metal t n- We take the origin, x = 0, at the NS interface, and the 
superconductor extends from x = —ts to x = 0, and the normal metal 
from x = 0 to x = t n- Near the transition, the order parameter in the 
superconductor is small, so we may the small 0 limit of Eq. (3.215b). Since 
the phase is not important in this problem, we take x — 0- The resulting 
equation is 

DdlO + 2 Ei6 -2iA = Q, (3.245) 

where we have assumed that the gauge is chosen so that A is real. Let us 
assume that 0 at x = 0 in the superconductor is 0os , and that variations of 0 
about this mean value are small. Under these conditions, we can also assume 
that the gap A in the superconductor is uniform. We can then expand 0s to 
second order in x 

Os = 0 O s + ax + bx 2 . (3.246) 

Now, at x = —ts, (and also at x = t/v)> we have a vacuum interface, where 
d x 0 — 0. Hence a = 2 bts, and from the differential equation (3.245) taken at 
x = 0, b = ( i/D)(A — EOqs ), so that 



Os = 0 OS + -~(^i - E0 O s){2t s x + x 2 ) . 
Similarly 



(3.247) 



On = Oqn + -jpE9oN{2tNX — x 2 ) . 



(3.248) 



From the boundary condition Eq. (3.222b), we have the two equations 



Ed os ) = do n 9o s , 


(3.249a) 


^LE0on = Son - 0 OS . 


(3.249b) 


Solving this pair of equations for Oqs, we have 




A D 2 ts(ts + tjv) + 4r 2 f^f| — 2irDt 2 
0S ~ E D 2 (t s + t N ) 2 + ArH 2 t 2 N 


(3.250) 



Putting this into Eq. (3.228) for the gap, with T — T c , and with the approx- 
imation that sinh(0) 0, we obtain 



l = No \j tanh (£/ 2 k sTc) 



tN^ts + £/y) 

(ts + tx) 2 + (4r 2 /D 2 )t%t% _ 

(3.251) 
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The first term in the square brackets gives the bare transition temperature 
T c o of the superconducting film, and the second term corresponds to the cor- 
rections associated with the inverse proximity effect. For a perfect interface, 
with r = 0, the suppression of T c is directly proportional to the normal frac- 
tion of the bilayer, and T c — ■> 0 as tpi increases. For a highly resisitive barrier 
(r — > oo), the second term in the square brackets goes to zero, so that there 
is little effect of the normal metal film on T c of the superconducting film, as 
expected. 

3.9.3 The SNS Junction and Andreev Interferometers 

As our final example of the application of the quasiclassical equations of su- 
perconductivity, we consider the case of a dirty SNS junction. The model we 
consider is a normal metal wire of length L sandwiched between two super- 
conducting reservoirs. As is well known, the application of a phase difference 
between the two superconducting reservoirs will result in the flow of a su- 
percurrent through the normal wire. The phase difference can be applied, for 
example, by connecting one of the superconducting reservoirs to the other, 
thereby forming a loop with two different arms, one superconducting and 
one normal. This configuration is commonly called an Andreev interferom- 
eter. The phase between the two superconducting reservoirs can be varied 
by applying an Aharonov-Bohm type magnetic flux through the area of the 
loop; in this respect, we put together all contributions in the gauge-invariant 
phase x- Due to the single-valued nature of the wave functions, a phase factor 
of 2ir$/$o is picked up in going aroung the loop, where # is the magnetic flux 
threading the Andreev interferometer, and = h/2e is the superconducting 
flux quantum. In a superconductor, the supercurrent Is that is generated is 
directly proportional to the phase gradient; if Is is small compared to the 
critical current / c , the phase dropped across the superconductor will be small. 
Since I c of the superconducting part of the Andreev interferometer is so much 
greater than the critical current of the proximity coupled normal-metal wire, 
most of the phase change will occur across the length L of the normal metal 
wire. 

This fact allows us to map the Andreev interferometer that is coupled 
with an Aharonov-Bohm flux ^ to a SNS system with a phase difference 
cj) = 27r<2>/#o across it. In terms of our model, we consider the supercon- 
ductors to be reservoir; this means applying a boundary condition for the 
gauge-invariant phase \ at the superconducting reservoirs. For our pur- 
poses, we apply this boundary condition anti-symmetrically, with a phase 
Xl = — 7r#/^>o at the superconducting reservoir at x = 0, and XR = 'R &/&0 
at the superconducting reservoir at x — L. We then must solve Eq. (3.215) 
in the normal-metal wire for 9 and x> with A — 0, subject to the boundary 
condition for x noted above, and the boundary condition 9 = 9 so (where 9 so 
is given by Eq. (3.220)) at both x = 0 and x = L. In general, both 0 and x 
are complex functions of x and E , and the solution of Eq. (3.215) must be 
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done numerically. Following Yip [39], we consider first the supercurrent Q, 




E/E 



Fig. 3.8. (a) Spectral supercurrent Q in a normal wire between two superconduct- 
ing reservoirs, as a function of the normalized energy E/E C1 for different values of 
the phase difference <j> between the superconducting reservoirs, (b) Geometry of an 
Andreev interferometer, essentially a cross with one arm connected to supercon- 
ducting reservoirs, and the other arm connected to normal reservoirs 



given by Eq. (3.218). Some insight into the contributions to j s can be gained 
by looking again at the case of a bulk superconductor. From Eq. (3.202), 
the major contribution to j 3 comes from energies near the gap. For a long 
proximity wire with E c < A , however, the major contribution comes from 
energies of order E c . Figure 3.8(a) shows a plot of Q as a function of energy 
for various values of the phase difference <j> between the two superconducting 
reservoirs, for the case of a perfectly transparent interface, and A = 32 E c . Of 
course, for zero phase difference, the supercurrent vanishes. As (j> is increased 
from zero, there is a peak in Q(E) at E ~ 6 E c . This peak moves down in 
energy as <f> increases. At larger values of E, Q becomes negative. For shorter 
wires, this region of negative Q is less prominent. The total super current is 
given by the second term in Eq. (3.191) 

J a = eN 0 D J dE Q(E)h L (E), (3.252) 

and therefore depends also on the distribution of quasiparticles. Any change 
in this distribution will affect the supercurrent. For example, the distribu- 
tion can be changed by increasing the temperature, which has the result 
of decreasing the supercurrent. As we demonstrated in the introduction, a 
non-equilibrium quasiparticle distribution can also be generated by injecting 
a normal current into the proximity wire in the SNS geometry by attach- 
ing two additional leads to the center of the normal wire, forming a normal 
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cross, with two of the wires attached to superconducting reservoirs, and the 
two other wires attached to normal reservoirs, as shown in Fig. 3.8(b). The 
current in the SNS junction is then a function of the current injected between 
the normal reservoirs, and the supercurrent can even change sign depending 
on magnitude of the injected normal current. [39, 40] This effect has been 
observed in recent experiments. [41] 

Due to long-range phase coherence, the Green’s function in the arms of 
the cross attached to the normal reservoirs will also depend on the phase dif- 
ference between the two superconducting reservoirs in the structure shown in 
Fig. 3.8(b). Consequently, the electrical conductance measured between the 
two normal reservoirs will also be a periodic function of the phase difference 
between the two superconducting reservoirs. Experimentally, the conductance 
of such Andreev interferometers have been found to oscillate periodically with 
an applied external flux, with a fundamental period of 0o = h/2e. [42-44] 
Similar oscillations are also expected in the thermal conductance as well. 
Periodic oscillations are also observed in the thermopower of Andreev inter- 
ferometers [45], although these thermopower oscillations cannot be described 
within the framework of the current quasiclassical theory. 

3.10 Summary 

The quasiclassical theory of superconductivity has proved to be a powerful 
tool for the quantitative description of long-range phase coherent phenomena 
in diffusive proximity coupled systems. As we have shown, the linear electri- 
cal and thermal conductance of complicated devices incorporating normal 
and superconducting elements can be calculated in principle, although the 
solutions frequently involve numerical techniques. Extension to the nonlinear 
regime, with finite voltages across the normal reservoirs, is also conceptually 
straightforward, although numerically challenging. 

Application of finite voltages to the superconducting elements is trickier, 
as it involves time dependent evolution of the phase, and is only beginning to 
be examined theoretically. Finally, the quasiclassical theory for diffusive sys- 
tems, in its present form, does not deal at all with thermoelectric phenomena. 
Extensions to incorporate thermoelectric effects in the theoretical framework 
have been attempted [46], but still require further work to be complete. 
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4.1 Introduction 

Establishing and understanding the phase diagram of cuprate superconduc- 
tors in the temperature - dopant concentration plane is one of the major 
challenges in condensed matter physics. Superconductivity is derived from 
the insulating and antiferromagnetic parent compounds by partial substitu- 
tion of ions or by adding or removing oxygen. For instance La 2 CuC >4 can 
be doped either by alkaline earth ions or oxygen to exhibit superconductiv- 
ity. The empirical phase diagram of La 2 - x Sr x Cu 04 [1-9] depicted in Fig. 

4.1 shows that after passing the so called underdoped limit ( x u « 0.047), T c 
reaches its maximum value T™ at x m « 0.16. With further increase of x, T c 
decreases and finally vanishes in the overdoped limit x Q « 0.273. This phase 
transition line is thought to be a generic property of cuprate superconduc- 
tors [10] and is well described by the empirical relation 

T c (x) = T c ( Xm) [ 1 — 2 f— l) ) = 2Tc - ^ (x - x u ) (x 0 - x) , 

\ \ x m J J x m 

(4.1) 
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Fig. 4.1. Variation of T c (open circles) [1-9] and 7 t with x for La 2 - x Sr x Cu 04 . 
Filled circles correspond to I/ 7 Tc [1,2, 4, 6 , 7] and filled triangles to 1/7 t=o [8,9]. 
The solid curve is Eq. (4.1) with T c m = 39 K. The dashed and dotted lines follow 
from Eq. (4.2) with j Tc ,o = 2 and 7t=o,o = 1.63 



proposed by Presland et al [11], with x m = 0.16. Approaching the endpoints 
along the axis x, La 2 _ x Sr x Cu 04 undergoes at zero temperature doping tuned 
quantum phase transitions. As their nature is concerned, resistivity measure- 
ments reveal a quantum superconductor to insulator (QSI) transition in the 
underdoped limit [3,12-15] and in the overdoped limit a quantum supercon- 
ductor to normal state (QSN) transition [15]. 

Another essential experimental fact is the doping dependence of the aniso- 
tropy. In tetragonal cuprates it is defined as the ratio 7 = £ a &/£c of the 
correlation lengths parallel (£ ab ) and perpendicular (£ c ) to Cu0 2 layers (ab- 
planes) . In the superconducting state it can also be expressed as the ratio 
7 = X c /X ab of the London penetration depths due to supercurrents flow- 
ing perpendicular (A c ) and parallel (X ab ) to the ab-planes. Approaching 
a nonsuperconductor to superconductor transition £ diverges, while in a su- 
perconductor to nonsuperconductor transition A tends to infinity. In both 
cases, however, 7 remains finite as long as the system exhibits anisotropic 
but genuine 3D behavior. There are two limiting cases: 7 = 1 characterizes 
isotropic 3D— and 7 = 00 2D-critical behavior. An instructive model where 
7 can be varied continuously is the anisotropic 2D Ising model [16]. When 
the coupling in the y direction goes to zero, 7 = £ x /€y becomes infinite, 
the model reduces to the ID case and T c vanishes. In the Ginzburg-Landau 
description of layered superconductors the anisotropy is related to the in- 
terlayer coupling. The weaker this coupling is, the larger 7 is. The limit 
7 = 00 is attained when the bulk superconductor corresponds to a stack 
of independent slabs of thickness d s . With respect to experimental work, a 
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considerable amount of data is available on the chemical composition depen- 
dence of 7 . At T c it can be inferred from resistivity (7 = £ a b/€c = \J Pab/ Pc) 
and magnetic torque measurements, while in the superconducting state it 
follows from magnetic torque and penetration depth (7 = A c /A a b) data. In 
Fig. 4.1 we included the doping dependence of 1/7 t evaluated at T c ( 7 t c ) 
and T = 0 (7t=o)* As the dopant concentration is reduced, 7 t c and 7t=o in- 
crease systematically, and tend to diverge in the underdoped limit. Thus the 
temperature range where superconductivity occurs shrinks in the underdoped 
regime with increasing anisotropy. This competition between anisotropy and 
superconductivity raises serious doubts whether 2 D mechanisms and models, 
corresponding to the limit 7 T = 00 , can explain the essential observations of 
superconductivity in the cuprates. From Fig. 4.1 it is also seen that 7 t (x) is 
well described by 



It (*) = 



7r,o 

X l 



(4.2) 



Having also other cuprate families in mind, it is convenient to express the 
dopant concentration in terms of T c . From Eqs. (4.1) and(4.2) we obtain the 
correlation between T c and 7 t' 



T c ( Xm ) 






/ \ 7t,o 

IT (Xm) = 2 

Xm X<t 1 



(4.3) 



Provided that this empirical correlation is not merely an artefact of La 2 - a: Sr a ; 
CuC> 4 , it gives a universal perspective on the interplay of anisotropy and su- 
perconductivity, among the families of cuprates, characterized by T c (x m ) 
and 7 rixm)- For this reason it is essential to explore its generic validity. 
In practice, however, there are only a few additional compounds, including 
HgBa 2 Cu 04+5 [17] and Bi 2 Sr 2 Cu 06 +< 5 , for which the dopant concentration 
can be varied continuously throughout the entire doping range. It is well 
established, however, that the substitution of magnetic and nonmagnetic im- 
purities, depress T c of cuprate superconductors very effectively [18,19]. To 
compare the doping and substitution driven variations of the anisotropy, we 
depicted in Fig. 4.2 the plot T c /T c (x m ) versus 7 t (xm) / 7 T for a variety 
of cuprate families. The collapse of the data on the parabola, which is the 
empirical relation (4.3), reveals that this scaling form appears to be uni- 
versal. Thus, given a family of cuprate superconductors, characterized by 
T c ( Xm ) and 7 t (xm), it gives a universal perspective on the interplay be- 
tween anisotropy and superconductivity. 

The effect of a substitution for Cu by other magnetic or nonmagnetic 
metals was also investigated extensively [15,18,19]. A result common to all 
of these studies is that T c is suppressed in the same manner, independent 
of wether the substituent is magnetic or nonmagnetic. For this reason, the 
phase diagram of La 2 _ x Sr a; Cui_ 2 / Zn 2 / 04 , depicted in Fig. 4.3, applies quite 
generally. Apparently, the substituent axis (y) extends the complexity and 
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Fig. 4.2. T c /T c (x m ) versus y T (x m ) / 7 t for La 2 -xSr x Cu0 4 (•, T c (x ro ) = 37K, 
7 t c (xm) = 20) [1, 2, 4, 6, 7] , (O, T c (x m ) = 37K, 7r=o (x m ) = 14.9) [8, 9], 
HgBa 2 Cu0 4+ * (A, T c (x m ) = 95.6K, 7 t c (x m ) = 27) [17], Bi 2 Sr 2 CaCu 2 0 8+( s 
(★, T c (x m ) = 84.2K, 7 t c (x m ) = 133) [20], YBazCuaOr-* (♦, T c (x m ) = 
92.9K, 7T c (*m) = 8) [21], YBa 2 (Cu 1 -,EB B ) 8 Or-« (■, T c (x m ) = 92.5K, 
7 T c (x m ) - 9) [22], Yi_j,Pr v Ba 2 Cu 3 0 7 -i (▼, T c (x m ) = 91K, 7 t c (x m ) = 9.3) 
[23], BiSr 2 Cai- B Pr y Cu 2 0 8 (◄, T c (x m ) = 85.4K, 7 t=o (x m ) = 94.3) [24] and 
YBa 2 (Cui_ v Znj,) 3 07 _i (►, T c (x m ) = 92.5K, 7t=o (*m) = 9) [25]. The solid and 
dashed curves are Eq. (4.18), marking the flow from the maximum T c to QSI and 
QSN criticality, respectively 



richness of the phase diagram considerably. The blue curve corresponds to a 
line of quantum phase transitions, given by y c (x). The pink arrow marks the 
doping tuned insulator to metal crossover and the green arrow corresponds 
to a path along which a QSI and QSN transition occurs. From Fig. 4.4 it 
can be inferred that isotope substitution, though much less effective, has 
essentially the same effect. T c is lowered and the underdoped limit x u shifts to 
some y c (x). This suggests that substitution induced local distortions, rather 
than magnetism, is the important factor. For y > y c (x) superconductivity is 
suppressed due to the destruction of phase coherence. 

The point of reference for magnetic field tuned transitions is embodied in 
the schematic phase diagram shown in Fig. 4.5. It is strongly affected by the 
combined effect of pinning, thermal and quantum fluctuations, anisotropy 
and dimensionality [27]. In clean cuprates and close to T c ( x , H = 0) thermal 
fluctuations are thought to be responsible for the existence of a first-order 
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Fig. 4.3. Phase diagram of La 2 ->xSr x Cui - yZiiyQU . The blue solid curve corre- 
sponds to y c {x)\ a line of quantum phase transitions. The pink arrow marks the 
doping tuned insulator to metal crossover and the green arrow marks a path where 
a QSI and QSN transition occurs. Experimental data taken from Momono et al [15] 




Fig. 4.4. T c ( ie O ) and T c ( ls O ) versus x for La 2 -®Sra;Cu 04 . From Guo-Meng 
Zhao et al. [26] 
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vortex melting transition. In the presence of disorder, however, the long-range 
order of the vortex lattice is destroyed and the vortex solid becomes a glass 
[28]. Since a sufficiently large magnetic field suppresses superconductivity, 
due to the destruction of phase coherence, there is a line i7 m (rr) of quantum 
phase transitions, connecting the zero field QSI and QSN transitions, Indeed, 
recent experiments revealed that sufficiently-intense magnetic fields suppress 
superconductivity and mediate a metal to insulator (MI) crossover [29-32]. 

The QSI transition can also be traversed in films by changing their thick- 
ness [13]. An instructive example are the measurements on YBa2Cu 3 07_ ( 5 
slabs of thickness d separated by 16 unit cells (« 187 A) of PrBa2Cu307. 
Due to their large separation the YBa 2 Cu 3 07_^ slabs are essentially uncou- 
pled. As shown in Fig. 4.6, T c was found to vary with the thickness d of the 
YBa 2 Cu307- < 5 slabs as 



T c (d) d s fd \ 

Tbuik d y ds J ’ 



(4.4) 



with T^ lk = 91K and d s = 10.1 A [33]. d s is the critical film thickness 
below which superconductivity is lost. Although the decrease of T c is partially 
due to the 3D-2D crossover, the occurrence of the QSI transition points to 
the dominant role of disorder and quantum fluctuations. Nevertheless, it is 



T 



x 




Fig. 4.5. Schematic ( x , H, T)-phase diagram. There is the superconducting phase 
(S), bounded by the zero-field transition line, T c (x, H = 0), the critical lines of the 
vortex melting or vortex glass to vortex fluid transitions, T m (x — fixed, H) and the 
line of quantum critical points, Hm (x,T = 0). Along this line superconductivity 
is suppressed and the critical endpoints coincide with the 2D-QSI- and 3D-QSN- 
critical points at x u and x 0 , respectively 




4 



Universal Properties of Cuprate Superconductors 



117 




Fig. 4.6. Zero resistance T c versus 1/d of YBa 2 Cu 3 C> 7 -<s layers of thickness d sep- 
arated by 16 PrBa 2 Cu 3 C >7 unit cells. Taken from Goodrich et al. [33]. The straight 
line is a linear fit to Eq. (4.4) 



conceivable that in sufficiently clean films superconductivity may also occur 
at and slightly below d s . 

This review aims to analyze the empirical correlations and phase dia- 
grams from the point of view of thermal and quantum critical phenomena, 
to identify the universal properties, the effective dimensionality and the as- 
sociated crossover phenomena. In view of the mounting evidence for 3D- 
XY-universality close to optimum doping [7,13,34-40], we concentrate here 
on the thermodynamic and ground state properties emerging from the QSI- 
and QSN- transitions, including the associated crossover phenomena. For this 
purpose we invoke the scaling theory of quantum critical phenomena [13,41]. 

Zero temperature phase transitions in quantum systems differ fundamen- 
tally from their finite temperature counterparts in that their thermodynam- 
ics and dynamics are inextricably mixed. Nevertheless, by means of the path 
integral formulation of quantum mechanics, one can view the statistical me- 
chanics of D-dimensional T = 0 quantum system as the statistical mechanics 
of a D+ z dimensional classical system with a fake temperature which is some 
measure of the dynamics, characterized by the dynamic critical exponent z. 
This allows one to apply the scaling theory developed for classical critical 
phenomena to quantum criticality. In particular this leads to an understand- 
ing of the low T and crossover behavior close to quantum phase transitions 
and to universal relations between various properties. Evidence for power 
law behavior should properly consist of data that cover several decades in 
the parameters to provide reliable estimates for the critical exponents. In 
cuprate superconductors, the various power laws span at best one decade. 
Accordingly, more extended experimental data are needed to determine the 
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critical exponents of the quantum phase transitions. Nevertheless, irrespec- 
tive of their precise value, the evidence for scaling and with that for data 
collapse exists. It uncovers the relationship between various properties and 
the significance of the empirical correlations and offers an understanding of 
the doping, substitution and magnetic field tuned quantum phase transition 
points and lines (see Figs. 4.1, 4.3 and 4.5). Evidently, the anisotropy, the 
associated dimensional crossover and the scaling relations between various 
properties close to the OSI and QSN criticality provide essential constraints 
for the understanding of the phase diagrams and the microscopic theory of 
superconductivity in these materials. 

Note that this scenario is not incompatible with the zoo of microscopic 
models, relying on competing order parameters [42-52]. Here it is assumed 
that in the doping regime where superconductivity occurs, competing fluctua- 
tions, including antiferromagnetic and charge fluctuations, can be integrated 
out. The free-energy density is then a functional of a complex scalar, the 
order parameter of the superconducting phase, only. Given the generic phase 
diagrams (Figs. 4.1, 4.3 and 4.5) the scaling theory of finite temperature 
and quantum critical phenomena leads to predictions, including the universal 
properties, which can be confronted with experiment. As it stands, the avail- 
able experimental data appears to be fully consistent with a single complex 
scalar order parameter, a doping tuned dimensional crossover and a doping, 
substitution or magnetic field driven suppression of superconductivity, due 
to the loss of phase coherence. When the evidence for this scenario persists, 
antiferromagnetic and charge fluctuations turn out to be irrelevant close to 
criticality. Moreover, it implies that a finite transition temperature and su- 
perfluid aerial superfluid density in the ground state, require in chemically 
doped systems a finite anisotropy. The important conclusion there is that a 
finite superfluid density in the ground state of bulk cuprates oxides is unalter- 
ably linked to an anisotropic but 3D condensation mechanism. Thus despite 
the strongly two-dimensional layered structure of cuprate superconductors, 
a finite anisotropy associated with the third dimension, perpendicular to the 
Cu0 2 planes, is an essential factor in mediating superfluidity. 

The paper is organized as follows. Sec. 4.2 is devoted to the finite tempera- 
ture critical behavior. Since a substantial review on this topic is available [13], 
we concentrate on the specific heat. In Sec. 4.1 we sketch the scaling theory of 
finite temperature critical phenomena in anisotropic superconductors falling 
into the 3D-XY universality class. This leads naturally to universal critical 
amplitude combinations, involving the transition temperature and the crit- 
ical amplitudes of specific heat, correlation lengths and penetration depths. 
The universality class to which the cuprates belong is thus not only charac- 
terized by its critical exponents but also by various critical-point amplitude 
combinations which are equally important. Indeed, though these amplitudes 
depend on the dopant concentration, substitution etc., their universal com- 
binations do not. Evidence for 3D-XY universality and their implication for 
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the vortex melting transition is presented in Sec. 4.2. Here we also discuss 
the limitations arising from the inhomogeneities and the anisotropy, which 
render it difficult to observe 3D-XY critical behavior along the entire phase 
transition line T c ( x ) (Fig. 4.1) or on the entire surface T c (x,y) (Fig. 4.3). 

In Sec. 4.3 we examine the quantum phase transitions and the associated 
crossover phenomena. The scaling theory of quantum phase transitions [41], 
extended to anisotropic superconductors [13], is reviewed in Sec. 4.1. Essential 
predictions include a universal amplitude relation in D=2 involving the tran- 
sition temperature and the zero temperature in-plane penetration depth, as 
well as a fixed value of the in-plane sheet conductivity. Moreover we explore 
the scaling properties of transition temperature, penetration depths, correla- 
tion lengths, anisotropy and specific heat coefficient at 2D-QSI and 3D-QSN 
criticality. In Sec. 4.2 we confront these predictions with the empirical corre- 
lations (4.1), (4.2) and (4.3) and pertinent experiments. Although the exper- 
imental data are rather sparse, in particular close to the 3D-QSN transition, 
we observe a flow pattern pointing consistently to a 2D-QSI transition with 
z = 1 and 17 « 1 , and 3D-QSN criticality with z = 2 and 17 « 1/2. z is the 
dynamic critical exponent and V the correlation length exponent. The esti- 
mates for the 2D-QSI transition coincide with the theoretical prediction for a 
2D disordered bosonic system with long-range Coulomb interactions [53, 54] . 
This reveals that in cuprate superconductors the loss of phase coherence, due 
to the localization of Cooper pairs, is responsible for the 2D-QSI transition. 
On the other hand, z = 2 and 17 « 1/2 point to a 3D-QSN critical point, 
compatible with a disordered metal to d-wave superconductor transition at 
weak coupling [55]. Here the disorder destroys superconductivity, while at 
the 2D-QSI transition it destroys superfluidity. A characteristic feature of 
the 2D-QSI transition is its rather wide and experimentally accessible criti- 
cal region. For this reason we observe consistent evidence that it falls into the 
same universality class as the onset of superfluidity in 4 He films in disordered 
media, corrected for the long-rangeness of the Coulomb interaction. As also 
discussed in this section, the existence of 2D-QSI and 3D-QSN critical points 
implies a doping and substitution tuned dimensional crossover. A glance to 
Fig. 4.2 shows that it is due to the dependence of the anisotropy on doping 
and substitution. An important implication is, that despite the small frac- 
tion, which the third dimension contributes to the superfluid energy density 
in the ground state, a finite transition temperature and superfluid density 
in bulk cuprates is unalterably linked to a finite anisotropy. Thus, despite 
their strongly two-dimensional layered structure, a finite anisotropy asso- 
ciated with the third dimension, perpendicular to the CuC >2 planes, is an 
essential factor in mediating pair condensation. This points unambiguously 
to the conclusion that theories formulated for a single CuC >2 plane cannot 
be the whole story. Moreover, the evidence for the flow to 2D-QSI criticality 
also implies that the standard Hamiltonian for layered superconductors [56] 
is incomplete. Although its critical properties fall into the 3D-XY universal- 
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ity class, disorder and quantum fluctuations must be included to account for 
the flow to 2D-QSI and 3D-QSN criticality. 

Sec. 4.4 is devoted to the magnetic field tuned quantum phase transitions. 
Contrary to finite temperature, disorder is an essential ingredient at T = 0. 
It destroys superconductivity at 3D-QSN criticality and superfluidity at 2D— 
QSI critical points. On the other hand, superconductivity is also destroyed 
by a sufficiently large magnetic field. Accordingly, one expects a line Hm ( x ) 
of quantum phase transitions, connecting the zero field 2D-QSI and 3D-QSN 
transitions (see Fig. 4.5). The relevance of disorder at this critical endpoints 
suggests a line of quantum vortex glass to vortex fluid transitions. Although 
the available experimental data is rather sparse, it points to the existence of 
a quantum critical line H m (x) and 2D localization, consistent with 2D-QSI 
criticality. 

In Sec. 4.5 we treat cuprates with reduced dimensionality. Empirically it 
is well established that a quantum superconductor to insulator transition in 
thin films can also be traversed by reducing the film thickness. There is a crit- 
ical film thickness ( d 3 ) where T c vanishes and below which disorder destroys 
superconductivity [13]. In chemically doped cuprates the critical thickness 
is comparable to the c-axis lattice constant. Moreover, the empirical corre- 
lation (4.3), displayed in Fig. 4.2, implies that in the bulk superconductiv- 
ity disappears in the 2D limit. Thus, the combined effect of disorder and 
quantum fluctuations appears to prevent the occurrence of strictly 2D su- 
perconductivity. For this reason it is conceivable that in sufficiently clean 
films superconductivity may also occur at and below this value of d s . Since 
chemically doped materials with different carrier densities also have varying 
amounts of disorder, the third dimension appears to be needed to delocalize 
the carriers and to mediate superfluidity. The comparison with other layered 
superconductors, including organics and dichalcogenides is made in Sec. 4.6. 



4.2 Critical Behavior at Finite Temperature 



4.2.1 Sketch of the Scaling Predictions 



In superconductors the order parameter is a complex scaler, but it can also 
be viewed as a two component vector (XY). Supposing that sufficiently close 
to the phase transition line, separating the superconducting and non su- 
perconducting phase, 3D-XY-fluctuations dominate, the scaling form of the 
singular part of the bulk free energy density adopts then the form [13,57] 



fs = -k B TQf (ZttftifT 1 



where is the correlation length diverging as 



(4.5) 



£ 



£<>i*r 



T — T 

i = x,y,z, ± = sign (t) , t = c 



Tc 



(4.6) 
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and Qf are universal constants. In this context it should be kept in mind, 
that in superconductors the pairs carry a non zero charge in addition to their 
mass and the charge (# 0 = hc/2e ) couples the order parameter to the electro- 
magnetic field via the gradient term in the Ginzburg-Landau Hamiltonian. 
In extreme type II superconductors, however, the coupling to vector poten- 
tial fluctuations appears to be weak [58], but nonetheless, in principle, these 
fluctuations drive the system very close to criticality, to a charged critical 
point [60]. In any case, inhomogeneities in cuprate superconductors appear to 
prevent from entering this regime, due to the associated finite size effect [13]. 
For these reasons, the neglect of vector potential fluctuations appears to be 
justified and the critical properties at finite temperature are then those of the 
3D-XY - model, reminiscent to the lambda transition in superfluid helium, 
extended to take the anisotropy into account [13,34]. 

In the superconducting phase the order parameter & can be decomposed 
into a longitudinal (#o + &io) and transverse (#t r ) part: 

& = % + &l 0 + i& tri (4.7) 

where #o = (S') is chosen to be real. At long wavelength and in the supercon- 
ducting phase the transverse fluctuations dominate and the correlations do 
not decay exponentially, but according to a power law [13,57]. This results 
in an inapplicability of the usual definitions of a correlation length below 
T c . However, in terms of the helicity modulus, which is a measure of the re- 
sponse of the system to a phase-twisting field, a phase coherence length can 
be defined [59]. This length diverges at critical points and plays the role of 
the standard correlation length below T c . In the presence of a phase twist 
of wavenumber &*, the singular part of the free energy density adopts the 
scaling form 



fs = - 



ksTQl 



k zy / e/tf) , 



ctrttrctr “ 

Sx S y S *z 

yielding for the helicity modulus the expression 

d 2 f s = ksTQz d 2 $ 

k=0 £i r ®k 2 k — q 



Ti = - 



dk ? 



(4.8) 



(4.9) 



where the normalization, Q 3 (d 2 @/dkf) k==Q = 1, has been chosen. At T c this 
leads to the universal relation 

\3 etrctrctr'Y' / v 'Y' ( ^0 ^ £xo€yo€zO /J 

\kBJ-c) — €xo€yo€zO*xO-LyOl zO ~ ^ ^0^3 J ^ 2 ^2^2 V*-ld) 

and the definition of the phase coherence lengths, also referred to as the 
transverse correlation lengths. The critical amplitudes of the transverse cor- 
relation length, > helicity modulus, Tio and penetration depth, X x o, are the 
defined as 



*r = & \tr . = r i0 1 t\ u , a* - Aj 0 1 t \- v/2 . 



(4.11) 
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The relationship between helicity modulus and penetration depth, used in 
Eq. (4.10), is obtained as follows. From the definition of the supercurrent 



* = (4.12) 

where A is the vector potential and c the speed of light, we obtain for the 
magnetic penetration depth the expression 



1 = / 47 xji \ = 167T 3 d 2 f s i67r 3 

\cAi) A=0 n dk ^ fc=0 ~ 4>2 - 



(4.13) 



by imposing the twist, = 27rAi/^ 0 . 

Noting then that the transverse correlation function decays algebraically, 



Str ( Ri ) = (*tr ( Ri ) *tr (0)) OC 




3 



(4.14) 



it is readily seen that the length scales correspond to the real space coun- 
terparts of the transverse correlation length defined in terms of the helicity 
modulus. These length scales are related by 

5" = \fW$' 3 (4.15) 

so that, 



€xo€yo€zO — £xo£yo£zO* 



From the singular behavior of the specific heat 

c T d 2 f s A± a 

Vk B k B dt 2 ~ a 11 ’ 

it the follows that the combination of critical amplitudes 

(i?*) 3 = A+gtfg = A±e x r oCoCo = -Qfcc (1 -a) (2 -a), 
is universal, provided that 



(4.16) 
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holds. Moreover, additional universal relations include 



(4.19) 
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Thus, the critical amplitudes are expected to differ from system to system and 
to depend on the dopant concentration, the universal combinations (4.10), 
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(4.18) and (4.20) should hold for all cuprates and irrespective of the doping 
level, except at the critical endpoints of the 3D-XY critical line. 

A characteristic property of cuprate superconductors is their anisotropy. 
In tetragonal systems, where £ a = &> = it is defined as the ratio 7 = 
€ab/€c, of the correlation length parallel and perpendicular to the ab-planes. 
Noting that according to Eqs. (4.9) and (4.13) 



r x c cc A z 2 /cy 

?z or a% r a * \&j ’ 

holds, we obtain for 7 the relation 



(4.21) 



7t c 



^abO 

£c 0 



AcO 
A abO 



the universal relation (4.10) can then be rewritten in the form 



(4.22) 



k B T c = 



&Q 0 

16?r3 A a6,07T c ' 



(4.23) 



Clearly, T c , £“ 6 0 , A a 6 ,o and 7 depend on the dopant concentration, but univer- 
sality implies that this relation applies at any finite temperature, irrespective 
of the doping level. An other remarkable consequence follows from the uni- 
versal relation 



k B T? = 



( $g y ( R-f 

V167T 3 k B J A-Xl 0 X 2 y0 X 2 z0 



(4.24) 



which follows from Eqs. (4.10) and (4.18). Indeed, considering the effect of 
doping, substitution and pressure, denoted by the variable y, we obtain 



3 dT c 
T c dy 



1 dA~ 
A~ dy 



I ^>2^ (! Alo) 

+ ^ Ai0 dy 



(4.25) 



Thus, the effect of doping, substitution and pressure on transition tempera- 
ture, specific heat and penetration depths are not independent, but related 
by this law. 

In an applied magnetic field the singular part of the free energy density 
adopts the scaling form [13, 39] 



r _ k B TQf 

sx C,y <^z 



Gf{z) , 



Gf ( 0 ) = 1 , 



(4.26) 



where 



z = J- y/HlQil + Hfc 1% + HUlil 



(4.27) 
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and Gf(z) is a universal scaling function of its argument. Note that in the 
isotropic case, where £ = = £ y = £*, this scaling form is identical to that 

of uniformly rotating 4 He near the superfluid transition. Magnetic field and 
rotation frequency are related by H — > m^cQ/e [61]. In the presence of a 
magnetic field and T <T C the correlations do no longer decay algebraically. 
The Fourier transform of 5 t r ( R ) behaves for small wavenumbers q as 

Str (<?) ^ q 2 + l/e ' (4 ' 28) 



Supposing then that there is a phase transition in the (H,T)-plane for T <T C 
the scaling function must have a singularity at some value z c . Examples 
are the vortex melting and vortex glass transition. Since the vortex melting 
transition is first order, £ does not diverge but is bounded by 
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Invoking Eqs. (4.6) we obtain for the first order transition line with H ||c||z 
the expression, 



H,.. 



$QZm ( T C -T \ 2V T c - T cm 
£a,o£&,o \ T c ) T c 




l/2v 

H\ I2u . (4.30) 



In the interval T crn < T < T c one expects a remnant of the zero field 
specific heat singularity. Because the correlation length is bounded, there is a 
magnetic field induced finite size effect. At the melting transition the limiting 
length is L 2 = (zm$o) /H c (Eq. (4.29)). Close to T c on expects on dimensional 
grounds, L 2 « (^o) /H c to hold. Since the correlation length cannot exceed 
Z/, the zero field singularity, i.e. in the specific heat, is removed. As a remnant 
of this singularity, the specific heat will also exhibit a maximum at T p which 
is located below T c according to 



Tc-T p w ^a,rfb fi y /2U n y 2u 



(4.31) 



4.2.2 Evidence for Finite Temperature Critical Behavior 

Provided that the thermal critical behavior is fluctuation-dominated (i.e. 
non-mean-field) and the fluctuations of the vector potential can be neglected, 
cuprate superconductors fall into the 3D-XY universality class. We have seen 
that the universality class to which a given system belongs is not only char- 
acterized by its critical exponents but also by various critical-point ampli- 
tude combinations. The implications include: (i) The universal relations hold 
irrespective of the dopant concentration and material; (ii) Given the nonuni- 
versal critical amplitudes of the correlation lengths, £^ 0 , and the universal 
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Fig. 4.7. Specific heat coefficient C/T (mJ/gK 2 ) versus T (K) of YBa 2 Cu 3 C> 7 -<s 
(sample YBC03 [62]) 



scaling function Gf (z ) , universal properties can be derived from the singular 
part of the free energy close to the zero field transition. These properties 
include the specific heat, magnetic torque, diamagnetic susceptibility, melt- 
ing line, etc. Although there is mounting evidence for 3D-XY-universality 
in cuprates [7,13,34-40], it should be kept in mind, that evidence for power 
laws and scaling should properly consist of experimental data that covers 
several decades of the parameters. In practice, there are inhomogeneities and 
cuprates are homogeneous over a finite length L only. In this case, the ac- 
tual correlation length £(t) oc \t\~ u cannot grow beyond L as t — > 0, and the 
transition appears rounded. Due to this finite size effect, the specific heat 
peak occurs at a temperature Tp shifted from the homogeneous system by 
an amount L~ 1 / I/ , and the magnitude of the peak located at temperature 
Tp scales as L OL l v . To quantify this point we show in Fig. 4.7 the measured 
specific heat coefficient of YBa 2 Cu307_ < 5 [62]. The rounding and the shape 
of the specific heat coefficient clearly exhibits the characteristic behavior of a 
system in confined dimensions, i.e. rod or cube shaped inhomogeneities [63]. 

A finite-size scaling analysis [13] reveals inhomogeneities with a charac- 
teristic length scale ranging from 300 to 400 A, in the YBa2Cu3C>7_5 sam- 
ples YBC03, UBC2 and UBC [62]. Note that recent measurements by a 
variety of techniques suggest that superconductivity is not homogeneous in 
cuprates [64-66] .For this reason, deviations from 3 D-XY critical behavior 
around T p do not signal the failure of 3 D-XY universality, as previously 
claimed [62], but reflect a finite-size effect at work. Indeed from Fig. 4.8 it 
is seen that the finite-size effect makes it impossible to enter the asymptotic 
critical regime. To set the scale we note that in the A-transition of 4 He the 
critical properties can be probed down to |£| = 10“ 9 [67,68]. In Fig. 4.7 we 
marked the intermediate regime where consistency with the 3D-XY-critical 
behavior, C/T = A ± 10~ al ° s io M + £± for a = -0.013 and A+/A~ = 1.07, 
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Fig. 4.8. Specific heat coefficient C/T (mJ/(gK 2 )) versus logio |t| for 
YBa 2 Cu 307-<5 with T c = 92.12K (sample YBC03 [62]) 



can be observed in terms of full circles. The upper branch corresponds to 
T < T c and the lower one to T > T c . The open circles closer to T c corre- 
spond to the finite-size affected region, while further away the temperature 
dependence of the background, usually attributed to phonons, becomes sig- 
nificant. Hence, due to the finite size effect and the temperature dependence 
of the background the intermediate regime is bounded by the temperature 
region where the data depicted in Fig. 4.8 fall nearly on straight lines. In this 
context it should be kept in mind that the effect of disorder and inhomo- 
geneities is quite different. Since the critical exponent a of the specific heat 
is negative at the 3D-XY transition, Harris criterion implies that disorder is 
irrelevant so that the critical behavior will be that of the pure system [69]. To 
provide quantitative evidence for 3D-XY universality in this regime, we in- 
voke the universal relations (4.10) and (4.18) to calculate T c from the critical 
amplitudes of specific heat and penetration depth. Using A+ = 8.4 10 20 cm 3 , 
derived from the data shown in Fig. 4.8 for sample YBC03 with T c = 92.12K, 
X a , o = 1153 A, A^o = 968 A and A c> o = 8705 A, derived from magnetic torque 
measurements on a sample with T c = 91.7 K [39], together with the univer- 
sal numbers A+/A~ = 1.07 and R~ « 0.59 [13], we obtain T c = 88.2K . 
Hence, the universal 3D-XY-relations (4.10) and (4.18) are remarkably well 
satisfied. 

Another difficulty in observing 3D-XY critical properties stems from the 
fact that most cuprates are highly anisotropic. A convenient measure of the 
anisotropy is 7 t c (Eq. (4.22)), which depends on the dopant concentration 
(see Figs. 4.1 and 4.2). Although the strength of thermal fluctuations grows 
with increasing 7, they become essential 2D slightly away from T c . Accord- 
ingly, the 3D-XY - critical regime shrinks and the corrections to scaling 
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Fig. 4.9. Scaling function dGf(z)/dz derived from the angular dependence 
of the magnetic torque for YBa2Cu306.93, Lai. 8 54Sro.i46Cu04, HgBa2CuC>4.io8, 
HgBa2 CuO4.096 , Lai ,9i4Sro.o86 Cu04 and Lai.92oSro.osoCu04 (taken from [7]) 
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become significant. To document this point we depicted in Fig. 4.9 estimates 
for the derivative of the universal scaling function Gf (£) derived from mag- 
netic torque measurements [7]. Even though the qualitative behavior is the 
same for all samples, the deviations increase with rising 7 r c - This system- 
atics cannot be attributed to the experimental uncertainties of about 40%. 
It is more likely that it reflects the reduction of the temperature regime 
where 3D-fluctuation dominates so that corrections to scaling become im- 
portant [13]. In this view it is clear that due its moderate anisotropy [13,39], 
optimally doped YBa2Cu307_$ is particularly suited to observe and check 
the consistency with 3D-XY critical behavior. In contrast to this, in highly 
anisotropic cuprates like Bi2Sr2CaCu2C>8-<5, it will be difficult to enter the 
regime where 3D fluctuations dominate [70]. Nevertheless, since the critical 
behavior of the charged fixed point is the only alternative left, it becomes clear 
that even the intermediate critical behavior of highly anisotropic cuprates like 
Bi2Sr2CaCu2C>8-$ falls into the 3D-XY universality class, fluctuations grows 
with increasing 7, they become essential 2D slightly away from T c . Accord- 
ingly, the 3D-XY - critical regime shrinks and the corrections to scaling 
become significant. To document this point we depicted in Fig. 4.9 estimates 
for the derivative of the universal scaling function Gf (z) derived from mag- 
netic torque measurements [7]. Even though the qualitative behavior is the 
same for all samples, the deviations increase with rising 7 j- c . This systematics 
cannot be attributed to the experimental uncertainties of about 40%. It is 
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Fig. 4.10. Temperature dependence of the specific heat coefficient for various ap- 
plied magnetic fields (H ||c) of an untwined YBa2Cu307_ <5 single crystal. The num- 
bers on the top of the peak like features denote the applied field strength. The inset 
shows representative data for H — IT (tf||c) and H = 8T (H\\(a,b)), data shifted 
vertically by 10 mJ/molK 2 (taken from [72]) 



more likely that it reflects the reduction of the temperature regime where 3D— 
fluctuation dominates so that corrections to scaling become important [13]. 
In this view it is clear that due its moderate anisotropy [13,39], optimally 
doped YBa 2 Cu 3 0 7 _ < 5 is particularly suited to observe and check the consis- 
tency with 3D— XY critical behavior. In contrast to this, in highly anisotropic 
cuprates like Bi2Sr2CaCu20s— <5, it will be difficult to enter the regime where 
3D fluctuations dominate [70]. Nevertheless, since the critical behavior of 
the charged fixed point is the only alternative left, it becomes clear that 
even the intermediate critical behavior of highly anisotropic cuprates like 
Bi2Sr2CaCu 2 08-5 falls into the 3D— XY universality class. 

The melting transition of the vortex lattice was discovered in 1993 in 
Bi2.i5Sri. 85 CaCu 2 08_ < 5 using the /iSR technique [71]. An anomaly attributed 
to this transition was observed in specific heat measurements of YBa2Cu30 7 _$ 
[72]. In Fig. 4.10 we depicted the temperature dependence of the specific heat 
coefficient of an untwined YBa2Cu30 7 _ < 5 single crystal for various applied 




4 Universal Properties of Cuprate Superconductors 129 




E 



Fig. 4.11. Melting line H c ,m and H c , max versus T — T c for a YBa 2 Cu 07-<5 single 
crystal with 8 = 0 (♦), 8 = 0.03 (A) and 8 = 0.053 (•) for H||c. Taken from [74]. The 

curves correspond to H C m = A crn and H cp = A cp f T t ~ T ) wi th v = 2 / 3 



fields H||c. Of particular interest in this context is the small anomaly below 
the main peak, marked by the strength of the applied field. It is attributed to 
the vortex melting transition. Evidence for the first order nature of the tran- 
sition stems from magnetization measurements, revealing a jump at [73], 

which signals the singularity in the scaling function G^(£) at 2 = (Eq. 

(4.26)). 

Due to the first order nature of the transition, the correlation lengths 
remain bounded, so that the melting line H crn and the temperature Tp, 
where the broad peak in the specific heat coefficient adopts its maximum 
value, should scale according to Eqs. (4.30) and (4.31). A glance at Fig. 4.11 
shows that this behavior is experimentally well confirmed. Note that the 
variation of the amplitudes A crn and A cp is due to the doping dependence 
of £a,o£&,o ( see Eqs. (4.30) and (4.31)). From Eq. (4.29) it is seen that the 
melting line also yields useful information on the anisotropy. As an example 
we consider the angular dependence in the (c,a) plane. Eq. (4.29) yields 

H m (5) = H m (5 = 0) jca (sin 2 (5) + 7 2 tt cos 2 (£)) -1/2 , (4.32) 

where 

7 co = ^, H m {5 = 0)<x{l-T/T c ) 2v . 

sc 
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Fig. 4.12. Left panel: Melting line for YBa 2 Cu 3 07 -$ with T c = 93.25 K derived 
from field (O)^ and angular-dependent (□) torque curves. The solid line corre- 
sponds to Hm oc (1 — T /T c ) 2u with v — 2/3. Data taken from [75]. Right panel: 
Melting lines Hm (S,T) for YBa 2 Cu 3 0 7 -<s with T c = 92 K y detected by a direct 
measurement of the entropy change. The symbols denote experimental data taken 
at different magnetic field orientations in the (c,a) plane, measured by the angle 
S [76]. The solid lines are Eq. (4.32) with 7 co = 7.6 and v — 2/3 

From Fig. 4.12 it is seen that this behavior is well confirmed. In this context 
the question arises, whether or not phase coherence and with that superfluid- 
ity persists above the melting line. Recently, numerical simulations revealed 
that the vortex liquid is incoherent, i.e. phase coherence is destroyed in all 
directions, including the direction of the applied magnetic field, as soon as 
the vortex lattice melts [77,78]. 

To summarize, there is considerable evidence that the intermediate finite 
temperature critical behavior of cuprate superconductors, when attained, is 
equivalent to that of superfluid helium. Moreover, we saw that finite size 
scaling is a powerful tool to identify and characterize inhomogeneities. 

4.3 Quantum Critical Behavior and Crossover 
Phenomena 

4.3.1 Sketch of the Scaling Predictions 

Given the empirical phase transition line T c (x) or surface T c (x, y) with crit- 
ical endpoints or lines (see Figs. 4.1 and 4.3) doping and substitution tuned 
quantum phase transitions can be expected. To invoke and sketch the scaling 
theory of quantum critical phenomena we define 5 , measuring the relative 
distance from quantum critical points, in terms of 

f V = 0 

5 = < y = 0 

[ y 7^ 0, x u < x < x Q 



: 8 — (x — x u ) /x u 
: S = ( x 0 — x) /x Q . (4.33) 

'• 8 = (y c (x) - y) /y c (x) 
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At T = 0 and close to quantum criticality one has two kind of correlation 
lengths [13,41]. The usual spatial correlation length in direction i 

C=Co*"* (4-34) 

and the temporal one 

Z7 = i7, 0 8- Vr , 

where the dynamic critical exponent is defined as the ratio 

z = y . (4.35) 

The singular part of the free energy density adopts then the scaling form 
[13,14,41] 



f T ,o n 6,0 6 u(D+z) F d (y), y = k B TZ r = k B T^ 0 6- zv t 

i= 1 / 

(4.36) 

where F& (y) with F& (y = 0) = 1 is a universal scaling function and Qd a 
universal constant. Another quantity of interest is the helicity modulus which 
adopts the scaling form [13, 14] 

r? (6, T) = Q d (?“ 0 ) 2 (V,o II Co) S^ D - 2+ ^Y D (y) , (4.37) 

where Yd (y) with Yd (y = 0) = 1 is a universal scaling function of its argu- 
ment. As a first application we consider a line of finite temperature transitions 
T c (6) ending at a quantum critical point at T = 0 and 6 = 0 . The scaling 
forms then require that 



fs (5,T) = Q d 



k B T e = ^6 ZV , (4.38) 

£r, 0 

where y c is the universal value of the scaling function argument at which the 
scaling functions exhibit a singularity at finite temperature. Combining Eqs. 
(4.37) and (4.38) we obtain in D = 2 



k B T c _ 

r°= 2 (s,o) ~ * 



R2 



Vc _ 

Y2(Vc)Q2 



(4.39) 



yielding the universal relation 



Tc A^,(0) 



&IR2 

l67T S kB 



ds i 



(4.40) 
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between transition temperature and zero temperature in-plane penetration 
depth. d s denotes the thickness of the superconducting slab and # 2 is a 
universal dimensionless constant. Analogously, in D = 3 Eqs. (4.37) and 
(4.38) yield 



ksTc 

rSrHs, o) 



RsC 



R 3 = 



Vc _ 

y^vc)Q 3 



(4.41) 



so that T c , X 2 ab (0), £ c and £, ab are related by 



Tc\ 2 ab (0) 



$1 Rs r = n Rs U 

16n 3 kB 167 r 3 kB 7t=o 



(4.42) 



This is just the quantum analogy of the universal finite temperature relation 
(4.23). When there is an anisotropy tuned 3D-2D crossover, where "fr=o — > 
oo, matching of Eqs. (4.40) and (4.42) requires that 



R 3 £ c = R 3 ^ ab = R 3 d a . (4-43) 

7r=o 

Noting then that the universal relation (4.42) applies close to both, the 2D- 
QSI and 3D-QSN transition it is expected to provide useful information on 
the correlation lengths ( £~, 1~ b ), given experimental data for T c \ 2 ab (0) and 
7t=o- 

Moreover, useful scaling relations for the specific heat coefficient y c are 
readily derived from the singular part of the free energy density (4.36), 
namely: 



7c | ^=0 — 



c 

T T=0 



d 2 fs 

dT 2 



r=o 



oc S 



OC 



t( d ~ z )/ z 



oc H^ d ~ z)/2 , 



(4.44) 



since H c scales as H c oc [13], when applied parallel to the c-axis, 

and 



die 



dT 



T—0 




Ffs 

dT 3 



oc 5 i/(0_2z) oc Tj: D ~ 2z) f z 

T = o 



(4.45) 



Finally, considering a 2D quantum critical points resulting from a 3D-2D 
crossover in the ground state, Eq. (4.43) implies that close to 2D quantum 
criticality the anisotropy diverges as 



.. p — i / /a j/»\ 

7T=0 = — = , 5 oc T c l/z . (4.46) 

£ c d s 

Combining the scaling relations (4.38), (4.40), (4.43) and (4.46) a 2D quan- 
tum critical point resulting from a 3D-2D crossover is then characterized 
by 

To cx A" 2 (0) oc n? (0) ex 7 ^ 0 oc 8 zV , 7c | r=0 oc T?~ Z V Z oc H^' 2 . (4.47) 
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n ? (0) = (d s /A^ 6 (0)) denotes aerial superfluid density. In particular it re- 
lates the superconducting properties to the anisotropy parameter, fixing the 
dimensionality of the system. It reveals that an anisotropy driven 3D-2D 
crossover destroys superconductivity even in the ground state. 

From Eq. (4.42), rewritten in the form 



£ c 



167r 3 &B 

$lRz 



TX„(0), 



Cab 



167T 3 A:b 

n Rs 



Tc^lb ( 0 ) 7 t = o , 



(4.48) 



it is seen that T c \^ b (0) and T c \% b (0) 7t=o are appropriate indicators for the 
occurrence of quantum phase transitions. Close to 3D-QSN criticality £ c and 
£ ab diverge according Eq. (4.34) as 



3D-QSN : £ c oc U cc S~ v <x T~ l/z , 



(4.49) 



because 7 t=o remains finite. This differs from the 2D-QSI transition, where 
according to relation (4.46) 



2D-QSI : = ^d s 

^3 



Cab = =^ rf s7T=0 OC S' 

^3 



OC 



rp-l/ z 
± C » 



(4.50) 



applies. Here £ c tends to a finite value, proportional to the thickness d s of 
the sheets. 

Another quantity of interest is the zero temperature condensation energy. 
Close to 2D-QSI and 3D-QSN criticality it scales according to Eqs. (4.36) 
and (4.38) as 

-E (T = 0) oc S nD+z) oc T^ d+z)/z . (4.51) 



As expected, when superconductivity disappears, the condensation energy 
vanishes. 

Next we turn to the critical behavior of the conductivity. In the normal 
state and close to a 3D-XY critical point, the DC conductivities, parallel 
( Gab * 7 ) an d perpendicular (cr® c ) to the layers, scale as [13] 



°ab 



a? c oc 



& 



(4.52) 



where £ r is the correlation length associated with the finite temperature 
critical dynamics. At T c the ratio is then simply given by the anisotropy 




(4.53) 



Approaching 2D-QSI criticality, the scaling relation (4.47) implies 



7r c = iTafib " 



(4.54) 
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Another essential property of this critical point is that for any finite T c the 
in-plane areal conductivity is always larger than [13,41] 

4 e 2 

af b c d s =cr 0 — . (4.55) 

This follows from the fact that close to 2D-QSI the in-plane resistivity adopts 
the scaling form [13,41] 

Pab = 4^ F ^ ’ V== kBT tr- (4.56) 



Thus, close to a 2D-QSI transition the normal state resistivity p BC (T+) = 
1 1°?° (# ), evaluated close but slightly above T c , is predicted to diverge as 



„DC (rp+\ _ 2 _ 2 r— 217 ______ 

Pc { T c ) 7r c 4e2<To 7t c ,0 S 4e 2 (To • 



(4.57) 



F (y) is a scaling function of its argument and F (0) = 1. This behavior un- 
covers the 3D-2D crossover associated with the flow to 2D-QSI criticality in 
the normal state. To establish a relation between normal and superconducting 
properties, we express 6 in terms of A c (0). Using Eq. (4.47) we obtain 



A c (0 ) = fi,{rf c {T+)) (2+z)/ \ 



— To,o A a &,o (0) 



4e 2 <7 0 

o 



(2+z)/4 



(4.58) 



where 

IT = lT,oS- v , Xab,o (0) = A ab , 0 (0) S-™/ 2 , (4.59) 

are the zero temperature critical amplitudes. The scaling relation (4.58) dif- 
fers from the mean-field prediction for bulk superconductors in the dirty limit 
[79] and layered BCS superconductors, treated as weakly coupled Josephson 



junction [80-82]: 


A c (0) = Q, (a? c 


(r c + )r 1/2 , 


(4.60) 


where 


( tic 2 N 


\ V2 , 




° s ~ \£ir 2 A (0), 


) , 4(0) = 1.76 k B T c 


(4.61) 



and A (0) denotes the zero temperature energy gap. 

Approaching 3D-QSN criticality, the finite temperature relations (4.52) 
and (4.53) still apply, but both, p BC and p B ^ diverge at T c , while the 
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anisotropy 737 remains finite. For this reason £ r , the correlation length asso- 
ciated with the finite temperature critical dynamics, cannot be eliminated. 
Nevertheless, since £ r scales as, £ r oc , where z c \ is the critical exponent 
of the finite temperature dynamics, we obtain from Eq. (4.52) the relation 



nc 



oc 









-l 



« S ?,0 



■ x i*r 



-V(Z C 1 - 1 ) 



(4.62) 



valid close to 3D-XY critical points. Since close to a 3D-QSN criticality, the 
doping dependence of the finite temperature critical amplitude £ a 6,o is given 
by £ ab ( see Eqs. (4.23) and (4.42)), we finally obtain with A c (0) oc S~% 0-+ z ) 
(Eq. (4.37)) the relationship between A c (0) and a c (T+ ) the relationship 



A c (0)oc (a c (T c + )) 5 ^&, 



(4.63) 



characterizing the flow to a 3D-QSN critical point in the (A c (0) ,cr c (T+)) 
plane. 

Noting that the in-plane resistivity tends close to 2D-QSI criticality to a 
fixed value (Eq. (4.56)), p a b can also be used as a parameter measuring the 
distance from the critical point. This is achieved by setting y — oc 

T5~ zu oc T ((p® b — Pab ) / Pab) • Given then a transition line T c ( 5 ) ending 
at the 2D-QSN critical point the scaling form (4.56) requires that 



T c oc 



( Pab ~ Pab 

V Plb 



) 



Z V 



n° - h 

Pab ~ 



4e 2 cro 



(4.64) 



because the scaling function F (y) exhibits a singularity at y c , signaling the 
finite temperature transition line. 



4.3.2 Evidence for Doping Tuned Quantum Phase Transitions 

The empirical correlations between T c , dopant concentration x and anisotropy 
7 t (Eqs. (4.1)-(4.3)) clearly point to the existence of quantum critical end- 
points. A glance to Fig. 4.2 shows, when T c vanishes in the underdoped limit, 
the anisotropy 7 t tends to infinity. Accordingly a 2D-QSI transition is ex- 
pected to occur. In the overdoped limit, T c vanishes again but the finite 
anisotropy implies a 3D-QSN transition. Since the aforementioned empirical 
correlations turned out to be remarkably generic (see Fig. 4.2) they appear to 
reflect universal properties characterizing these quantum phase transitions. 
Indeed, the empirical correlation (4.1) points with the scaling law (4.38) to 
zu = 1 in both transitions. Moreover, the empirical relation between T c and 
7 t (4.3) implies according to the scaling law (4.46) a 2D-QSI transition with 
V = 1. Thus, the universality classes emerging from the empirical relations 
are characterized by the critical exponents: 



2D-QSI :z = l, 1, 



(4.65) 
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Fig. 4.13. T c versus \ ab (T = 0)~ 2 for La 2 -*Sr x Cu0 4 ( O [85], A: [9], □: [84]) 
YBa 2 Cu 307-<5 ( V : [86]) and Yi_ x Pr x Ba2Cu3 06.97 (®: [87]). The dashed and solid 
lines correspond to Eq. (4.68) 



3D-QSN : zv = 1. (4.66) 

These 2D-QSI exponents are consistent with the theoretical prediction for 
a 2D disordered bosonic system with long-range Coulomb interaction. Here 
the loss of superfluidity is due to the localization of the pairs, which is ulti- 
mately responsible for the transition [53, 54]. A potential candidate for the 
3D-QSN transition is the Ginzburg-Landau theory proposed by Herbut [55]. 
It describes a disordered d-wave superconductor to metal transition at weak 
coupling and is characterized by the critical exponents z —2 and 17 = 1/2, 
except in an exponentially narrow region. Since the resulting zv coincides 
with the value implied by the empirical correlation (4.1), one expects with 
the estimate (4.66), 

3D-QSN : z = 2, V = 1/2. (4.67) 

A characteristic property of a 2D-QSI transition, irrespective of the value 
of zv, is the universal relation (4.40) between transition temperature and 
zero temperature penetration depth. An instructive example is the onset of 
superfluidity in 4 He films adsorbed on disordered substrates, where the linear 
relationship between T c and aerial superfluid density (0) ds/^lb (0) is 
well confirmed [83]. In cuprates, a nearly linear relationship between T c and 
^ ab {T = 0) has been established some time ago by Uemura et al. [84]. In 
the present context, it is not strictly universal, because d s , the thickness of 
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the independent slabs, is known to adopt family dependent values [13,88]. 
This fact can be anticipated from Fig. 4.13, showing experimental data for 
T c versus 1 /A \ b ( T = 0) of La 2 _ x Sr x Cu 04 [9,84,85], YBa 2 Cu 3 07_ < 5 [ 86 ] and 
Yi_ x Pr x Ba2Cu3C>6.97 [87]. With T c in K and A a b(T = 0) in A, the dashed 
and solid straight lines correspond to 



3.2 10 8 2.5 10 8 

c ~ x 2 ab (T = oy \l b (T = 0) ' 

Invoking then the universal relation (4.40) we obtain the estimate, 

d s (YBa 2 Cu 3 Q 7 - < 5 ) _ 3.2 _ 
d s (La 2 -xSr x Cu0 4 ) ~ 2.5 ~ 



(4.68) 



(4.69) 



which is consistent with , d s (YBa 2 Cu 3 07 _ < 5 ) / d s (La 2 -rrSr x Cu 04 ) « 10.1 A 
/7.6 A « 1.33, derived from the thickness tuned QSI transition and the cross- 
ing point phenomenon, respectively [13,88]. Consequently, dT c /d(l/\^(T = 
0 )) is not strictly universal. Nevertheless, due to the small variations of d s 
within a family of cuprates it adopts there a nearly unique value. For this 
reason the empirical proportionality of T c and A a b (T — 0 ) -2 for underdoped 
members of a given family confirms the flow to 2 D-QSI criticality. 

Next we turn to the behavior of the resistivity close to 2 D-QSI criti- 
cality. In Fig. 4.14 we displayed the data of Semba and Matsuda [89] for 
the temperature dependence of the in-plane resistivity p a b of YBa 2 Cu 3 0 2/ 
at various dopant concentrations y. Below y ~ 6.3 the resistivity increases 
with decreasing temperature, signaling the onset of insulating behavior in 
the zero temperature limit. Above y « 6.3 and as the temperature is re- 
duced, the resistivity drops rapidly and vanishes at and below T c . Thus, for 
y > 6.3 there is a superconducting phase and the 2 D-QSI-transition occurs 
at y « 6.3. Moreover, the temperature dependence of pd Pab , depicted in 
Fig. 4.14, is in accord with the scaling relations (4.38) and (4.53), yielding 
pd Pab = 7 t c ^ Indeed, the anisotropy increases by approach- 

ing the 2 D-QSI transition. In contrast, near the 2 D-QSI transition (y « 6.3), 
there is a finite threshold in-plane resistivity pfy « 0.8mi2cm (see Fig. 4.14). 
According to the scaling relation (4.55) this is a characteristic feature of a 
2 D-QSI transitions. For d s « 11 . SA and cro ~ 1 this leads to the sheet resis- 
tance p l abld s ~ h/ (4e 2 ) « 6.5 kfi. Since p c oc d 1 Pab and — > d s h/ (4e 2 ) 

it also becomes evident that the rise of p c for T > T c simply reflects the 
increasing anisotropy and with that the flow to 2 D-QSI criticality. Together 
with the doping dependence of 7 t c (see Figs. 4.1 and 4.2), these features 
clearly confirm the occurrence of a 2D-QSI transition. 

According to Eqs. (4.40) and (4.64)a 2 D-QSI-transition is also charac- 
terized by the scaling relation 



ksT c = c 




$ 2 o_ d s 
167T 3 Q 2 A2 6 (T = 0)’ 



(4.70) 
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Fig. 4.14. Upper panel: Temperature dependence of the in— plane resistivity p a b of 
YBa 2 Cu 30 J/ at various dopant concentrations y. Taken from Semba and Matsuda 
[89]. The threshold resistivity is indicated by an arrow. Above panel: pd Pab versus 
T of underdoped YBa 2 Cu 3 0 y (taken from Semba and Matsuda [89]) 
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Fig. 4.15. Residual in-plane resistance versus normalized critical temperature for 
Zn-substituted La 2 -ccSr x Cu 04 and YBa2Cu3C>7-$. T c o is the transition tempera- 
ture of the Zn free compound (taken from Fukuzumi et al. [3] 

where po and po c denote the residual and critical residual sheet resistivity, 
respectively. This prediction is well confirmed by the data of Fukuzumi et al. 
for Zn-substituted L^-xSr^CuC^ and YBa 2 Cu 307 _<s [3] displayed in Fig. 
4.15. Approaching the underdoped limit the data merge on a straight line. 
With the scaling relation (4.70) this points to zv = 1 consistent with the 
value emerging from the empirical correlations (Eq. (4.65)). 

Next we turn to the isotope effect. Since universal relations like (4.18), 
(4.23) and (4.40) should apply irrespective of the doping and substitution 
level, the isotope effects on the quantities involved, are not independent. As 
an example we consider the universal relation (4.40), predicting that close to 
the 2D-QSI transition the isotope effect on transition temperature and zero 
temperature in-plane penetration depth are related by 



0T C 


= Pd a + 01/ A^(0). 


(4.71) 


where 






Pb 


m AB 


(4.72) 


B Am 



AB denotes the shift of B upon isotope substitution. Although the available 
experimental data on identical samples are rather sparse, the results shown 
in Fig. 4.16 for the oxygen isotope effect in L^-xSr^Cui-xC^ [90,91] and 
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Fig. 4.16. Oxygen isotope effect for underdoped La 2 -xSr x Cu 04 in terms of 
1/Al/a 2 6 (o) versus 1/ (3t c • The dashed line marks the critical behavior at the 
2D-QSI transition ► Pt c — ► oo), while the solid curve is Eq. (4.71) with 

Pd 3 = —0.2. Experimental data taken from Refs.: • [90], ■ [91] and ▲ [92] 



Yi_ x Pr x Ba 2 Cu 307 clearly reveal the crossover to the asymptotic 2D-QSI 
behavior marked by the dashed straight line. The solid curve is a fit to Eq. 
(4.71), yielding the estimate 



Pd. ~ ~ 0 . 2 , 



(4.73) 



for the isotope coefficient of d s . An essential result is that the flow to 2D-QSI 
criticality implies that the isotope coefficients (3t c and /?i/a 2 (o) diverge. Some 
insight is obtained by noting that in the doping regime of interest, isotope 
substitution does not affect the dopant and substitution concentrations. [90]. 
In contrast it lowers the transition temperature and shifts the underdoped 
limit x u [35,93]. From the relation T c = a 8 ZV (Eq. (4.38)), yielding 



AT C _ zv Ax u 

Tq X j X\i 1 x<u 



(4.74) 



we obtain for the isotope coefficient the expression 

_ 1 ( T c (x m ) \ 1/zV 1 = _ m Ax u / o 

Tc r \ T c J r ZU Am x u \r c (a; m ) 



(4.75) 



applicable close to the 2D-QSI transition. Here we rescaled T c by T c (x m ), 
the transition temperature at optimum doping, to reduce variations of T c 
between different materials [35]. 

In Fig. 4.17 we show the experimental data for Yi_ x Pr x Ba 2 Cu 3 C >7 [93], 
Lai.85Sr 0 .i5Cui_ x Ni x O4 [94] and YBa 2 -xLa x Cu 307 [95] in terms of 1/Pt c 
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Fig. 4.17. Inverse isotope coefficient 1 /(3t c versus T c /T™ for Yi_ x Pr x Ba 2 Cu 307 
[93], Lai.85Sro.i5Cui_ x Nia;04 [94] and YBa2-xLa x Cu3C>7 [95]. The straight line 
corresponds to 1 //3t c = r T c /T™ (Eq. (4.75)) with zV = 1 and r = 6 



versus T c /T (x m ). As predicted by Eq. (4.75), approaching the 2D-QSI tran- 
sition T c /T c ( Xm ) = 0, the data collapse on a straight line, pointing again to 
zV « l(Eq. (4.65)). Accordingly, the strong doping dependence of the isotope 
coefficients of transition temperature and zero temperature in-plane penetra- 
tion depth in underdoped cuprates follows naturally from the doping tuned 
3D-2D crossover and the associated 2D-QSI transition in the underdoped 
limit. One might hope that this novel point of view about the isotope effects 
in cuprate superconductors [96] will stimulate further experimental work to 
obtain new data to confirm or refute these predictions. 

A property suited to shed light on the critical behavior of both, the 2D- 
QSI and 3D-QSN transition is the magnetic field dependence of the spe- 
cific heat coefficient in the limit of zero temperature. From the scaling re- 
lation 7c\t=o ^ Hc D ~~ z ^ 2 (Eq. (4.44)) it is seen that for both transition 
7cIt=o ^ Hl /2 holds, provided that z = 1 and 2 = 2 at 2D-QSI and 3D-QSN 
criticality, respectively. The experimental data displayed in Fig. 4.18 shows 
that in La 2 - x Sr a; Cu 04 (D — z) / 2 = 1/2 holds irrespective of the doping 
level. Thus these data provide rather unambiguous evidenced for a 2D-QSI 
transition with z — 1 and a 3D-QSN criticality with z = 2. This implies that 
7cIt=o 0(1 Hl /2 is not a characteristic feature of d-wave pairing, as proposed 
by Volovik [98], Won and Maki [99]. 

The above comparison with experiment provides rather clear evidence 
for the occurrence of a 2D-QSI transition with z = 1 and 17 = 1 in the 
underdoped and a 3D-QSI critical point z = 2 and V = 1/2 in the over doped 
limit. Next, to substantiate this scenario further, we consider the crossover 
between these quantum critical points. Noting that 1 / \^ b (0) scales close to 
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Fig. 4.18. Magnetic field dependence of the specific heat coefficient at zero tem- 
perature 7c| r==0 for La 2 -xSr x Cu 04 at x=0.1, 0.16 and 0.22 (taken from Chen et 
al. [97]) 



these critical points as (Eq. (4.37)) 






(4.76) 


we invoke 




\2 /r»\ _ a A , 


(4.77) 



to interpolate between the 2D-QSI and 3D-QSN transition. A fit to the 
experimental data of La 2 _ x Sr a; Cu 04 , yielding the parameters 

a x = 5.42 10 5 A 2 , b\ = 6.9 10 3 A 2 , (4.78) 

is shown Fig. 4.19. 

It is remarkable that this simple interpolation scheme, reducing in the 
under- and overdoped limit to the expected asymptotic behavior, describes 
the data so well. Due to this agreement, this interpolation function provides 
in conjunction with the empirical law for T c {x) (Eq. (4.1)), a realistic de- 
scription of the doping dependence of the zero temperature out-of-plane 
correlation length £ c , given by Eq. (4.48), yielding £ c oc T c \* b (0), close to 
2D-QSI and 3D-QSN criticality. The doping dependence of T c X 2 b (0) is dis- 
played in Fig. 4.20 for La 2 _ a; Sr a; Cu 04 . Since T c oc d s / \% b (0) holds in the 
underdoped limit (see Eq. (4.40) and Fig. 4.13), it is clear that T c \ 2 ab (0) 
tends to a constant value, proportional to d s , the thickness of the indepen- 
dent sheets. Since initially d/dx (T c X^ b (0)) « — T c (x m ) a\x 0 , the linear de- 
crease simply reflects the parabolic form of the empirical law (4.1). Finally, 
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Fig. 4.19. 1/A \ h (0) versus x for La 2 - x Sr x Cu 04 . •: experimental data taken from 
[9,84]. The solid curve is a fit to Eq. (4.77) with the parameters listed in Eq. (4.78). 
It indicates the crossover from a 2D-QSI transition with z = 1 and V = 1 to a 
3D-QSN criticality with z = 2 and V = 1/2 




Fig. 4.20. (a) T c A 2 6 (0) versus x for La2- x Sr x Cu04. •: taken from [9] and [84]. The 
solid line is Eqs. (4.1) and (4.77) with T c (pCm) = 39.8K and the parameters listed_in 
Eq. (4.78). Note that close to the 2D-QSI and 3D-QSN transition T c A 2 b (0) oc £ c . 
(b) T c X~ b (0) 7t=o versus x for La 2 - x Sr x Cu0 4 . • : T c and A“ 2 (0) taken from [9,84] 
and 7t=o from Eq. (4.2) with 7t=o,o = 2. Note that T c A“ 2 (0)7t=o oc £ a6 (4.48). 
The solid curve indicates the crossover from 2D-QSI (z — 1, V = 1) to 3D-QSN 
(2 = 2, V = 1/2) criticality according to Eqs. (4.1), (4.2), (4.76) and (4.77) 

the upturn close to the overdoped limit, a regime which experimentally has 
not yet been attained, signals the 3D-QSN transition, where £ c oc T c X^ b (0) 
diverges. In this context it is also instructive to consider the zero temper- 
ature in-plane correlation length. By definition it diverges at a 2D and 3D 
quantum phase transition. According to the scaling relation (4.48) it can be 
measured in terms of £ ab oc T c \\ b (0) 7t=o- In Fig. 4.20 we displayed the 
experimental data for £ ab oc T c \ 2 ab (0) 7t=o versus x. For comparison we in- 
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eluded the behavior resulting from Eqs. (4.1), (4.2), (4. 76) and (4.77) in terms 
of the solid curve. While the rise of £ ab in the underdoped regime, signaling 
the occurrence of a 2D-QSI transition, is well confirmed, it does not extend 
sufficiently close to the overdoped limit to detect 3D-QSN criticality. From 
Fig. 4.21, showing the doping dependence of the T-linear term of the specific 
heat coefficient of La 2 - x Sr x Cu 04 , it is seen that this quantity tends to a finite 
value in the underdoped limit and increases in the over doped regime. This 
behavior is fully consistent with the scaling relation dj c /dT\ Tz=0 oc 5 u ^ D ~ 2z ^ 
(Eq. (4.45)). Indeed at 2D-QSI criticality with z — 1, dj c /dT\ T=0 tends to a 
constant value and diverges close to the 3D-QSN critical point for z > 3/2. 
Unfortunately, the data does not extend sufficiently close to the overdoped 
limit to provide reliable estimates of the exponent combination V (3 — 2 z). 

Provided that the linear T-term of 1 / X 2 b (T) in the zero temperature 
limit exists, the scaling relations (4.37) and (4.38) yield close to quantum 
criticality the universal relation 



T c 



d 

dT 




T = 0 



_ dY D 
Vc dy 



y = o 



(4.79) 



where D=2 and D=3 for the 2D-QSI and 3D-QSN transition, respectively. In 
Table 4.1 we collected additional estimates for various cuprates and doping 



levels. The rise of the magnitude of T c d/dT (\ a b(8,0)/\i(5,T)y 



T=0 



with 



increasing doping level reflects the 2D-3D-crossover in the scaling function 
Y d . Noting that most compounds are close to optimum doping it is not 
surprising that the listed values scatter around -0.61, the value of nearly 
optimally doped L^-xSrrCuC^. 



Before turning to the substitution tuned quantum transitions it is useful to 
express the doping dependence in the interpolation formula (4.77) in terms of 




Fig. 4.21. T c dj c /dT\ T _ 0 versus x for La 2 -a;Sr x Cu 04 . Data taken from Ref. [15] 
and [100] 
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Table 4.1. Estimates for T c d/dT (X a b (0) /\ a b (T)) 2 | r=0 derived from the ex- 
perimental data of: slightly underdoped HgBa 2 Ca 2 Cu 30 s+< 5 , slightly overdoped 
HgBa 2 CuC> 4+<5 [101], under-, optimally- and over-doped La 2 -xSra;Cu 04 [9], 
Bi2Sr2CaCu208+<5 [102], Yo.94Cao.6Ba2Cu40s, YBa2Cu40s, Yi.925Lao.o75Cu40s 
and Yi. 9 Lao.iCu 4 08 [103]. 





Aai (0) (A) 


r c (K) 


■wilBIEM] 


HgBa 2 Ca 2 Cu 3 Os+<5 


1770 


135 


-0.59 


HgBa 2 Cu04+5 


1710 


93 


-0.65 


Lai .9 Sro. i Cu 04 


2800 


30 


-0.49 


Lai.85Sro.i5Cu04 


2600 


39 


-0.61 


Lai.sSro.2Cu04 


1970 


35 


-0.72 


Lai .78 Sro. 22 CuC>4 


1930 


27.5 


-0.72 


Lai .76 Sro. 24 Cu04 


1940 


19 


-0.94 


Bi2 Sr2 CaCu2 Os+<5 


2600 


91 


-0.61 


Yo. 94 Cao. 06 Ba 2 Cu4 Os 


1361 


88 


-0.51 


YBa2Cu40s 


1383 


81 


-0.58 


YBai.925Lao.075Cu4O8 


1521 


74 


-0.61 


YBai.9Lao.iCu408 


1593 


72 


-0.63 



the transition temperature. This is achieved by invoking the empirical correla- 
tion 4.1 between T c and doping concentration x . In Fig. 4.22 we displayed the 
resulting Uemura plot, T c versus 1/A^ 6 (0) for La 2 -xSr x Cu 04 in terms of the 
solid and dashed curves, resembling the outline of a fly’s wing. The solid curve 
marks the flow from T c (a; m ) to the 2D-QSI critical point and the dashed one 
the flow to 3D-QSN criticality. The dotted line indicates the universal 2D- 
behavior (Eqs. (4.40)) and (4.68)). For comparison we included the experi- 
mental data of Panagopoulos et al. [9] and Uemura et al. [84]. Although the 
data does not attain the respective critical regimes, together with the theoret- 
ical curves, they provide a generic perspective of the flow to 2D-QSI and 3D- 
QSN criticality. Indeed convincing evidence for these flows emerges from the 
/iSR data displayed in Fig. 4.23 for Yo. 8 Cao. 2 Ba 2 (Cui_ 2 / Zn 2 / ) 07_ ( 5 (Yo.sCao. 2 - 
123), Tl 0 . 5 - 2 /Pbo. 5 + 2 /Sr 2 Cai^ x Y x Cu 207 (Tl-1212) [104] and TlBa 2 Cu0 6 +6 
(Tl-2201) [105]. In analogy to Fig. 4.22, the solid curves mark the flow from 
T c ( Xm ) to the 2D-QSI critical point and the dashed ones the approach to 
3D-QSN criticality. 

Additional confirmation of this flow emerges from Fig. 4.24, showing the 
condensation energy versus hole concentration p for Yo^Cao^Bao^CuaC^-s 
taken from Tallon and Loram [106]. The solid and dashed curves are Eqs. 
(4.51), in terms of 

-E (T = 0) oc 5^ z+d ^ z oc (p - p u f oc T c 3 , 

—E (T = 0) <x (p 0 — p) 5 ^ 2 oc T®/ 2 , 



(4.80) 


































146 



T. Schneider 




Fig. 4.22. T c versus 1/A^, (0) for La 2 -xSr x Cu 04 - •: experimental data taken from 
[9,84]. The solid and dashed curves result from the empirical law (4.1) and the 
interpolation function (4.77) with T c (® m )= 39.8 K and the parameters listed in Eq. 
(4.78). The solid line indicates the flow from optimum doping to 2D-QSI criticality 
and the dashed one to the 3D-QSN critical point 



with (z 4- D ) /z = 3 and (z + D) /z = 5/2, the values appropriate for the 
2D-QSI (Eq. (4.65)) and 3D-QSN (Eq. (4.67)), respectively. 

A generic flow to the 2D-QSI critical point also emerges from the plot 
A c (0) versus a c (T+ ) displayed in Fig. 4.25 for Yl^CuaOr-s, La2- x SrxCu04 
and B^S^CaC^Oy at various doping levels. An empirical, nearly linear, 
correlation between these quantities has been proposed by Basov et al [107]. 
From the scaling relation (4.58) it is seen that the systematic rise of A c (0) 
with decreasing a c (T+), tuned by decreasing dopant concentration and the 
associated rise of the anisotropy j t, reflects again the flow to 3D-QSI crit- 
icality. The straight line marks the asymptotic behavior L^-xSrsCuC^ for 
z — \ and Q s « 24jum(J2cm) 3 / 4 . Since f2 s depends on the critical ampli- 
tudes 7o,o? A a ^o(0), 7t c ,o and the thickness d s (Eqs. (4.58) and (4.59)), its 
value is unique within a family of cuprates. & 3 ~ 24/im(i?cm) 3 / 4 follows from 
7o,o ~ 1-03, 7 t c ,o ~ 2 (see Fig. 4.1), d s « 6.6 A, cr 0 ~ 1 and A a b,o (0) « 736 A 
(Eq. (4.78). Although the experimental data is still quite far from the under- 
doped limit, the flow to 2D-QSI criticality with family dependent values of 
Q s can be anticipated. This differs from the mean-field prediction for bulk 
superconductors in the dirty limit and layered BCS superconductors, treated 
as weakly coupled Josephson junctions (see Eqs. (4.60) and (4.61)) where 
fi s oc T c -1 ^ 2 . Moreover, as the optimally doped and underdoped regimes are 
approached, systematic deviations from the straight line behavior appear, 
indicating the flow to 3D-QSN-criticality (Eq. (4.63)). 

According to the empirical correlation between T c and anisotropy 7 t (see 
Eq. (4.3) and Fig. 4.2), the initial value of the dopant concentration deter- 
mines whether the flow leads to 2D-QSI or 3D-QSN criticality. For initially 
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Fig. 4.23. T c versus <jq oc A“ b 2 (0) for Y 0 . 8 Cao. 2 Ba 2 (Cui_ 3 / Zn ?/ ) 07 -<s (Yo.sCao. 2 - 
123), Tlo. 5 -yPbo. 5 -f W Sr 2 Cai_ x Y x Cu 207 (Tl-1212) [104] and TlBa 2 Cu0 6 +<s (Tl- 
2201) [105]. The solid and dashed curves result from the empirical law (4.1) and 
the interpolation function (4.77). The solid curves indicate the flow from optimum 
doping to 2D-QSI criticality and the dashed ones to the 3D-QSN critical point 




Fig. 4.24. Condensation energy —E ( T = 0) versus hole concentration p for 
Yo. 2 Cao. 2 Bao. 2 Cu 307 -«y. The experimental data is taken from Tallon and Lo- 
ram [106]. The solid and dashed lines are Eqs. (4.80), indicating the approach 
to 2D-QSI and 3D-QSN criticality 
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underdoped cuprates, the rise of 7 t , tuned by the doping induced reduction 
of T c , directs the flow to 2D-QSI criticality. Conversely, in initially overdoped 
cuprates, the fall of 7 t to a finite value drives the flow to the 3D-QSN critical 
point. As the nature of the quantum phase transitions is concerned we have 
seen that the 2D-QSI transition has a rather wide and experimentally acces- 
sible critical region. For this reason we observed considerable and consistent 
evidence that it falls into the same universality class as the onset of super- 
fluidity in 4 He films in disordered media, corrected for the long-rangeness of 
the Coulomb interaction. The resulting critical exponents, z —1 and V « 1, 
are also consistent with the empirical relations (Eqs. (4.1), (4.2) and (4.3)) 
and the observed temperature and magnetic field dependence of the specific 
heat coefficient in the limit of zero temperature. These properties also point 
to a 3D-QSN transition with z — 2 and V « 1/2, describing a d-wave super- 
conductor to disordered metal transition at weak coupling. Here the disorder 
destroys superconductivity, while at the 2D-QSI transition it localizes the 
pairs and with that destroys superfluidity. Due to the existence of the 2D- 
QSI and 3D-QSN critical points, the detection of finite temperature 3D-XY 
critical behavior will be hampered by the associated crossovers which reduce 
the temperature regime where thermal 3D-XY fluctuations dominate. In any 
case, our analysis clearly revealed that the universality of the empirical cor- 
relations reflect the flow to 2D-QSI and 3D-QSN criticality. Moreover, the 
doping tuned superconductivity in bulk cuprate superconductors turned out 
to be a genuine 3D phenomenon, where the interplay of anisotropy and su- 
perconductivity destroys the latter in the 2D limit. 




Fig. 4.25. A c (0) versus <r c (T+) for YBa 2 Cu 3 0 7 -<s (A), La 2 -*Sr x Cu0 4 (• ) [108] 
and Bi 2 Sr 2 CaCu 2 O y (■) [109]. The straight line is Eq. (4.58) with z — 1 and 
~ 24 fj,m ( Qcrnf , the estimate for La 2 _a;Sra;Cu 04 
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4.3.3 Evidence for Substitution Tuned Quantum Phase 
Transitions 

It is well established, both experimentally and theoretically, that in conven- 
tional superconductors (e.g., A15 compounds or the Chevrel phases) the pres- 
ence of magnetic impurities depresses the superconducting transition temper- 
ature more efficiently than does the introduction of nonmagnetic ions [110], 
and this has been ascribed to the breaking of pairs by the magnetic impu- 
rities. To determine wether the cuprates behave similarly with respect to 
magnetic impurities, extensive studies involving the substitution for Cu by 
other 3d metals have been performed [18, 19]. A result common to all these 
studies is that T c is depressed in the same manner, independent of wether 
the substituent is magnetic or nonmagnetic, and in contrast to that observed 
in conventional superconductors. 




Fig. 4.26. Variation of T c with substitution for Lai.gsSro.isCui-^AyC^ ( A=Fe, 
Cu, Ni, Zn, Ga and A1 ) (taken from Xiao et al. [18]) 



To illustrate this point we depicted in Fig. 4.26, the variation of T c with 
substitution for Lai. 9 5Sr 0 .i5Cui_ 2/ A 2/ O4 (A=Fe, Cu, Ni, Zn, Ga and Al) [18]. 
T c is seen to vanish at a critical substitution concentration y c , where a quan- 
tum phase transition occurs. The experimental data for La2- x Sr x Cui_yZny04 
, Yo.8Cao.2Ba2Cu3_3yZn3yO7._5 [111] and Bi 2 Sr2CaCu2-2yCo2y0 8+ 5 [112] 
shows that this behavior is not restricted to optimum doping. Thus T c depen- 
dence on both, the dopant (x\ and substitution concentration ( y ). Fig. 4.3 
shows the resulting (T c ,x,y) diagram for La2- x Sr x Cui_yZny04. The blue 
curve, y c (a;), is a line of quantum phase transitions. At the corresponding 
critical endpoints the system undergoes a 2D-QSI and 3D-QSN transition. 
Along the path marked by the green arrow, a QSI and QSN transition is 
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Fig. 4.27. Temperature dependence of the resistivity for La 2 -xSr x Cui_j / Zn y 04 at 
y c (x) (taken from Momono et al. [15]) 



expected to occur. The pink arrow indicates the crossover from insulating to 
metallic behavior. 

This scenario, emerging from the temperature dependence of the resistiv- 
ity of La 2 -xSr x Cui_ 3/ Zn 3/ 0 4 [15], is shown in Fig. 4.27. Along the phase tran- 
sition line y c ( x ) superconductivity is disappears and for x > 0.16 metallic 
behavior sets in, while for *;$o .16 the resistivity exhibits insulating behavior 
at low temperatures. For fixed x and close to y c (x), T c scales according to 
Eqs. (4.33) and (4.38) as 

/ \ zv 

r ' W< * l 1 - Mi)} ' (4 - 81) 

Since zV = 1 is expected to hold in both, the doping tuned 2D-QSI and 3D- 
QSN transition (Eqs. (4.65) and (4.67)), this combination should hold along 
the entire line y c (x). Although the data shown in Fig. 4.26 is remarkably 
consistent with zV = 1 it remains to be understood, why the linear relation- 
ship applies almost over the entire substitution regime. Close to the 2D-QSI 
and 3D-QSN transitions, the singular part of the free energy density scales 
in analogy to Eq. (4.36) as 



f s oc 5 U ( D+Z ^T ( y5 u ) , S = x/x u — 1,1— x/x Q . 



(4.82) 
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Fig. 4.28. y c versus x for La 2 -a;Sr x Cui_ 3 / Zny 04 . • : Taken from Momono et al. [15]. 
The solid curve interpolates between the critical behavior of a 2D-QSI transition 
with V = 1 (dotted line: y c (x) = 0.03 (x — 5)) and a 3D-QSN transition with 
17 = 1/2 (dashed line: y c (x) = 0.46 (27 — x ) 1 ^ 2 ) 



T is a scaling function of its argument. A phase transition is signaled by a 
singularity of the scaling function at some value of its argument. Thus, 

y c ( x ) oc 8 U , (4.83) 

with V — 1 close to the 2D-QSI (Eqs. (4.65)) and V =1/2 near the 3D-QSN 
transition (Eq. (4.67)). The resulting phase transition line is shown in Fig. 
4.28 for La2 — x^rxCuj — y 

Zn 2/ 04, where we included the experimental data for comparison. As expected 
from the doping dependence of the correlation lengths (see Fig. 4.20) y c (x) 
exhibits close to the 3D-QSN transition a very narrow critical regime. For 
this reason the data considered here is insufficient to provide an estimate for 
V . Nevertheless, V = 1/2 yields a reasonable qualitative description of the 
quantum critical line y c (x). 

The picture we no have is summarized in the phase diagram shown in 
Fig. 4.3. The blue curve corresponds to the line of quantum phase transitions 
y c (x) shown in Fig. 4.28. Along this line, zi 7 = 1 is expected to hold (Eqs. 
(4.65) and (4.67)), while V « l(Eqs. (4.65)) at the 2D-QSI (y = 0 and 
x = x u ) and V = 1/2 at the 3D-QSN ((y = 0 and x = x Q ) transition. 
According to the empirical correlation between T c and anisotropy 7 r (see Eq. 
(4.3) and Fig. 4.2), the initial value of the dopant concentration determines 
whether the flow upon substitution leads to 2D-QSI or 3D-QSN criticality. 
For initially underdoped cuprates, the rise of 7 t , tuned by the substitution 
induced reduction of T c , drives the flow to 2D-QSI criticality. Conversely, 
in initially overdoped cuprates, the fall of 7 t to a finite value directs the 
flow to 3D-QSN criticality. The mechanism whereby the substitution of Cu 
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leads to a reduction of T c and finally to the quantum critical line y c ( x ) 
appears to be not well understood. When the aforementioned universality 
classes of the 2D-QSI and 3D-QSN transitions hold true (Eqs. (4.65) and 
(4.67)), disorder plays an essential role. At 2D-QSI criticality it localizes 
the pairs and destroys superfluidity [53, 54] and at the 3D-QSN transition 
it destroys superfluidity and the pairs [55]. In this context we also note that 
the phase diagram of La2_xSr x Cu04-f. < 5 shown in 4.4, reveals that isotope 
substitution leads to identical behavior, although less pronounced [26]. Since 
isotope substitution is accompanied by local lattice distortions, we conclude 
that in addition to disorder, lattice degrees of freedom tune superconductivity 
in an essential manner. Another essential facet emerges from the fact that the 
doping and substitution tuned flow to the 2D-QSI critical point is associated 
with an enhancement of 7 t- Thus, despite the fact that the fraction 77 = 
(l/A \ (0)) / (1/X 2 a (0) + 1/A l (0) + 1/A % (0)) = 1/ (1 + 2 7 2 =0 ) [13], which the 
third dimension contributes to the superfluid energy density in the ground 
state, is very small, this implies that a finite T c is inevitably associated with an 
anisotropic but 3D condensation mechanism, because 7 t is finite whenever 
superconductivity occurs (see Fig. 4.2). This points unambiguously to the 
conclusion that theories formulated for a single CuC>2 plane cannot be the 
whole story. It does not imply, however, a 3D pairing mechanism because in 
the presence of fluctuations pairing and superfluidity occur separately. 

4.3.4 Evidence for Magnetic Field Tuned 
Quantum Phase Transitions 

We have seen (Sec. 3.2) that a strong magnetic field destroys superconductiv- 
ity at finite temperature. In sufficiently clean systems this destruction occurs 
at the first order vortex melting transition. However, in the presence of dis- 
order, the long-range order of the vortex lattice is destroyed and the vortex 
solid becomes a glass [28]. The vortex fluid to glass transition appears to be 
a second-order transition, signaled by the vanishing of the zero-frequency 
resistance in the vortex glass phase. Since disorder plays an essential role at 
2D-QSI and 3D-QSN criticality, one expects a line Hm (x) of vortex-glass 
to fluid quantum phase transitions, leading to the schematic phase diagram 
depicted in Fig. 4.5.There is the superconducting phase (S), bounded by the 
zero-field transition line, T c (x, H — 0), the critical lines of the vortex melting 
or vortex glass to vortex fluid transitions, T m (x = /zxed, H) and the line of 
quantum critical points, H m (x,T = 0). Along this line superconductivity is 
suppressed and the critical endpoints coincide with the 2D-QSI and 3D-QSN 
critical points at x u and x G , respectively. To fix the critical line H m (#, T — 0) 
close to the 2D-QSI and 3D-QSN transitions, we note that the singular part 
of the ground state energy density scales in analogy to Eq. (4.36) as 

fs (A, T) = Q d (?;, o nCo) S V{D+z) Gd (z) , 2 = (4.84) 
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where H corresponds to a field applied parallel to the c-axis. Supposing that 
in the ( H , 5)-plane there is a continuous transition first order melting tran- 
sition. Then the scaling function Gd (z) will exhibit a singularity at some 
universal value z = . Thus close the 2D-QSI and 3D-QSN critical end- 

points the quantum critical line (see Fig. 4.5) is given by, 

H m (5) = 5 2V , (4.85) 

£a,0^b,0 

with V « 1 (Eq. (4.65)) and 17 « 1/2 (Eq. (4.67)) close to 2D-QSI and 3D- 
QSN criticality, respectively. Moreover, the singular behavior of the scaling 
function Gd (z) must be such as enable the correlation length when H ^ 0 
to correspond to the vortex glass transition, so that 






,0 



H-HmjS) 

Hm(6) 



m 



(4.86) 



Vm is the correlation length exponent of the vortex glass to fluid transition. 
Noting that T c ex 8 UZ oc £ ~ z (see Eqs. (4.34) and (4.38), we obtain with Eq. 
(4.86) for the magnetic field induced reduction of T c the relation 



T c ( H ) oc (H m (6) - H) VmZm . (4.87) 

Zm is the dynamic critical exponent of the vortex glass to fluid transition. 

The existence of a quantum phase transition line iJ m (8) can be antici- 
pated from the in-plane resistivity data for YBa 2 Cu 3 _ 2 Zn 2 O y of Segawa et 
al [31} shown in the left panel of Fig. 4.29. With increasing magnetic field 
strength T c is depressed. In the sample with y = 6.7 and z = 2.7% the 
temperature dependence of p a b clearly points to a magnetic field tuned QSI 
transition around 16 < ( y = 6.7, z = 2.7%) < 18T. Since i7 m (<S) scales 

as 8 2u oc ( z c — 2 ) 2l/ (Eq. (4.85)), H m (y = 6.7, z) should increase with reduced 
Zn concentration z. This behavior is consistent with the data for z = 2.3%, 
where {y = 6.7, z — 2.3%) > 18T. The emerging ( H , T) phase diagram, 
consisting of finite temperature transition fines (vortex glass to fluid transi- 
tions) with 2D-QSI critical endpoints is displayed in the right panel of Fig. 
4.29. In the schematic (x,if,T)-phase diagram shown in Fig. 4.5, these lines 
result from cuts near the zero field 2D-QSI-transition with x replaced by z. 

Related behavior was also observed in L^-sSr^CuC^ [30] and Bi 2 Sr 2 - x 
La x Cu06+$ [32]. In the hole doped La 2 - x Sr x Cu 04 [30] and the electron 
doped Pr 2 -xCe x Cu 4 +< s a magnetic field tuned metal to insulator crossover 
was observed close to optimum doping, while in Bi2Sr2_ x La x Cu06+5 [32] 
the crossover sets in well inside the under doped regime. The phase diagram 
of Bi 2 Sr 2 _ x La x CuC> 6 +<s is displayed in the left panel of Fig. 4.30. In the 
underdoped limit ( x « 0.84 ) the transition temperature vanishes and a 2D- 
QSI transition is expected to occur. Evidence for this transition emerges from 
the temperature dependence of p a b shown in the right panel of Fig. 4.30 [32], 




154 T. Schneider 




Fig. 4.29. Left panel: In-plane resistivity p a b versus T at H = 0, 4, 8, 16 and 
18T for YBa 2 Cu 3 -zZn z O y . a: y = 6.7, z = 2.7% and b : y — 6.7, z = 2.3%. 
Taken from Segawa et al. [31]. Right panel: Schematic {H, T)-phase diagram of 
YBa 2 Cu 3 _ z Zn z O y derived from the data shown in the left panel 



taken at H = 0 and 60T for six doping levels x. To strengthen this point 
we plotted in Fig. 4.31 the resulting T c versus po,c — Po f° r x = 0-76, 0.73 
and 0.66 and po,c « 0.5 mf2cm at H = 0. Apparently there is suggestive 
consistency with the 2D-QSI scaling relation (4.42) with zV « 1, as well as 
with the corresponding data for La 2 -arSr x Cu 04 and YBa 2 Cu 307 -£ shown 
in Fig. 4.15. As the 60T data (symbols) are concerned, the samples closest to 
the QSI transition ( x = 0.76 and 0.84) exhibit in p a b a pronounced upturn 
at low temperatures. This points to an insulating normal state. Indeed, the 
weak upturn below 6 K at x = 0.73, visible in the inset to Fig. 4.30, signals 
the proximity to the onset of insulating behavior, while the low T behavior of 
the x = 0.66 sample with T c {H = 0) = 23K exhibits metallic behavior. Thus, 
there is a metal to insulator (MI) crossover. The emerging ( x , T, H)~ phase 
diagram is displayed in Fig. 4.32. The arrows mark the flows emerging from 
the experimental data displayed in Fig. 4.30 for x = 0.84 (1) and x — 0.66 
( 2 ). 
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Fig. 4.30. Left panel: Phase diagram of Bi2Sr2-xLa x Cu06+a in the doping con- 
centration (x or p)-temperature plane. Taken from Ono et al. [32]. Right panel: 
Temperature dependence of p a b for a BhS^-xLaxCuOe+s crystal in H = 0 and 
60T for various dopant concentrations x. The insets shows a clearer view of the low 
temperature behavior for x = 0.66 and 0.73 (taken from Ono et al. [32]) 




po. - p 0 ( m « cm ) 



Fig. 4.31. T c versus p 0yC - Po for Bi2Sr 2 -xLa x Cu06+<5- Deduced from the data 
shown in Fig. 4.30 for x=0.76, 0.73 and 0.66 and po, c = 0.5 mf2cm. The straight 
line is the scaling relation (4.70) with zV « 1 



This differs from the behavior observed in La 2 - a: Sr a; Cu 04 where the de- 
tectable MI- crossover appears to set in close to optimum doping. In Fig. 
4.33 we depicted the logarithmic plot of p a b (T) for Bi 2 Sr 2 - x La a; Cu 06+ < 5 and 
La 2 _xSr x Cu 04 crystals for H = 0 and 60T and various doping concentra- 
tions [32]. Concentrating on the presence or absence of an upturn, it is clearly 
seen that in La 2 - x Sr x Cu 04 the Mi-crossover occurs around x « 0.15, corre- 
sponding to optimum doping. However, it should be kept in mind that this 
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Fig. 4.32. Schematic (x,T,H)-phase diagram close to the 2D-QSI transition. 
There is the superconducting phase (S), bounded by the zero-field transition line, 
T c (x,H = 0), the lines of the vortex melting or vortex glass to vortex fluid tran- 
sitions Tm ( x — fixed, H) and the quantum critical line Hm (x). The critical lines 
T c (x, H = 0) and if m ( x ) merge in the underdoped limit (x = x u ) where a doping 
driven quantum superconductor to insulator (QSI) transition ( • ) occurs. The ar- 
rows mark the flows emerging from the experimental data shown in Fig. 4.31 at 
x = 0.84 (1), x = 0.66 (2) 



crossover is nonuniversal. For this reason, the dopant concentration where 
insulating behavior is detectable is expected to be material dependent. 

The magneto resistance p a b(H,T) of underdoped L& 2 - x Sr x Cu 04 films 
with x « 0.048 (T c = 0.45K) and 0.051 (T c = 4K) was also studied in mag- 
netic fields up to 0.5T and at temperatures down to 30 mK [113]. The 
temperature dependence of p a b ( H , T) of the film closest to the 2D-QSI 
transition ( x « 0.048, T c = 0.45K) was found to be consistent with p a b oc 
exp ^ T/Tq ) 1//3 ^ below IK and for fields from 4 to 6T. Thus this study points 

to 2D-localization. On the other hand, the data of Ando et al. [29] (Fig. 4.33} 
appears to be consistent with a logarithmic divergence of the normal-state 
resistivity down to 0.7 K for x = 0.08 and H = 60T, suggesting 2D weak 
localization. In any case, the evidence for 2D localization confirms an essen- 
tial property of 2D-QSI criticality: disorder localizes the pairs and destroys 
superfluidity [53,54]. 
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Fig. 4.33. Logarithmic plot of p a b (T) for Bi2Sr2-a;La x Cu06+s and La2-xSr x Cu04 
crystals in H=0T (solid lines) and 60 T (filled circles), labelled by La concentration, 
x. The straight line indicates consistency with the log(l/T) behavior at x = 0.84. 
and open circles are H = 30T data. La 2 -a; Sr x Cu 04 data in H = 0T (dashed lines) 
and in 60T (open squares), labelled by the Sr concentration x (taken from Ono et 
al [32]) 

4.4 Thin Films 

There is considerable evidence that the quantum superconductor to insulator 
transition in thin films can also be traversed by changing a parameter such 
as film thickness, disorder etc. [13]. As cuprates are concerned, an instructive 
example are the measurements of YBa 2 Cu 307 _<s slabs of thickness d sepa- 
rated by 16 unit cells (« 187 A) of PrBa 2 Cu 3 C> 7 . Due to the large separation 
the YBa 2 Cu 307_5 slabs can be considered to be essentially to be uncoupled. 
As shown in Fig. 4.6 in YBa 2 Cu 307_ < 5 slabs of thickness d the transition tem- 
perature was found to vary according to Eq. (4.4). Together with the scaling 
relation (4.38) this points to a 2D-QSI transition with zV =1, in agree- 
ment with our previous estimate (Eq. (4.65)). Since quantum fluctuations 
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alone are not incompatible with superconductivity, this 2D-QSI transition 
must be attributed to the combined effect of disorder and quantum fluctua- 
tions. Nevertheless, it is conceivable that in cleaner films superconductivity 
may also occur at and below this value of d s , which is close to the estimate 
derived from the bulk (Eq. (4.69)). What’s seen is then superconductivity 
in 2D and due to the reduced dimensionality fluctuations will be enhanced 
over the full range of dopant concentrations. As it stands, in the bulk (see e.g. 
Fig. 4.2) and chemically doped films superconductivity disappears in the 2D- 
limit. Since chemically doped materials with different carrier densities also 
have varying amounts of disorder, the third dimension is apparently needed 
to delocalize the carriers and to mediate superfluidity. 

4.5 Concluding Remarks and Comparison 
with Other Layered Superconductors 

Evidence for power laws and scaling should properly consist of data that cover 
several decades in the parameters. The various power laws which we have ex- 
hibited span at best one decade and the evidence for data collapse exists only 
over a small range of the variables. Consequently, though the overall picture 
of the different types of data is highly suggestive, it cannot really be said 
that it does more than indicate consistency with the scaling expected near a 
quantum critical point or a quantum critical line. Nevertheless, the doping, 
substitution and magnetic field induced suppression of T c clearly reveal the 
existence and the flow to 2D-QSI and 3D-QSN quantum phase transition 
points and lines (see Figs. 4.1, 4.2, 4.3 and 4.5). In principle, their universal 
critical properties represent essential constraints for the microscopic theory 
and phenomenological models. As it stands, the experimental data is fully 
consistent with a single complex scalar order parameter, a doping induced 
dimensional crossover, a doping, substitution or magnetic field driven sup- 
pression of superconductivity, due to the loss of phase coherence. When the 
evidence for this scenario persists, antiferromagnetic and charge fluctuations 
are irrelevant close to criticality. Moreover, given the evidence for the flow 
to 2D-QSI criticality, the associated 3D-2D crossover, tuned by increasing 
anisotropy, implies that a finite T c and superfluid density in the ground state 
of bulk cuprates is unalterably linked to a finite anisotropy. This raises serious 
doubts that 2D models are potential candidates to explain superconductivity 
in bulk cuprates. Thus, there is convincing evidence that the combined effect 
of disorder and quantum fluctuations plays an essential role and even de- 
stroys superconductivity in the 2D limit of chemically doped cuprates. Thus, 
as the nature of the quantum phase transitions in chemically doped cuprates 
is concerned, disorder is an essential ingredient. We have seen that the 2D- 
QSI transition has a rather wide and experimentally accessible critical region. 
For this reason we observed considerable and consistent evidence that it falls 
into the same universality class as the onset of superfluidity in 4 He films in 
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disordered media, corrected for the long-rangeness of the Coulomb interac- 
tion. The resulting critical exponents, z = 1 and V « 1 are also consistent 
with the empirical relations (Eqs. (4.1), (4.2) and (4.3)) and the observed 
temperature and magnetic field dependence of the specific heat coefficient 
in the limit of zero temperature. These properties also point to a 3D-QSN 
transition with z = 2 and V « 1/2, describing a d-wave superconductor to 
disordered metal transition at weak coupling. Here the disorder destroys su- 
perconductivity, while at the 2D-QSI transition it localizes the pairs and with 
that destroys superfluidity. Due to the existence of the 2D-QSI and 3D-QSN 
critical points, the detection of finite temperature 3D-XY critical behavior 
will be hampered by the associated crossovers which reduce the tempera- 
ture regime where thermal 3D-XY fluctuations dominate. In any case, our 
analysis clearly revealed that superconductivity in chemically doped cuprate 
superconductors is a genuine 3D phenomenon and that the interplay of disor- 
der (anisotropy) and superconductivity destroys the latter in the 2D limit. As 
a consequence, the universality of the empirical correlations reflects the flow 
to 2D-QSI and 3D-QSN criticality, tuned by chemical doping, substitution 
and an applied magnetic field. A detailed account of the flow from 2D-QSI 
to 3D-QSN criticality is a challenge for microscopic theories attempting to 
solve the puzzle of superconductivity in these materials. Although the mech- 
anism for superconductivity in cuprates is not yet clear, essential constraints 
emerge from the existence of the quantum critical endpoints and lines. How- 
ever, much experimental work remains to be done to fix the universality class 
of the 2D-QSI and particularly of the 3D-QSN critical points unambiguously. 

In conclusion we note that universal properties emerging from thermal 
and quantum fluctuations are not restricted to cuprate superconductors. Po- 
tential candidates are the highly anisotropic organic superconductors which 
are close to a metal-insulator boundary. A glance to Fig. 4.34 shows that the 
correlation between A c (0) and a^ c (T+ ) is particularly rewarding. In vari- 
ous classes of layered superconductors, including organics, transition metal 
dichalcogenides and cuprates, A c (0) is systematically suppressed with in- 
crease of normal state conductivity crf? c (T+ ). Without thermal and quantum 
fluctuations the DC conductivity is given by 



DC _ ne^ _ (?T tr 
Gc m c Ttr 47tA^ (0) * 



(4.88) 



r tr is the mean scattering time of the normal electrons in transport properties 
with number density per unit volume n and effective mass m c . Provided that 
the variations of r tr are small, superconductors where fluctuations can be 
neglected (mean-field superconductors) are then characterized by the dotted 
line in Fig. 4.34, which is 

A c (0)oc((Tf c )“ 1/2 . (4.89) 



It agrees with the data of mean-field superconductors rather well. Inter- 
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Fig. 4.34. A c (0) versus cr® c for a variety of superconductors. 
YBa 2 Cu 3 0 7-5 (YBCO) [115-119], La^Sr^CuO^ (LSCO) [117, 120, 121], 
HgBa 2 Cu0 4 +<5 (Hgl201) [122], Tl 2 Ba 2 Cu0 6 +<5 (T12201) [123-125], 

Bi 2 Sr 2 CaCu 2 0 8 +<s (Bi2212) [126, 127], Nd 2 _ x Ce x Cu0 4 +<5 (NCCO) [128]. Blue 
points -underdoped (UD), green -optimally doped (OpD) and red -overdoped 
(OD). Transition metal dichalcogenides [145,146]; (ET) 2 X compounds [136-144]; 
(TMTSF) 2 C10 4 [129-135]; Sr 2 Ru0 4 [147,148]; MgB 2 [149-151]; Nb [152,153]; 
Pb [153]; Nb Josephson junctions [154]; aMoi- x Ge x [155]. The dotted line is Eq. 
(4.88) and the dashed ones Eq. (4.58). The red arrows indicate the flow to 2D-QSI 
and for overdoped YBa 2 Cu307_<s to 3D-QSN criticality, respectively 

estingly enough, MgB 2 and Sr2Ru0 4 appear to fall into this class, as well. 
Prominent and systematic deviations from this behavior occur for the highly 
anisotropic organics and underdoped cuprates. As A c (0) increases with the 
reduction of the normal state conductivity crj ? c , we observe that the data 
tends to scatter around two branches, consistent with A c (0) = fi s (0' < P C )~ 3//4 , 
which is the scaling relation (4.58) with z = 1, describing the critical behavior 
close to 2D-QSI critical points. The most prominent deviations from these 
trends occur for overdoped cuprates (see also Fig. 4.23). In particular the 
data for overdoped YBa2Cu307_<s (YBCO) exhibit an upturn, signaling the 
crossover to 3D-QSN criticality (Eq. (4.63)). Since organics undergo super- 
conductor to insulator transitions [156], are highly anisotropic and 7 can be 
varied over a rather extended interval, i.e. 7 t c = 180 for k-( ET) 2 Cu[N(CS )2 
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]Br, 7 Tc = 350 for «-(ET) 2 Cu(NCS ) 2 [157] and. 7 t c = 2 10 3 for a- (BEDT- 
TTF)2NH4Hg(SCN)4, it becomes clear that the organics line in Fig. 4.34 in- 
dicates the flow of this class of superconductors to 2D-QSI criticality, where 
the scaling relation (4.58) applies. 

Thus unlike the organics the cuprates undergo a doping tuned crossover 
from 2D-QSI to 3D-QSN criticality, where crj? c (T+ ) and A c (0) tend to 
infinity, while T c vanishes. These critical points are attained in the under- 
doped and overdoped limit, respectively, where T c vanishes. In this crossover 
the cuprates either pass the organics or the dotted mean-field line, spanned 
by conventional superconductors (see Fig. 4.34). YBa2Cu307_ < 5(YBC0) and 
La2- x Sr a; Cu04+ < 5(LSC0) cross the dotted mean-field line in the neighbor- 
hood of TaS 2 , Sr 2 Ru04 and MgB 2 . In this region of the A c (0)-cr < P c (T+) 
plane fluctuations do not play a dominant role. Indeed, Sr 2 Ru04 exhibits 
Fermi liquid normal state properties [158]. However, overdoped cuprates flow 
to 3D-QSN criticality, where disorder destroys the phase coherence and the 
pairs. On the contrary, the organics evolve rather smoothly from the mean- 
field regime, to which Pb, Nb, Nb-junctions, a-Moi_ x Ge x and the dichalco- 
genides belong. Thus, these flows provide a perspective of the regimes where 
fluctuations and disorder are essential. 
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5.1 Introduction 

Angle resolved photoemission spectroscopy (ARPES) has played a major role 
in the elucidation of the electronic excitations in the high temperature cuprate 
superconductors. Several reasons have contributed to this development. First, 
the great improvement in experimental resolution, both in energy and mo- 
mentum, aided by the large energy scales present in the cuprates, allows one 
to see features on the scale of the superconducting gap. More recently the 
resolution has improved to such an extent, that now features in traditional 
superconductors like Nb and Pb, with energy scales of a meV, can be observed 
by ARPES [1]. 

Second, most studies have focused on B^S^CaC^Os (Bi2212) and its 
single layer counterpart, Bi2Sr 2 Cu06 (Bi2201). These materials are charac- 
terized by weakly coupled BiO layers, with the longest interplanar separation 
in the cuprates. This results in a natural cleavage plane, with minimal charge 
transfer. This is crucial for ARPES, since it is a surface sensitive technique; 
for the photon energies typically used, the escape depth of the outgoing elec- 
trons is only of the order of ~ 10A. For this reason, we elect to concentrate 
on these materials in the current article, since the data are known to be 
reproducible among the various groups. 

The third reason is the quasi-two dimensionality of the electronic struc- 
ture of the cuprates, which permits one to unambiguously determine the 
momentum of the initial state from the measured final state momentum, 
since the component parallel to the surface is conserved in photoemission. 
Moreover, in two dimensions, ARPES directly probes the the single particle 
spectral function, and therefore offers a complete picture of the many body 
interactions inherent in these strongly correlated systems. 

There are other reasons to point out as well. For example, the very inco- 
herent nature of the excitations near the Fermi energy in the normal state 
does not allow the application of traditional techniques, such as the de Haas 
van Alphen effect. The electrons simply do not live long enough to complete 
a cyclotron orbit. Another important reason why ARPES has played a ma- 
jor role is the highly anisotropic nature of the electronic excitations in the 
cuprates, which means that momentum resolved probes are desirable when 
attempting to understand these materials. 

It is satisfying to compare the earlier ARPES papers to more recent ones, 
and observe the remarkable progress the field has undergone. But this sat- 
isfaction must be tempered by the knowledge that the current literature is 
still full of unresolved issues. Undoubtedly, some of what is described here 
will be viewed in a new light in the future, and we will try to point out the 
contentious points, but the reader must keep in mind that the writers, by 
necessity, approach this task with their own set of biases. For a complemen- 
tary view, the reader is refered to the recent review by Damascelli, Shen and 
Hussain [2]. An earlier review of ARPES studies of high T c superconductors 
can be found in the book by Lynch and Olson [3]. 
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5.2 Basics of Angle— Resolved Photoemission 

The basics of angle-resolved photoemission have been described in detail in 
the literature [4]. We will limit ourselves to a brief review of some salient 
points, emphasizing those aspects of the technique which will be useful in 
understanding ARPES studies of high T c superconductors. We start by look- 
ing at a simple independent particle picture, and subsequently include the 
effects of strong interactions. 

The simplest model of ARPES is the three step model [5], which separates 
the process into photon absorption, electron transport through the sample, 
and emission through the surface. In the first step, the incident photon with 
energy hv is absorbed by an electron in an occupied initial state, causing it 
to be promoted to an unoccupied final state, as shown in Fig. 5.1a. There is 
conservation of energy, such that 

hv = BE + <P + ^kin > (5*1) 

where is the work function, and BE and E ki n are the binding and kinetic 
energies of the electron, respectively. We will not discuss the subsequent two 
steps of the three step model, photoelectron transport to the surface and 
transmission through the surface into the vacuum, as they only affect the 
number of emitted electrons, and thus the absolute intensity [4j. 




0JO2OI o 
Energy (eV) 



Fig. 5.1. a: Independent particle approximation view of ARPES; To the right is 
the resulting energy distribution curve (EDC); b: Experimental EDCs along a path 
in momentum space in Bi2212; c: Intensity map from these data 



The kinetic energy of the electrons is measured by an electron energy 
analyzer. If the number of emitted electrons is then plotted as a function 
of their kinetic energy, as shown in Fig. 5.1, peaks are found whenever an 
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allowed transition takes place. Eq. (5.1) then yields the kinetic energy of 
the electron if the work function is known. Measuring $ accurately is not a 
trivial task, but fortunately, in the case of a metallic sample one does not 
need to know By placing the sample in electrical contact with a good 
metal (e.g., polycrystalline gold) one can measure the binding energy in the 
sample with respect to the chemical potential (Fermi level Ef ) of Au. The 
photoemission signal from Au will simply be a Fermi function convolved with 
the experimental energy resolution, and from the mid point of its leading edge 
one estimates Ef. 

The existence of the sample surface breaks (discrete) translational in- 
variance in the direction normal to the surface. However, two-dimensional 
translational invariance in the the directions parallel to the surface is still 
preserved, and thus ky, the component of the electron momentum parallel 
to the surface, is conserved in the emission process. This allows us to obtain 
the in-plane momentum of the initial state by identifying it with the parallel 
momentum of the emitted electron 

7 / ± f - c\\ 

k || = y - — sin 9 cos 0 (5.2) 

of the outgoing electron emitted along the (9, <j>) direction with a kinetic 
energy £kin ? as shown in Fig. 5.2a. 

The momentum perpendicular to the sample surface k z is not conserved, 
and thus knowledge of the final state k£ does not permit one to say anything 
useful about the initial state k z z1 except in the case where ky = 0, in which case 
k\ — k[. We should emphasize that a given outgoing electron corresponds to a 
fixed, but apriori unknown, k\. In materials with three-dimensional electronic 
dispersion it is, of course, essential to fully characterize the initial state, and 
many techniques have been developed to estimate k\\ see Ref. [4]. Aside 
from making ky = 0 as described above, one can vary the incident photon 
energy hv thereby changing the kinetic energy of the outgoing electron. For 
fixed k|| this amounts to changing the initial state k z . (One also has to take 
into account the changes in intensity brought about by the photon energy 
dependence of the matrix elements). 

We will not be much concerned about methods of k z determination here, 
since the high T c cuprates are quasi-two-dimensional (2D) materials with, 
in many cases (e.g., Bi2212), no observable ^-dispersion. In fact, this makes 
ARPES data from 2D materials much easier to interpret, and is one of the 
reasons for the great success of the ARPES technique for the cuprates. In 
the remainder of this article, we will use the symbol k to simply denote the 
two-dimensional momentum parallel to the sample surface, unless explicitly 
stated otherwise. 

In the independent particle approximation, the ARPES intensity as a 
function of momentum k (in the 2D Brillouin zone) and energy u (measured 
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with respect to the chemical potential) is given by Fermi’s Golden rule as 

I(k,uj) oc KV’/I A • p \%l>i)\ 2 f(u;)8(uj — £k) , (5.3) 

where ^ and are the initial and final states, p is the momentum oper- 
ator, and A the vector potential of the incident photon [6]. Here f(u) = 
l/[exp(o;/T) + 1] is the Fermi function at a temperature T in units where 
h = k B = 1* It ensures the physically obvious constraint that photoemission 
only probes occupied electronic states. 

For noninteracting electrons, the emission at a given k is at a sharp energy 
ek corresponding to the initial state dispersion. As we will discuss below, 
the effect of interactions (either electron-electron or electron-phonon) is to 
replace the delta function by the one-particle spectral function, which is a 
non-trivial function of both energy and momentum. Although now the peaks 
will in general shift in energy and acquire a width, the overall intensity is still 
governed by the same matrix element as in the non-interacting case. Thus 
the lessons learned from studying general properties of the matrix elements 
are equally applicable in the fully interacting case. 



5.2.1 Matrix Elements and Selection Rules 



The dipole matrix element Mfi = Ap is in general a function of the 
the momentum k, of the incident photon energy hi /, and of the polarization 
A of the incident light. Here we discuss dipole selection rules which arise 
from very general symmetry constraints imposed on Mfi , and which are very 
useful in interpreting ARPES data. Our approach is a simplified version of 
Hermanson’s analysis [7]. 

Let the photon beam be incident along a plane of mirror symmetry of the 
sample (Ad), with detector placed in the same mirror plane; see Fig. 5.2(a). 
The final state must then be even with respect to reflection in Ad, because 
if it were odd the wave function would vanish at the detector. (For this 
discussion it is simpler to imagine changing the photon polarization, keeping 
the detector fixed. In the actual experiment, however, it is the polarization 
which is fixed and the detector is moved when checking dipole selection rules.) 

The dipole transition is allowed if the entire matrix element has an overall 
even symmetry. Thus two possibilities arise. (1) For an initial state 'ipi which 
is even with respect to Ad, the light polarization A must also be even, i.e. 
parallel to Ad. (2) For an initial state odd with respect to Ad, A must also 
be odd, i.e. perpendicular to Ad. This can be summarized as: 



{i’s I a • p 




^ i even (+| + |+) => A even , 
i odd (+| — j— ) =$> A odd . 



(5.4) 



Consider hybridized Cu3d-02p initial states, as shown in Fig. 5.2(b), 
which have a d x 2__ y 2 symmetry about a Cu site. These states are even under 
reflection in (0, 0) — (7r, 0) (i.e. the plane defined by this symmetry axis and 
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Fig. 5.2. (a) Arrangement of the photon beam and detector in order to make 
use of the photoemission selection rules, (b) Symmetry of the Cu 3 d x 2_ 3/ 2 orbitals 
hybridized with the 02 p orbitals, (c) EDCs showing the symmetry of the orbitals 
in (b) obtained at hu =22 eV 



the z-axis) and odd with respect to (0,0) — (7r,7r). Therefore, measurement 
along the (0, 0) - (7 r, 0) direction will be dipole-allowed (forbidden) if the po- 
larization vector A is parallel (perpendicular) to this axis. Fig. 5.2(c) shows 
that, consistent with an initial state which is even about (0,0) — (7r,0), the 
signal is maximized when A lies in the mirror plane and minimized when 
A is perpendicular to this plane. (The reasons for small non— zero intensity 
in the dipole forbidden geometry are the small, but finite, k— window of the 
experiment and the possibility of a small misalignment of the sample) . Sim- 
ilarly, we have checked experimentally (for Bi2212 in the Y-quadrant where 
there are no superlattice complications) that the initial state is consistent 
with odd symmetry about (0, 0) - (n, 1 r) (see also Ref. [8]). 

While the dipole matrix elements are strongly photon energy dependent, 
the selection rules are, of course, independent of photon energy. This has 
been checked by measurements at 22 eV and 34 eV. [9] All of these results 
are consistent with the fact that we are probing Cu3d-02p initial one-electron 
states with d x 2_ y 2 symmetry. We will see below that these selection rules are 
extremely useful in disentangling the main CuC>2 “band” from its umklapp 
images due to the superlattice in Bi2212. 

5.2.2 The One-Step Model 

The three-step model of photoemission gives a very useful zeroth order de- 
scription of the photoemission process, but it needs to be put on a firmer 
footing, both as regards the calculation of photoemission intensities from 
ab-initio electronic structure calculations, and also for developing a deeper 
understanding of how many-body effects influence ARPES spectra. We now 
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briefly review the so called “one-step” model of photoemission with these 
goals in mind. 

Ever since Hertz and Hallwachs discovered photoemission [10], it is known 
that the photo-electron current at the detector is proportional to the inci- 
dent photon flux, i.e., to the square of the vector potential. Thus photoe- 
mission measures a nonlinear response function, and the relevant correla- 
tion function is a three current correlator, as first emphasized by Schaich 
and Ashcroft [11]. It is instructive to briefly review their argument. As in 
standard response function calculations, let’s look at an expansion of the 
current at the detector (the response) in powers of the vector potential of 
incident photons (the perturbation). Let R be the location of the detec- 
tor in vacuum and r denote points inside the sample. The zeroth order 
contribution (0|.7 a (R,£)|0) vanishes as there are no currents flowing in the 
ground state |0) of the unperturbed system. The linear response also van- 
ishes, with (0|j a (R, t)jp(r,t f )\Q) = 0 and (Ol^r^^R, £)|0) = 0, since 
there are no particles at the detector, in absence of the electromagnetic field, 
and ^(R, t)\0) = 0. Thus the leading term which survives is 

(j 7 (R, t)) oc J dr' dt' dr" dt" A a (r r ,t')Ap{r" ,t") 

x(0|j a (i^,Oj7(R.^>(r ,, ,O|0> , (5.5) 

where only current operators inside the sample act on the unperturbed ground 
state on either side and the current at the detector is sandwiched in between. 

The three current correlation function can be represented by the triangle 
diagram shown in Fig. 5.3(A) [12], where the line between the two external 
photon vertices is the Greens function of the “initial state” or “photo-hole” 
and the two lines connecting the photon vertex to the current at the detector 
represent the “photo-electron” which is emitted from the solid. There is a 
large literature on the evaluation of the (bare) triangle diagram incorporat- 
ing the results of ab-initio electronic structure calculations of a semi-infinite 
solid, including the effects of realistic surface termination and multiple scat- 
tering effects in the photo-electron final states. Detailed calculations using 
this formalism were first carried out by Pendry [13] for a system with one 
atom per unit cell, and later generalized to more complex crystals [14-16]. 

This approach is very reliable for calculating photoemission intensities, 
and gives important information about “matrix element effects”, i.e., the 
dependence of the ARPES intensity on k, and on the incident photon energy 
and polarization. (It does not, however, shed light on the many-body aspects 
of the lineshape). Such ab-initio methods have been extensively used by 
Bansil, Lindroos and coworkers [17] for the high T c cuprates. 

As an example of the usefulness of ab-initio methods, we show the com- 
parison between the observed and calculated ARPES intensities for YBCO 
in Fig. 5.4. Since the calculated intensity is a sensitive function of the ter- 
mination plane, such a comparison suggests that the crystal breaks at the 
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Fig. 5.3. Diagrams contributing to the three-current correlator of ARPES. The 
physical processes that each diagram represents is discussed in the text 



chains, a conclusion later confirmed by STM measurements [18]. In fact, it 
was the complexity of the termination in YBCO, plus the fact that none of 
the possible cleavage planes of YBCO are charge neutral, and thus involve 
significant charge transfer, that convinced us to focus primarily on the Bi- 
based cuprates (Bi2212 and Bi2201). These materials have two adjacent BiO 
planes which are van der Waals bonded, and thus cleavage leads to neutral 
surfaces which are not plagued by uncontrolled surface effects. The highly 
two-dimensional Bi-based cuprates are thus ideal from the point of view of 
ARPES studies. 

5.2.3 Single-Particle Spectral Function 

Although the one step model gives a reasonable interpretation of the overall 
intensity in the photoemission process, much of what we really want to learn 
from the experiment relates to the spectral lineshape , which, as we will show, 
is strongly influenced by correlations. We must then ask ourselves the impor- 
tant question of how the initial state lineshape enters the ARPES intensity 
and to what extent this is revealed in the observed lineshape. Although a 
fully rigorous justification of a simple interpretation of ARPES spectra is not 
available at the present time, a reasonable case can be made for analyzing 
the data in terms of the single particle spectral function of the initial state. 

We begin by considering the various many-body renormalizations of the 
bare triangle diagram which are shown in Fig. 5.3. These renormalizations 
can arise, in principle, from either electron-phonon or electron-electron in- 
teractions. These self energy effects and vertex corrections are easy to draw, 
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Fig. 5.4. Comparison of the photoemission intensity of states along the zone diag- 
onal in YBCO with (a) even polarization and (b) odd polarization, showing that 
this state is odd with respect to reflection about the diagonal to the Cu-O bond 
direction, (c) Comparison of the photoemission intensity to the observed one as a 
function of polarization. The detailed polarization comparison gives confidence to 
the interpretation of the observed peak as arising from the Cu-O plane states 



but impossible to evaluate in any controlled calculation. Nevertheless, they 
are useful in obtaining a qualitative understanding of the the various pro- 
cesses and estimating their relative importance. Diagram (B) represents the 
self-energy corrections to the occupied initial state that we are actually in- 
terested in studying; (C) and (D) represent final state line-width broadening 
and inelastic scattering; (E) is a vertex correction that describes the interac- 
tion of the escaping photo-electron with the photo-hole in the solid; (F) is 
a vertex correction which combines features of (D) and (E). (An additional 
issue in a quantitative theory of photoemission is related to the modification 
of the external vector potential inside the medium, i.e., renormalizations of 
the photon line. These are considered in detail in Ref. [17]). 

If the sudden approximation is valid, we can neglect the vertex correc- 
tions: the outgoing photo-electron is moving so fast that it has no time to 
interact with the photo-hole. Let us make simple time scale estimates for 
the cuprates with 15 - 30 eV (ultraviolet) incident photons. The time t spent 
by the escaping photo-electron in the vicinity of the photo-hole is the time 
available for their interaction. A photoelectron with a kinetic energy of (say) 
20 eV has a velocity v = 3 x 10 8 cm/s. The relevant length scale, which is the 
smaller of the screening radius (of the photo-hole) and the escape depth, is 
~ 10A. Thus t = 3 x 10~ 16 s, which should be compared with the time scale 
for electron-electron interactions (which are the dominant source of interac- 
tions at the high energies of interest): t ee = ( 2ir)/ujp = 4x 10 -15 s, using a 
plasma frequency uj p = 1 eV for the cuprates (this would be even slower if 
c-axis plasmons are involved). If t <C t ee , then we can safely ignore vertex 
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corrections. From our very crude estimate t/t ee = 0.1, so that the situation 
with regard to the validity of the impulse approximation is not hopeless, but 
clearly, experimental checks are needed, and we present these in the next 
subsection. 

Very similar estimates can be made for renormalizations of the outgo- 
ing photo-electron due to its interaction with the medium; again electron- 
electron interactions dominate at the energies of interest. The relevant length 
scale here is the escape depth, which leads to a process of self-selection: those 
electrons that actually make it to the detector with an appreciable kinetic 
energy have suffered no collisions in the medium. Such estimates indicate 
that the “inelastic background” must be small and we will show how to ex- 
perimentally obtain its precise dependence on k and uj later. 

Finally, one expects that final state linewidth corrections are small for 
quasi-2D materials based on the estimates made by Smith et al. [19] In fact, 
this is yet another reason for the ease of interpreting ARPES data in quasi- 
2D materials. A clear experimental proof that these effects are negligible 
for Bi2212 will be presented later, where it will be seen that deep in the 
superconducting state, a resolution limited leading edge is obtained for the 
quasiparticle peak. 

5.2.4 Spectral Functions and Sum Rules 

Based on the arguments presented in the preceding subsection, we assume 
the validity of the sudden approximation and ignore both the final-state 
linewidth broadening and the additive extrinsic background. Then (B) is the 
only term that survives from all the terms described in Fig. 5.3 and the 
ARPES intensity is given by [20,21] 

7(k, uj) = J 0 (k)/(a,)A(k, uj) , (5.6) 

where k is the initial state momentum in the 2D Brillouin zone and uj the 
energy relative to the chemical potential. The prefactor 7o(k) includes all the 
kinematical factors and the square of the dipole matrix element (shown in Eq. 
(5.3)), f(uj) is the Fermi function, and A(k,u;) is the one-particle spectral 
function which will be described in detail below. 

We first describe some general consequences of Eq. (5.6) based on sum 
rules and their experimental checks. The success of this strategy employed 
by Randeria et al. [21] greatly strengthens the case for a simple A(k,u;) 
interpretation of ARPES data. 

The one-particle spectral function represents the probability of adding or 
removing a particle from the interacting many-body system, and is defined 
as A(k, uj) — — (l/7r)ImG(k,a; + 20 + ) in terms of the Green’s function. It can 
be written as the sum of two pieces A(k,u;) = A-(k,uj) + A+(k,u>), where 
the spectral weight to add an electron to the system is given by A+(k,uj) = 
Z~ x J2m,n e~^ m |(n|c]jm)| 2 5(a; + £m — £n), and that to extract an electron 
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is A_(k,w) - Z 1 Z) m)n e ^ £rn \(n\c\ s \m)\ 2 8 {uj + £ n - £ m ). Here |m> is an 
exact eigenstate of the many-body system with energy £ m , Z is the partition 
function and (3 = 1/T. It follows from these definitions that A-(k,uj) = 
f(uj)A(k,uj) and A+(k,u;) = [1 — /(a;)] A{k,uj), where /( uj) = l/[exp(/?a;) + 
1] is the Fermi function. Since an ARPES experiment involves removing an 
electron from the system, the simple golden rule Eq. (5.3) can be generalized 
to yield an intensity proportional to A- (k, uj) 

We now discuss various sum rules for A(k,cj) and their possible relevance 
to ARPES intensity I(k,uj). While the prefactor Iq depends on k and also on 
the incident photon energy and polarization, it does not have any significant 
uj or T dependence. Thus the energy dependence of the ARPES lineshape and 
its T dependence are completely characterized by the spectral function and 
the Fermi factor. The simplest sum rule dujA(k, uj) = 1 is not useful for 
ARPES since it involves both occupied (through ) and unoccupied states 
(A+). Next, the density of states (DOS) sum rule A(k,u;) = N(uj) is 
also not directly useful since the prefactor 1$ has very strong k-dependence. 
However it may be useful to k-sum ARPES data N p (uj) = / 0 (k)^.(k,u;) 

in an attempt to simulate the angle-integrated photoemission intensity. 

The important sum rule for ARPES is 

/ +oo 

<kjf(cj)A(k,u>) - n(k), (5.7) 

-OO 

which directly relates the energy-integrated ARPES intensity to the momen- 
tum distribution n(k) = (c k Ck). (The sum over spins is omitted for simplic- 
ity). Somewhat surprisingly, the usefulness of this sum rule has been over- 
looked in the ARPES literature prior to Ref. [21]. 

We first focus on the Fermi surface k = kp. One of the major issues, that 
we will return to several times in the remainder of this article, will be the 
question of how to define “k p n at finite temperatures in a strongly correlated 
system which may not even have well-defined quasiparticle excitations, and 
how to determine it experimentally. For now, we simply define the Fermi 
surface to be the locus of gapless excitations in k-space in the normal state, 
so that A{ k^, uj) has a peak at uj = 0. 

To make further progress with Eq. (5.7), we need to make a weak particle- 
hole symmetry assumption: A(kp, — a;) = A(kp,oj) for “small” uj, where 
“small” means those frequencies for which there is significant T-dependence 
in the spectral function. It then follows that [21] dn(kp)/dT = 0, i.e., the in- 
tegrated area under the EDC at kp is independent of temperature. To see this, 
rewrite Eq. (5.7) asn(kp) = | — ^ / 0 °° du;tanh (uj/2T) [A(kF,o;) — A( kp, —a;)] 
and take its T-derivative. It should be emphasized that we cannot say any- 
thing about the value of n(kjp), only that it is T-independent. (A much 
stronger assumption, A(kp, — uj) = ^.(ki^u;) for all uj, is sufficient to give 
n(kp) = 1/2 independent of T). We emphasize the approximate nature of 
the kF-sum-rule since there is no exact symmetry that enforces it. 
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We note that we did not make use of any properties of the spectral func- 
tion other than the weak particle-hole symmetry assumption, and to the 
extent that this is also valid in the superconducting state, our conclusion 
dn(k F )/dT = 0 holds equally well below T c . There is the subtle issue of the 
meaning of “kp” in the superconducting state. In analogy with the Fermi 
surface as the “locus of gapless excitations” above T c , we can define the “min- 
imum gap locus” below T c . We will describe this in great detail in Section 
5.1 below; it suffices to note here that “kp” is independent of temperature, 
within experimental errors, in both the normal and superconducting states 
of the systems studied thus far [22]. 




0.10 0.05 0.00 0 20 40 60 so too m 
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Fig. 5.5. (a) ARPES spectra for Bi2212 at the kp point shown in the zone inset 
in the normal and superconducting states, (b) Integrated intensity as a function of 
temperature at the same k point 



In Fig. 5.5(a) we show ARPES spectra for near-optimal Bi2212 ( T c = 87 
K) at kp along ( 71 -, 0) to (7r,7r) at two temperatures: T — 13 K, which is 
well below T c , and T = 95 K, which is in the normal state. The two data 
sets were normalized in the positive energy region, which after normalization 
was chosen to be the common zero baseline. (The essentially ^-independent 
emission at positive energies, which is not cut-off by the Fermi function, is 
due to higher harmonics of the incident photon beam, called “second order 
light”). For details, see Ref. [21]. 

In Fig. 5.5(b) we plot the integrated intensity as a function of T and find 
that, in spite of the remarkable changes in the lineshape from 95K to 13K, 
the integrated intensity at kp is very weakly T-dependent, verifying the sum 
rule dn(k F )/dT = 0. The error bars come from the normalization due to the 
low count rate in the u > 0 background. 
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Let us discuss several other potential complications in testing the T- 
independence of the integrated intensity at kp. Note that matrix elements 
have no effect on this result, since they are T-independent. The same is true 
for a T-independent additive extrinsic background. In an actual experiment 
the observed intensity will involve convolution of Eq. (5.6) with the energy 
resolution and a sum over the k-values within the momentum window. While 
energy resolution is irrelevant to an integrated quantity, sharp k-resolution 
is of the essence. 

The T-independence of the integrated intensity is insensitive to the choice 
of the integration cutoff at negative a;, provided it is chosen beyond the dip 
feature. It has been observed experimentally that the normalized EDCs at 
ki? have identical intensities for all u < — lOOmeV. This is quite reasonable, 
since we expect the spectral functions to be the same for energies much larger 
than the scale associated with superconductivity. The fact that one has to go 
to lOOmeV (much larger than T c ~ 10 meV) in order to satisfy the sum rule 
suggests that electron-electron interactions are involved in superconductivity. 



5.2.5 Analysis of ARPES Spectra: EDCs and MDCs 

In the preceding subsections we have presented evidence in favor of a simple 
spectral function interpretation of ARPES data on the quasi 2D high T c 
cuprates. In the process, we saw that the ARPES intensity in Fig. 5.5 has 
a nontrivial lineshape which has a significant temperature dependence. We 
now introduce some of the basic ideas which will be used throughout the rest 
of the article to analyze and understand the ARPES lineshape. 

The one-electron Green’s function can be generally written as G~ x (k, lj) = 
Gq 1 ( k,u>) — S(k ,cu) where Go(k,u) = l/[u; — £k] is the Green’s function of 
the noninteracting system, £k is the “bare” dispersion, and the (complex) 
self-energy £(k,w) = U'(k,us) + 2i7"(k,a;) encapsulates the effects of all the 
many-body interactions. Then using its definition in terms of ImG, we obtain 
the general result 



A(k,u>) = - 



S"(k, u) 



* [u - e k - Z'(b,u>)r + [£"(k, w)]' 



(5.8) 



We emphasize that this expression is entirely general, and does not make 
any assumptions about the validity of perturbation theory or of Fermi liquid 
theory. 

New electron energy analyzers, which measure the photoemitted inten- 
sity as a function of energy and momentum simultaneously, allow the direct 
visualization of the spectral function, as shown in Fig. 5.6, and have also 
suggested new ways of plotting and analyzing ARPES data. 

(a) In the traditional energy distribution curves (EDCs), the measured in- 
tensity I( k, uj) is plotted as a function of u (binding energy) for a fixed value 
of k; and 
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(b) In the new [23] momentum distribution curves (MDCs), I(k,u) is plotted 
at fixed a; as a function of k. 






kCir/a* rc/a) Energy (eV) 



Fig. 5.6. (a) The ARPES intensity as a function of k and w at /u/=22eV and 
T=40K. main is the main band, and SL a superlattice image, (b) A constant u> cut 
(MDC) from (a), (c) A constant k cut (EDC) from (a). The diagonal line in the 
zone inset shows the location of the k cut; the curved line is the Fermi surface. 



Until a few years ago, the only data available were in the form of EDCs, 
and even today this is the most useful way to analyze data corresponding to 
gapped states (superconducting and pseudogap phases). These analyses will 
be discussed in great detail in subsequent sections. We note here some of the 
issues in analyzing EDCs and then contrast them with the MDCs. First, note 
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that the EDC lineshape is non-Lorentzian as a function of uj for two reasons. 
The trivial reason is the asymmetry introduced by the Fermi function /( in) 
which chops off the positive in part of the spectral function. (We will discuss 
later on ways of eliminating the effect of the Fermi function). The more sig- 
nificant reason is that the self energy has non-trivial in dependence and this 
makes even the full A(k, in) non-Lorentzian in in as seen from Eq. (5.8). Thus 
one is usually forced to model the self energy and make fits to the EDCs. At 
this point one is further hampered by the lack of detailed knowledge of the ad- 
ditive extrinsic background which itself has ^-dependence. (Although, as we 
shall see, the MDC analysis give a new way of determining this background). 

The MDCs obtained from the new analyzers have certain advantages in 
studying gapless excitations near the Fermi surface [23-25]. In an MDC the 
intensity is plotted as a function of k varying normal to the Fermi surface in 
the vicinity of a fixed ki?(0), where 0 is the angle parametrizing the Fermi 
surface. For k near we may linearize the bare dispersion £k — v F (k — fcp)> 
where v° F {0) is the bare Fermi velocity. We will not explicitly show the 0 
dependences of kp, v Fl or other quantities considered below, in order to 
simplify the notation. 

Next we make certain simplifying assumptions about the remaining k- 
dependences in the intensity 7(k, in). We assume that: (i) the self-energy £ 
is essentially independent of k normal to the Fermi surface, but can have 
arbitrary dependence on 0 along the Fermi surface; and (ii) the prefactor 
7o(k) does not have significant k dependence over the range of interest. It 
is then easy to see from Eqs. 5.6 and 5.8 that 7(k,cn) plotted as function k 
(with fixed in and 6) has the following lineshape. The MDC is a Lorentzian: 

(a) centered at k = kF 4* [in — £'(uj)\/vp; with 

(b) width (HWHM) W M = \E"(u>)\/v%. 

Thus the MDC has a very simple lineshape, and its peak position gives the 
renormalized dispersion, while its width is proportional to the imaginary self 
energy. The consistency of the assumptions made in reaching this conclusion 
may be tested by simply checking whether the MDC lineshape is fit by a 
Lorentzian or not. Experimentally, excellent Lorentzian fits are invariably 
obtained (except when one is very near the bottom of the “band” or in a 
gapped state [26]). 

Finally, note that the external background in the case of MDCs is also 
very simple. One can fit the MDC (at each in) to a Lorentzian plus a constant 
(at worst Lorentzian plus linear in k) background. From this one obtains the 
value of the external background including its in dependence. Now this in- 
dependent background can be subtracted off from the EDC also, if one wishes 
to. Note that estimating this background was not possible from an analysis 
of the EDCs alone. 
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5-3 The Valence Band 



The basic unit common to all cuprates is the copper-oxide plane, CuO 2 . Some 
compounds have a tetragonal cell, a = 6, such as the Tl compounds, but most 
have an orthorhombic cell, with a and b differing by as much as 3% in YBCO. 
There are two notations used in the literature for the reciprocal cell. The one 
used here, appropriate for Bi2212 and Bi2201, has T — M along the Cu — O 
bond direction, with M = (tt, 0), and r — X(Y) along the diagonal, with 
Y = (7r,7r). The other notation, appropriate to YBCO, has r — X(Y) along 
the Cu — O bond direction and T — S along the diagonal. This difference 
occurs because the orthorhombic distortion in one compound is rotated 45° 
with respect to the other. The main effect of the orthorhombicity in Bi2212 
and Bi2201 is the superlattice modulation along the b axis, with Qsl parallel 
to r~ Y. Except when refering to this modulation, we will assume tetragonal 
symmetry in our discussions. For a complete review of the electronic structure 
of the cuprates, see Ref. [27]. 

The Cu ions are four fold coordinated to planar oxygens. Apical (out of 
plane oxygens) exist in some structures (LSCO), but not in others. Either 
way, the apical bond distance is considerably longer than the planar one, 
so in all cases, the cubic point group symmetry of the Cu ions is lowered, 
leading to the highest energy Cu state having d x 2_ y 2 symmetry. As the atomic 
3d and 2 p states are nearly degenerate, a characteristic which distinguishes 
cuprates from other 3d transition metal oxides, the net result is a strong 
bonding-antibonding splitting of the Cu 3 d x 2_ y 2 and 0 2 pa states, with 
all other states lying in between. In the stochiometric (undoped) material, 
Cu is in a d 9 configuration, leading to the upper (antibonding) state being 
half filled. According to band theory, the system should be a metal. But 
in the undoped case, integer occupation of atomic orbitals is possible, and 
correlations due to the strong on-site Coulomb repulsion on the Cu sites leads 
to an insulating state. That is, the antibonding band “Mott-Hubbardizes” 
and splits into two, one completely filled (lower Hubbard band), the other 
completely empty (upper Hubbard band) [28]. 

On the other hand, for dopings characteristic of the superconducting state, 
a large Fermi surface is observed by ARPES (as discussed in the next sec- 
tion). Thus, to a first approximation, the basic electronic structure in this 
doping range can be understood from simple band theory considerations. The 
simplest approximation is to consider the single Cu 3 d x 2_ y 2 and two O 2 p 
(x,y) orbitals. The resulting secular equation is [29] 

( €d 2 1 sin (k x a) —2 1 sin (k y a) \ 

2tsin(k x a) e p 0 J , (5.9) 

—2tsm(k y a) 0 e p J 

where is the atomic 3d orbital energy, e p is the atomic 2 p orbital energy, 
and t is the Cu-0 hopping integral. Diagonalization of this equation leads to 
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a non-bonding eigenvalue E nb = e p , and 

E± = €p ^ 6rf ± y (-~ 2 €d ) 2 + 4£ 2 (sin 2 (fc a a) + sin 2 (fc y a)) , (5.10) 

where + refers to antibonding, - to bonding. This dispersion is shown in Fig. 
5.7(a) 



(a) (b) < . * (c) 




Fig. 5.7. (a) Simple three band estimate of the electronic structure of the Cu- 
O plane states; (b) EDC showing the whole valence band at the (7r, 0) point; c) 
Intensity map of the whole valence band obtained by taking the second derivative of 
spectra such as the one in (b). The orbitals in (b) are based on the three band model, 
where black and white lobes corresponding to positive and negative wavefunctions 



In Fig. 5.7(b), we show an ARPES spectrum obtained at the (7r, 0) point 
of the Brillouin zone for Bi2212. Three distinct features can be observed: 
the bonding state at roughly -6eV, the antibonding state near the Fermi 
energy, and the rest of the states in between. This rest consists of the non- 
bonding state mentioned above, as well as the remainder of the Cu 3 d and O 
2 p orbitals, plus states originating from the other (non Cu-O) planes. It is 
difficult to identify all of these “non-bonding” states, as their close proximity 
and broadness causes them to overlap in energy. Perhaps surprisingly, the 
overall picture of the electronic structure of the valence band has the structure 
that one would predict by the simple chemical arguments given above, as 
shown in Fig. 5.7(c). The most important conclusion that one can derive 
from Fig 5.7 is the early prediction by Anderson [30], namely that there is a 
single state relevant to transport and superconducting properties. This state, 
the antibonding state in Fig 5.7, is well separated from the rest of the states, 
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and therefore any reasonable theoretical description of the physical properties 
of these novel materials should arise from this single state. 

Despite these simple considerations, correlation effects do play a major 
role, even in the doped state. The observed antibonding band width is about 
a factor of 2-3 narrower than that predicted by band theory [31]. In fact, the 
correlation effects are the ones we are most interested in, as they give rise to 
the many unusual properties of the cuprates, including the superconducting 
state. 

As mentioned above, in the magnetic insulating regime, the picture is 
quite different. The antibonding band splits into two, with the chemical po- 
tential lying in the gap [32]. Upon doping with electrons or holes, the chemical 
potential would move up or down. One would then expect to observe small 
Fermi surfaces, hole pockets centered at (7r/2,7r/2) with a volume equal to 
the hole doping, x. These can be generated at the mean field level by folding 
Fig. 5.7(a) back into the magnetic zone with Q=(7r, 7r), and turning on an 
interaction, U e ff, between the two folded bands. This can be contrasted with 
the large Fermi surface of the unfolded case, typically centered at ( 7 r, ir) with 
a volume l-\-x. It is still an open question whether there is a continuous evo- 
lution between these two limits, or whether there is a discontinuous change 
at a metal-insulator transition point. In any case, a proper description of the 
electronic structure must take the strong electron-electron correlations into 
account, even in the superconducting regime. 

5.4 Normal State Dispersion and the Fermi Surface 

The Fermi surface is one of the central concepts in the theory of metals, 
with electronic excitations near the Fermi surface dominating all the low 
energy properties of the system. In this Section we describe the use of ARPES 
to elucidate the electronic structure and the Fermi surface of the high T c 
superconductors. 

It is important to discuss these results in detail because ARPES is the 
only experimental probe which has yielded useful information about the elec- 
tronic structure and the Fermi surface of the planar Cu-O states which are 
important for high T c superconductivity. Traditional tools for studying the 
Fermi surface such as the deHaas-van Alphen effect have not yielded useful 
information about the cuprates, because of the need for very high magnetic 
fields, and possibly because of the lack of well defined quasiparticles. Other 
Fermi surface probes like positron annihilation are hampered by the fact 
that the positrons appear to preferentially probe spatial regions other than 
the Cu-O planes. 

The first issue facing us is: what do we mean by a Fermi surface in a 
system at high temperatures where there are no well-defined quasiparticles? 
(Recall that quasiparticles, if they exist, manifest themselves as sharp peaks 
in the one-electron spectral function whose width is less than their energy, 
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and lead to a jump discontinuity in the momentum distribution at T = 0.) 
Clearly, the traditional T — 0 definition of a Fermi surface defined by the 
jump discontinuity in n( k) is not useful for the cuprates. First, the systems 
of interest are superconducting at low temperatures. But even samples which 
have low T c ’s have normal state peak widths at Ef which are an order of mag- 
nitude broader than the temperature [25,33]. If, as indicated both by ARPES 
and transport, sharp quasiparticle excitations do not exist above T c , there is 
no possibility of observing a thermally-smeared, resolution-broadened, dis- 
continuity in n(k). 

It is an experimental fact that in the cuprates ARPES sees broad peaks 
which disperse as a function of momentum and go through the chemical po- 
tential at a reasonably well-defined momentum. We can thus adopt a practi- 
cal definition of the “Fermi surface” in these materials as “the locus of gapless 
excitations” . 

Historically, the first attempts to determine the Fermi surface in cuprates 
were made on YBCO [34], however, surface effects as well as the presence of 
chains appear to complicate the picture, so we will focus principally on Bi2212 
and Bi2201, which have been studied the most intensively. Other cuprates 
which have also been studied by ARPES, include the electron-doped material 
NCCO [35] and, more recently, LSCO as a function of hole doping [36]. 

We discuss below various methods used for the determination of the spec- 
tral function peaks in the vicinity of Ef. In addition, we supplement these 
methods with momentum distribution studies, taking due care of matrix ele- 
ment complications. We will then discuss three topics: the extended saddle- 
point in the dispersion, the search for bilayer splitting in Bi2212, and (in 
Section 5.6.4) the doping dependence of the Fermi surface. 

5.4.1 Normal State Dispersion in Bi2212: A First Look 

We begin with the results obtained by using the traditional method of de- 
ducing the dispersion and Fermi surface by studying the EDC peaks as a 
function of momentum. This method was used for the cuprates by Cam- 
puzano et al. [34], Olson et al. [31], and Shen and Dessau [8], culminating in 
the very detailed study of Ding et al. [37]. The use of EDC peak dispersion 
has some limitations which we discuss below. Nevertheless, it has led to very 
considerable understanding of the overall electronic structure, Fermi surface, 
and of superlattice effects in Bi2212, and therefore it is worthwhile to review 
its results first, before turning to more refined methods. 

The main results of Ding et al. [37] on the electronic dispersion and the 
Fermi surface in the normal state ( T = 95K) of near-optimal OD Bi2212 
(T c = 87K) using incident photon energies of 19 and 22 eV are summarized 
in Fig. 5.8. The peak positions of the EDO’s as a function of k are marked 
with various symbols in Fig. 5.8(b). The filled circles are for odd initial 
states (relative to the corresponding mirror plane), open circles for even ini- 
tial states, and triangles for data taken in a mixed geometry (i.e. the photon 




186 J.C. Campuzano et al. 



polarization was at 45° to the mirror plane). The Fermi surface crossings cor- 
responding to these dispersing states are estimated from the k-point at which 
the EDC peak positions go through the chemical potential when extrapolated 
from the occupied side. The kF estimates are plotted as open symbols in Fig. 
5.8(a). 

We use the following square lattice notation for the 2D Brillouin zone of 
Bi2212: is along the CuO bond direction, with r = (0,0), M = ( 7 r, 0), 

X = (7r, — 7r) and Y — (7r,7r) in units of 1/a*, where a* = 3.83A is the 
separation between near-neighbor planar Cu ions. (The orthorhombic a axis 
is along X and b axis along Y ). 




Fig. 5.8. Fermi surface (a) and dispersion (b) obtained from normal state measure- 
ments. The thick lines are obtained by a tight binding fit to the dispersion data 
of the main band with the thin lines (0.217T, 0.2l7r) umklapps and the dashed lines 
(7r,7r) umklapps of the main band. Open circles in (a) are the data. In (b), filled 
circles are for odd initial states (relative to the corresponding mirror plane), open 
circles for even initial states, and triangles for data taken in a mixed geometry. The 
inset of (b) is a blowup of rX 
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In addition to the symbols obtained from data in Fig. 5.8, there are also 
several curves which clarify the significance of all of the observed features. The 
thick curve in Fig. 5.8(b) is e(k), a six-parameter tight-binding fit [38] to the 
dispersion data in the F-quadrant; this represents the main CuC >2 “band”. 
It cannot be overemphasized that, although this dispersion looks very much 
like band theory (except for an overall renormalization of the bandwidth by 
a factor of 2 to 3), the actual normal state lineshape is highly anomalous. As 
discussed in Section 5.7 below, there are no well defined quasiparticles in the 
normal state. 

The thin curves in Fig. 5.8(b) are e(k±Q), obtained by shifting the main 
band fit by ±Q respectively, where Q = (0.217T, 0.2l7r) is the superlattice (SL) 
vector known from structural studies [39]. We also have a few data points 
lying on a dashed curve e(k + K^) with = (tt, 7 r ); this is the “shadow 
band” discussed below. 

The thick curve in Fig. 5.8(a) is the Fermi surface contour obtained from 
the main band fit, while the Fermi surfaces corresponding to the SL bands are 
the thin lines and that for the shadow band is dashed. It is very important to 
note that the shifted dispersion curves and Fermi surfaces provide an excellent 
description of the data points that do not lie on main band. We note that the 
main Fermi surface is a large hole-like barrel centered about the (7r, n r) point 
whose enclosed area corresponds to approximately 0.17 holes per planar Cu. 
One of the key questions is why only one CuO main band is found in Bi2212 
which is a bilayer material with two CuO planes per unit cell. We postpone 
discussion of this important issue to end of this Section. 

The “shadow bands” seen above, were first observed by Aebi et al. [40] in 
ARPES experiments done in a mode similar to the MDCs by measuring as a 
function of k the intensity f Scj duf(u>)A( k, cj) integrated over a small range Sco 
near cj = 0. The physical origin of these “shadow bands” is not certain at the 
present time. They were predicted early on to arise from short ranged anti- 
ferromagnetic correlations [41]. In this case the effect should become stronger 
with underdoping toward the AFM insulator, for which there is little exper- 
imental evidence [42}. An alternative explanation is that the shadow bands 
are of structural origin: Bi2212 has a face-centered orthorhombic cell with 
two inequivalent Cu sites per plane, which by itself could generate a (n, i r) 
foldback. Interestingly, it has been recently observed that the shadow band 
intensity is maximal at optimal doping [43]. 

We now turn to the effect of the superlattice (SL) on the ARPES spectra. 
This is very important, since a lack of understanding of these effects has led 
to much confusion regarding such basic issues as the Fermi surface topology 
(see below), and the anisotropy of the SC gap (see Section 5.5). The data 
strongly suggest [44] that these “SL bands” arise due to diffraction of the 
outgoing photoelectron off the structural superlattice distortion (which lives 
primarily) on the Bi-O layer, thus leading to “ghost” images of the electronic 
structure at ek±Q. 
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We emphasize the use of polarization selection rules (discussed in Sec- 
tion 5.2.1) for ascertaining various important points. First, we use them to 
carefully check the absence of a Fermi crossing for the main band along 
(0,0) — (tt, 0), i.e. rM. Note that the Fermi crossing that we do see near 
(7r,0) along rM in Fig. 5.8(a) is clearly associated with a superlattice umk- 
lapp band, as seen both from the dispersion data in Fig. 5.8(b) and its 
polarization analysis. This Fermi crossing is only seen in the fM _L (odd) 
geometry both in our data and in earlier work [45] . Emission from the main 
d x 2_ y 2 band, which is even about fM, is dipole forbidden, and one only ob- 
serves a weak superlattice signal crossing Ef. (We will return below to newer 
data at different incident photon energies where the possibility of a Fermi 
crossing along fM is raised again). 

Second, we use polarization selection rules to disentangle the main and 
SL bands in the X-quadrant where the main and umklapp Fermi surfaces 
are very close together; see Fig. 5.8(a). The point is that rX (together 
with the 2 -axis) and, similarly FY, are mirror planes, and an initial state 
arising from an orbital which has d x 2_ y 2 symmetry about a planar Cu-site 
is odd under reflection in these mirror planes. With the detector placed in 
the mirror plane the final state is even, and one expects a dipole-allowed 
transition when the photon polarization A is perpendicular to (odd about) 
the mirror plane, but no emission when the polarization is parallel to (even 
about) the mirror plane. While this selection rule is obeyed along rY it is 
violated along rX. In fact this apparent violation of selection rules in the X 
quadrant was a puzzling feature of all previous studies [8] of Bi2212. It was 
first pointed out in Ref. [46], and then experimentally verified in Ref. [37], 
that this “forbidden” JHX|| emission originates from the SL umklapps. We 
will come back to the jTX|| emission in the superconducting state below. 

5.4.2 Improved Methods for Fermi Surface Determination 

We now discuss more recently developed methodologies for Fermi surface de- 
termination. The need for these improvements arises in part from the practi- 
cal difficulty of determining precisely where in k-space a state goes through 
Ef. This problem is particularly severe in the vicinity of the ( 7 r, 0) point of 
the zone where one is beset by the following complications in both Bi2201 
and 2212: 

(1) The normal state ARPES peaks are very broad. This has important im- 
plications about the (non-Fermi-liquid) nature of the the normal state, as 
discussed later (Section 5.7). 

(2) The electronic dispersion near (7T, 0) is anomalously flat (“extended saddle- 
point”). 

(3) In Bi2212 the superlattice structure complicates the interpretation of the 
data as described above. Fortunately this complication is greatly reduced in 
Pb-doped Bi2201 and 2212. 

(4) The final complication comes from the strong variation of the k-dependent 
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ARPES matrix elements with incident photon energy. This makes the use of 
changes in absolute intensity as a function of k to estimate Fermi surface 
crossings highly questionable. 

Note that the first two points are intrinsic problems intimately related 
to the physics of high T c superconductivity, the third is a material-specific 
problem, while the last is specific to the technique of ARPES. Nevertheless, 
all of these issues must be dealt with adequately before ARPES data on 
Bi2212 can be used to yield definitive results on the Fermi surface. 
Eliminating the Fermi function 

Recall that the peak of the EDC as a function of u corresponds to that of 
f(oj)A( k,u;), which in general does not coincide with the peak of the spectral 
function A(k, cu). If one has a broad spectral function, which at kp is centered 
about u) = 0, then the peak of the EDC will be at u < 0 (positive binding 
energy), produced by the Fermi function f(u) chopping off the peak of A, in 
addition to resolution effects. 

Since the goal is to study the dispersive peaks in A(k,u;), rather than in 
the EDC, one must effectively eliminate the Fermi function from the observed 
intensity. We present two ways of achieving this goal, and illustrate it with 
data on Bi2201 where it permits us to study the broad and weakly dispersive 
spectral peaks (points (1) and (2) above) near (7r,0) without the additional 
complication of the superlattice. 

One approach is simply to divide the data by the Fermi function; more 
accurately one divides the measured intensity 7(kp,cj) by f(u) * R(u;), the 
convolution of the Fermi function with the energy resolution. Although this 
does not rigorously give the spectral function (because of the convolution), 
this is a good approximation in situations where the energy resolution is very 
sharp. An excellent example of such an approach can be seen in the work 
of Sato et al. [47] on Pb-doped Bi2201 (Bii.8oPbo.3sSr2.oiCu06-5) which 
is overdoped with a T c < 4 K. In Fig. 5.9 we show the raw data in the 
vicinity of M at various temperatures in the left panel and the corresponding 
data “divided by the Fermi function” in the right panel. The “divided” data 
permits one to clearly observe the dispersion well above Ef particularly at 
high temperatures, and thereby identify the Fermi crossings with a great 
degree of confidence. 

An alternative approach [9] to eliminating the Fermi function is to sym- 
metrize the data. For each k define the symmetrized intensity by / sym (k J p, lj) = 
J(kp,u>) + /(kp, — w) = Io A S ymQtF,w). It is easy to show that I Bym (aj) will 
exhibit a local minimum, or dip, at u = 0 for an occupied k state, while it 
will show a local maximum at uj = 0 for an unoccupied k state. In practice, 
then, the Fermi crossing kp is determined as follows: All EDCs along a cut 
are symmetrized and kp is identified as the boundary in k-space between 
points where 7 sym has a local maximum versus a local minimum at u = 0. 
As shown in Ref. [9], these arguments work even in the presence of finite 
resolution effects. We note that this method, and the one presented above, 
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Fig. 5.9. Left panel: temperature dependence of ARPES intensity of OD Bi2201 
(T c < 4 K) along the (7r,0) — (7r,7r) cut. Right panel: same divided by the Fermi 
function at each temperature convoluted with a Gaussian of width 1 1 meV (energy 
resolution). Dotted lines show the energy above Ef at which the Fermi function 
takes a value of 0.03. The solid line in the 140 K data indicates the peak positions 
obtained by fitting with a Lorentzian 



for eliminating the Fermi function require a very accurate determination of 
the chemical potential (zero of binding energy) . 

In Fig. 5.10 we show the results [9] of a symmetrization analysis for an 
OD 23K Bi2201 (Bii.6Pbo.4Sr2Cu06-<5) sample. From the raw data along 
cuts parallel to (n, 0) to (7r,7r) (see Fig. 7 of Ref. [9]) and along (0,0) — ► 
(27T, 0) (shown in Fig. 5.10(d)) one sees broad peaks whose dispersion is very 
flat near (7r,0), thus making it hard to determine kp from EDC dispersion 
alone. Nevertheless, the symmetrized data provide completely unambiguous 
results: in the top panels (a,b, and c) of Fig. 5.10 we illustrate the use of 
symmetrized data to determine kp using the criterion described above. Two 
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Fig. 5.10. (a,b,c) Symmetrized EDCs along cuts parallel to (7r,0) to ( 7 r, 7 r) for OD 
23K Bi2201 at T — 25 K using hv = 22eV photons. The curve corresponding to 
kfr along each cut is determined as explained in the text and is shown by a thick 
line. The lower panel (d) shows EDCs along the (0,0) — ► (27 r, 0) direction; panel (e) 
shows symmetrized curves corresponding to the data in (d) and shows the absence 
of a Fermi surface crossing along (0,0) to (7r,0) 



other features about this analysis are worth noting. First, on approaching 
kp from the occupied side, resolution effects are expected to lead to a flat 
topped symmetrized spectrum. Second, one expects an intensity drop in the 
symmetrized spectrum upon crossing kp, assuming that matrix elements are 
not strongly k-dependent. Both of these effects are indeed seen in the data 
and further help in deducing ki?. 

It is equally important to be able to ascertain the absence of a Fermi 
crossing along a cut. In this respect, the raw data along (0, 0) — ( 7 r, 0) — (2w, 0) 
in Fig. 5.10(d)is difficult to interpret: the “flat band” remains extremely close 
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to Ef but does it cross Ef ? It is simple to see from the symmetrized data in 
Fig. 5.10(e) the answer is “no”. The symmetrized data do not show a peak 
centered at uj = 0 for any k, thus establishing the absence of a Fermi crossing 
along this cut. 

Intensity Plots 

A different method for determining the Fermi surface is to make a 2D plot 
as a function of k of f gu dujl(k,bj), the observed intensity integrated over a 
suitably chosen narrow energy interval Su about the Fermi energy. At first 
sight this seems to be a very direct way to find out the k-space locus on 
which the low energy excitations live. However, as we discuss below, one has 
to be very careful in interpreting such plots since one is now focusing on the 
absolute intensity of the ARPES signal, which can be strongly affected by the 
k-dependence of the photoemission matrix elements. 

This approach was pioneered in the cuprates by Aebi and coworkers [40], 
and in recent times with the availability of Scienta detectors with dense k- 
sampling it has been used by several groups [48-52]. We show as an example 
in Fig. 5.11 results from our group [51] on an optimally doped T c — 90K 
Bi2212 sample [53] using 33eV incident photons. 

Before commenting on the controversies about the Fermi surface crossing 
near the (n, 0) point, we first examine EDCs along the FY direction (middle 
panel of Fig. 5.11, where the left panel shows a two dimensional plot of the 
energy and momentum dependent intensity of photoelectrons along the FY 
cut). All of the features — main band (MB), superlattice umklapp bands 
(UB) and the shadow band (SB) — seen before [37] and discussed above are 
confirmed. We also see weaker, second order umklapps from the superlattice 
(corresponding to ±(0.42,0.42), twice the superlattice wavevector), which 
confirms the diffraction origin of the superlattice bands. 

We now turn to panels (c,d) of Fig. 5.11 where we plot the integrated 
intensity within a ±100 meV window about the chemical potential. We note 
the very rapid suppression of intensity beyond ~ 0.8FM [48], which does 
not occur in data taken with 22eV incident photons. This has led some 
authors [50, 54] to suggest the existence of an electron-like Fermi surface 
with a crossing at this point. However, Fretwell et al [51] and independently 
Borisenko et al [52] have argued that this Fermi crossing along (0, 0) to (?r,0) 
is actually due to one of the umklapp bands, and the near optimally doped 
Fermi surface is indeed hole like as earlier shown by Ding et al [37]. 

This can be seen most clearly in Pb-doped samples, where the umklapp 
bands are not visible. In Fig. 5.12, we show the Fermi energy intensity map 
of Borisenko et al [52], where the hole surface centered around ( 7 r, 7 r) and its 
shadow band partner are quite apparent. 

One of the main reasons for the controversy surrounding the topology 
of the optimal doped Fermi surface is the fact that data taken at different 
incident photon energies hv lead to different intensity patterns. Our asser- 
tion, based on Refs. [9,51], is that the superlattice umklapp band is more 
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Fig. 5.11. (a) Intensity 7(k,u;) and (b) EDCs along JTY measured on an optimally 
doped sample (T C =90K) at T=40K with 33 eV photons polarized along FX. (c) 
Integrated intensity (-100 to -f 100 meV) covering the X and Y quadrants of the 
Brillouin zone. Data were collected on a regular lattice of k points (spacing 1° along 
rX and 0.26° along FY). (d) Integrated intensity (d= 40 meV) as in (c), but in the 
normal state (T = 150K). Overlaid on (c) is the main band (black), ± umklapps 
(blue/red), and ± 2nd order umklapps (dashed blue/red lines) Fermi surfaces from 
a tight binding fit [38] 



noticeable at hu = 33eV compared with 22 eV since matrix element effects 
suppress the main band intensity at 33 eV. For a detailed discussion about 
how to discriminate between a main band and superlattice Fermi crossing, 
we refer the reader to the cited papers, and also to Refs. [9,37] for the use of 
polarization selection rules for this purpose. 

Matrix Element Effects 

There is an important general lesson to be learned from the above discussion 
which is equally relevant for the n(k) methods to be discussed below. Changes 
in the ARPES intensities (either integrated over a small energy window or 
over a large energy range) as a function of k can be strongly affected by 
matrix element effects. This is, of course, obvious from the expression for the 
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Fig. 5.12. Upper panel: Energy distribution map from the JH — ( 7 r, 7 r) direction 
in the Brillouin zone of Pb-doped BSCCO recorded at room temperature. Lower 
panel: momentum distribution map of Pb-doped BSCCO, recorded at room tem- 
perature (raw data). White horizontal dashed line represents a k^-EDC, vertical 
ones correspond to an Ejr-MDC. In both cases the gray scale represents the pho- 
toemission intensity as indicated. The inset shows the three dimensional (&*, &y,u;) 
space, which is probed in ARPES of quasi-2D systems (from Ref. [52]) 



the ARPES intensity: i*(k,u;) = io(k; is; A)/(u;)A(k,a;). The key question is: 
after integration over the appropriate range in a;, how do we differentiate 
between the k dependence coming from the matrix elements Iq (which we 
are not interested in per-se) from the k dependence coming from the spectral 
function? 

One possibility is to have a priori information about the matrix elements 
from electronic structure calculations [17]. But as we now show, even in the 
absence of such information, one can experimentally separate the effects of a 
strong k-variation of the matrix element from a true Fermi surface crossing. 
The basic idea is to exploit the fact that changing the incident photon energy 
one only changes the ARPES matrix elements and not the spectral function 
(or the resulting momentum distribution) of the initial states. 

We will use Bi2201 to illustrate our point since it has all the complications 
(points (1),(2) and (4)) listed above without the superlattice (point (3)). Fig. 
5.13 (a), from Ref. [9], shows the intensity (integrated over a large energy 
range) as a function of k for OD 23K Bi2201, and highlights the differences 
between data obtained at 22 eV and 34 eV incident photon energies. At 22 
eV the maximum intensity occurs close to (w, 0) and decreases both toward 
(0,0) and (7r,7r), while at 34 eV there is a strong depression of intensity on 
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approaching (7r, 0), resulting in a shift of the intensity maximum away from 

Prom the discussion of Section 5.2.4, we can write the integrated intensity 
as: /( k) = dujI(k,oj) = Io(k ; v\ A)n(k). We attribute this loss in inten- 
sity around ( 7 r, 0) at 34 eV seen in Fig. 5.13(a) to strong k-dependence of Io 
rather than n(k). Experimentally we prove this by showing that the EDCs 
at the same point in the Brillouin zone obtained at the two different photon 
energies show exactly the same lineshape, i.e. one can be rescaled onto the 
other as shown in Fig. 5.13(b). As an independent check of this, we have 
also shown that the symmetrization analysis leads to the same conclusion 
that there is no Fermi crossing along (0,0) — > (7r,0); see Fig. 9 of Ref. [9]. 




Energy (eV) 



Fig. 5.13. Bi2201-OD23K, (a) Integrated intensity (over the range is —500 to 100 
meV) along the (0, 0) — > ( 7 r, 0) — ► (7r, 7 r) directions for two incident photon energies 
hu =22 and 34 eV. (b) Comparison of the ARPES lineshape measured at 22 (dashed 
lines) and 34 eV (solid lines) at three different k points. One curve has been scaled 
by the multiplicative constant indicated to make it lie on top of the other 



For completeness, we note that another possible source of incident /in- 
dependence in ARPES is A; z -dispersion. If there was c-axis dispersion, differ- 
ent photon energies would probe initial states with different k z values con- 
sistent with energy conservation. However the scaling shown in Fig. 5.13(b) 
proves that it is the same two-dimensional (^-independent) initial state 
which is being probed in the data shown here, and the /^/-dependence arises 
entirely from the different final states that the matrix element couples to. 
Methods based on the Momentum Distribution 
Finally we turn to the use of the momentum distribution sum rule [21] 
(discussed in Section 5.2.4) in determining the Fermi surface. In principle, 
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locating the rapid variation of n(k) offers a very direct probe of the Fermi 
surface which we emphasize is not restricted to Fermi liquids. (The T = 0 
momentum distribution for known non-Fermi liquid systems, such as Lut- 
tinger liquids in one dimension, do show a inflection point singularity at kp.) 
However in practice, one needs to be very careful about the k-dependence of 
the matrix elements, as clearly recognized in the original proposal [21]. 

Here we discuss two approaches using the n(k) method to obtain infor- 
mation about the Fermi surface. The first method is to study the k-space 
gradient of the logarithm of the integrated intensity. The second method is 
to study the temperature-dependence of the integrated intensity and use the 
approximate sum rule [21] dn(kp)/dT = 0 discussed in Section 5.2.4. 

The gradient method was used in our early work [37,55] where kp was 
estimated from the location of max | Vk^(k)|. The same method has also been 
successfully used later by other authors [56,57]. In the presence of strong 
matrix element effects, it is even more useful to plot the magnitude of the 
logarithmic gradient: |Vk7(k)|//(k) which emphasizes the rapid changes in 
the integrated intensity. The logarithmic gradient filters out the less abrupt 
changes in the matrix elements and helps to focus on the intrinsic variations 
in n(k). 

As an example we show in Fig. 5.14 the results [9] of such an analysis 
for an OD OK Bi2201 sample. In the top panels (a) and (c) we show the 
integrated intensity J(k) around the (7r, 0) point obtained at two different 
photon energies: 22 eV and 28 eV respectively. In the lower panels 11(b) and 
(d), we plot |Vk7(k)|//(k). Note that there are large differences between the 
two top panels, due to different matrix elements at 22 eV and 28 eV. However, 
as explained above, the logarithmic gradients in the bottom panels, which 
are more influenced by the intrinsic n( k), are much more similar. The Fermi 
surface can be clearly seen as two high intensity arcs curving away from the 
( 7 r, 0) point. Once matrix element effects are taken care of, the Fermi surface 
results obtained at the two different photon energies are quite similar, and 
in good agreement with the results obtained from independent methods like 
symmetrization on the same data set [9]. 

Our final method for the determination of a Fermi crossing goes back to 
the sum rule [21] that we had introduced earlier, dn(kp)/dT = 0. Assuming 
that the matrix elements are T-independent on the temperature scales of 
interest, this immediately implies the integrated intensity at (and only at) 
k^ is T-independent. In Section 5.2.4, we had used this sum rule to get con- 
fidence in the validity of the single-particle spectral function interpretation 
of ARPES by verifying at kp assuming that k p was known (by some other 
means). Now we can invert the logic: we can look at the T dependence of 
the integrated intensity, and identify kp as that point in k-space where the 
integrated intensity is T-independent. This is illustrated in Fig. 5.15 from 
the work of Sato et al. [47], who determine k/r along the (7r,0) — (7r, 7 r) cut 
for a highly OD Bi2201 sample. The result is completely consistent with that 
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Fig. 5.14. Bi2201-OD0K: (a and c) Integrated intensity (over -350 to +50 meV) 
7(k) measured at hv =22 and 28 eV around the (7r,0) point. Notice that the in- 
tensity maximum depends strongly upon the photon energy hv .( b and d) Corre- 
sponding gradient of the logarithm, |Vk/(k)|/J(k), the maxima which correspond 
to Fermi crossings and clearly show that, independent of the photon energy , the 
Fermi surface consists of a hole barrel centered around ( 7 r, 7r) 



obtained by other methods, such as “division by the Fermi function” on the 
same sample (see Fig. 5.9). 

EDCs vs MDCs 

To conclude this discussion, let us note a very recent development for de- 
termining kp and the neai-Ef dispersion based on the MDCs, which are 
plots of the ARPES intensity as a function of k (in this case normal to the 
expected Fermi surface), at various fixed values of u. As shown in Section 
5.2.5, the MDC peak position in the vicinity of the Fermi surface, i.e, near 
(k = kp,u = 0) is given by: k = kp + [lj — 27' (u ))]/v%. 

Thus kp is determined by the peak location of the MDC at u = 0. The 
fully renormalized Fermi velocity vf = Vp/[1 — d£ r /du\ is given by the 
slope of the MDC peak dispersion. We note that the factor arising from 
the ^-dependence of the self-energy is already included in v®, so that v® = 
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Wave vector ( k ) 

Fig. 5.15. Temperature dependence of the integrated ARPES intensity /(k) along 
the (iz , 0) — (7r,7r) cut, obtained by integrating the ARPES intensity from -100 to 
100 meV. (An angle-integrated temperature-independent background is subtracted 
before integration) 



ybare [i _j_ k]. (To see this, note that the analysis of Section 5.2.5 can 

be easily generalized to retain the first order term dE'/de k without spoiling 
the Lorentzian lineshape of the MDC provided this fc-dependence does not 
enter E"). 

As discussed earlier, the above results derive from the Lorentzian line- 
shape of the MDC which arises when three conditions are satisfied: the matrix 
elements do not depend on k, the self energy does not depend on k (except 
for the (k — kp) variation of E f noted above) and dispersion can be linearized 
near the Fermi surface. The validity of these assumptions can be checked self- 
consistently by the Lorentzian MDC lineshape and the dispersion deduced 
from the data. 

The significance of this approach is that, as emphasized by Kaminski et 
al. [25], the dispersions of the EDC and MDC peak positions are actually 
different in the cuprates; see Fig. 5.54(a) in Section 5.7.7. This difference 
arises due to the non-Fermi liquid nature of the normal state, so that the 
EDC peak dispersion is not given by the condition u — v%{k - kp) - E f = 0 
but also involves in general E " . In contrast the MDC peak dispersion is 
rigorously described by the expression described above, and is much simpler 
to interpret. 

We expect that the MDC method for determining the dispersion and kp 
which has thus far been used mainly along the zone diagonal, will eventually 
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be the method of choice, except when one is very close to the bottom of the 
band where linearization fails. 

5.4.3 Summary of Results 

on the Optimally Doped Fermi Surface 

We have discussed a large number of methods for determination of the Fermi 
surface in Bi2201 and Bi2212 in the previous subsection. These include: (a) 
dispersion of EDC peaks through Ef, (b) dispersion of peaks after division 
by the Fermi function, (c) symmetrization, (d) maps of intensities at Ef , (e) 
gradient of n(k), (f) T-dependence of n(k), and (g) MDC dispersion. In addi- 
tion we also discussed using the /iz/-dependence of the data and polarization 
selection rules to eliminate matrix element effects and to identify superlattice 
Fermi crossings. 

The reader might well ask: why so many different methods? The reason 
is that the development of all of these methods has taken place to deal with 
the complications of accurately identifying the Fermi surface in the presence 
of the four problems listed at the beginning of the preceding subsection. 
Each method has its pros and cons, so that some, like (b) and (c) require 
very accurate Ef determination, which is not the case in (e) and (f) which 
use energy-integrated intensities. Most methods require dense sampling in k 
space, while method (f) requires in addition data at several temperatures. 

Given the complications of the problem at hand it is important to look for 
crosschecks and consistency between various ways of determining the Fermi 
surface. We believe that for optimally doped Bi2201 and 2212 there is un- 
ambiguous evidence for a single hole barrel centered about the ( 7 r, n) point 
enclosing a Luttinger volume of (1 + x) holes where x is the hole doping. 
We discuss further below the issues of the doping-dependence of the Fermi 
surface and of bilayer splitting in Bi2212. 

5.4.4 Extended Saddle Point Singularity 

The very flat dispersion near the ( 7 r, 0) point observed in all of the data is 
striking. Specifically, along (0, 0) to (71-, 0) there is an intense spectral peak 
corresponding to the main band, which disperses toward Ep but stays just 
below it. This is often called the “flat band” or “extended saddle point”, 
and appears to exist in all cuprates, though at different binding energies in 
different materials [8,45,58]. 

In our opinion this flat band is not a consequence of the bare electronic 
structure, but rather a many-body effect, because a tight-binding descrip- 
tion of such a dispersion requires fine-tuning (of the ratio of the next-near 
neighbour hopping to the near-neighbour hopping) which would be unnatural 
even in one material, let alone many. 

An important related issue is whether this flat band leads to a singular 
density of states. It is very important to recognize that, while Fig. 5.8(b) looks 
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like a conventional band structure, the dispersing states whose “peak posi- 
tions” are plotted are extremely broad, with a width comparable to binding 
energy, and these simply cannot be thought of as quasiparticles. This general 
point is true at all k’s, but specifically for the flat band region it has the effect 
of spreading out the spectral weight over such a broad energy range that any 
singularity in the DOS would be washed out. This is entirely consistent with 
the fact that other probes (tunneling, optics, etc.) do not find any evidence 
for a singular density of states either. 

5.4.5 Bilayer Splitting? 

On very general grounds, one expects that the two CUO 2 layers in a unit 
cell of Bi2212 should hybridize to produce two electronic states which are 
even and odd under reflection in a mirror plane mid-way between the layers. 
Where are these two states? Why then did we find only one main “band” 
and only one Fermi surface in Bi2212? 

Let us first recall the predictions of electronic structure calculations [59]. 
In systems like Bi2212, the intra-bilayer hopping as a function of the in- 
plane momentum k is of the form [29,60] t±(k) = —t z (cosk x — cosk y ) 2 . Thus 
the two bilayer states are necessarily degenerate along the zone diagonal. 
However they should have a maximum splitting at M = ( 7 r, 0) of order 0.25 
eV, which may be somewhat reduced by many-body interactions. 

Depending on the exact doping levels and on the presence of Bi-O Fermi 
surface pockets, which are neither treated accurately in the theory nor ob- 
served in the ARPES data, we must obtain one of the two following situations: 
(1) the bilayer antibonding (A) state is unoccupied while the bonding (B) 
state is occupied at (7T, 0). This would lead to an A Fermi crossing along 
(0,0) — (7r, 0) and a B Fermi crossing along (7r, 0) — ( 7 r, 7 r). As described at 
great length above we did not find evidence for a main band Fermi crossing 
along (0, 0) — ( 7 r, 0) at least for the near optimal doped sample, therefore this 
possibility is ruled out. 

(2) The second possibility is that both the A and B bilayer states are oc- 
cupied at the (7r, 0). In this case, there should be two (in principle, distinct) 
Fermi crossings along (7r,0) — (7r,7r), although they might be difficult to re- 
solve in practice. Nevertheless, one would definitely expect to see two distinct 
occupied states at the (7r, 0) point. Unfortunately, the normal state spectrum 
at (tt , 0) is so broad in the optimally doped and underdoped materials that it 
is hard to make a clear case for bilayer splitting. Thus an effort was made to 
search for this effect in the superconducting state at T < T c , when a sharp 
feature (quasiparticle peak) is seen (see Fig. 5.16) and one might hope that 
the bilayer splitting should be readily observable. 

The issue then is how to interpret the peak-dip-hump structure seen in 
the ARPES lineshape at (7r,0) in Fig. 5.16. The peak-dip-hump structure 
will be discussed at length in Section 5.7 below. Nevertheless, here we will 
briefly address the question of whether: (I) the peak and the hump are the 
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Fig. 5.16. Low temperature (T=13K) EDO’s of near optimal T c = 87K Bi2212 at 
(tTj 0) for various incident photon angles. The solid (dashed) line is 18° (85°) from 
the normal. The inset shows the height of the sharp peak for data normalized to 
the broad bump, at different incident angles 



two bilayer split states, which are resolved below T c once the peak becomes 
sharp? Or (II) is the non-trivial line shape due to many-body effects in a 
single spectral function A(k, u;)? 

Three pieces of evidence will be offered in favor of hypothesis (II) as 
opposed to (I), so that no bilayer spliting is observable even in the supercon- 
ducting state of near optimal doped Bi2212. The first evidence comes from 
studying the polarization dependence of the ARPES matrix elements. For 
case (I) there are two independent matrix elements which, in general, should 
vary differently with photon polarization A, and thus the intensities of the 
two features should vary independently as A is varied. On the other hand, for 
case (II), the intensities of the two features are governed by a single matrix 
element. As shown in Fig. 5.16 it was found in Ref. [37] that by varying the 
z-component of A, the peak and hump intensities scale together, and thus 
the peak-dip-hump are all part of a single spectral function for Bi2212. 

A second piece of evidence comes from a comparison [61] of the normal 
and superconducting state dispersions near the (tt, 0) point, which will be 
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discussed in detail in connection with Figs. 5.43 and 5.44 of Section 5.7.4. 
From these data, we argue that there is no evidence for a feature above T c , 
which would correspond to the dispersionless quasiparticle peak below T c . 
Thus the dispersionless peak must be of many-body origin. 

The third and final piece of evidence comes from both ARPES and SIS 
tunneling. In the ARPES data [62] shown in Fig. 5.50 of Section 5.7.6 one 
sees the striking fact that while the energy scales of both the quasiparticle 
peak and the (7r, 0) hump increase with underdoping, their ratio is essentialy 
doping independent. Since the location of the peak is the (maximum) super- 
conducting gap — as discussed in detail in Section 5.5 — the ( 7 r, 0) hump 
energy scales with the gap. SIS tunneling data also finds the same correlation 
on a very wide range of materials (including some which have a single CuO 
plane) whose gap energies vary by a factor of 30 [63]. This provides very 
strong evidence that both the peak and hump are related to many-body 
effects and not manifestations of bilayer spliting. 

We note that Anderson [64] had predicted that many-body effects within 
a single layer could destroy both the quasiparticles and the coherent bilayer 
splitting in the normal state. But why the splitting should not be visible in 
the superconducting state, where sharp quasiparticles do exist, is not clear 
from a theoretical point of view. 

Recently, the above picture has been challenged by a number of authors 
[65-67]. What has become clear is that bilayer splitting is indeed present for 
heavily overdoped Bi2212 samples, and has been seen now by several groups, 
including our own. In Fig. 5.17, we show (a) the bilayer split Fermi surfaces 
and (b) the bilayer split EDCs observed by the Stanford group for a heavily 
overdoped (T C =65K) Bi2212 sample. Note that the bilayer splitting can even 
be seen in the umklapp bands. The resulting dispersion is reproduced in Fig. 
5.18, where one sees that the momentum dependence of the splitting follows 
that expected from electronic structure considerations [29,60]. 

How this effect evolves as a function of doping, though, is still controver- 
sial. In particular, if it is present for optimal doping, it is difficult to resolve. 
Moreover, some authors who advocate bilayer splitting still argue that the 
peak/dip/hump structure in the superconducting state is largely a many- 
body effect [65] as we adovcate here. This is supported by the fact that the 
same lineshape is seen in trilayer Bi2223 [68], where one would expect three 
features if layer splitting were causing these effects. And similar lineshapes 
have been seen by tunneling in single layer systems, in support of a many- 
body interpretation. The reader is refered to Ref. [2], where the issue of 
bilayer splitting is discussed in greater detail than here. 

5.5 Superconducting Energy Gap 

In this Section, we will first establish how the superconducting (SC) gap man- 
ifests itself in ARPES spectra, and then directly map out its variation with k 
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Fig. 5.17. (a) Bilayer-split Fermi surfaces of heavily overdoped OD65; the two 
weaker features are their superstructure counter parts. Solid and dashed lines rep- 
resent the bonding and antibonding Fermi surfaces, respectively, (b) Normal state 
photoemission spectra of Bi2212 taken at ( n , 0) for three different doping levels. 
Data were taken with hv = 22.7 eV photon. Bars indicate identified feature posi- 
tions, and triangles indicate possible feature positions, (from Ref. [65]) 



along the Fermi surface. This is the only available technique for measuring the 
momentum dependence of the energy gap, and complements phase-sensitive 
tests of the order parameter symmetry [69]. Thus ARPES has played an im- 
portant role [70], [71] in establishing the d-wave order parameter in the high 
T c superconductors [69]. At the end of the Section, we will discuss the doping 
dependence of the SC gap and its anisotropy, and the implications of this 
study for various low temperature experiments like thermal conductivity and 
penetration depth. 



5.5.1 Particle-Hole Mixing 

To set the stage for the experimental results it may be useful to recall particle- 
hole (p-h) mixing in the BCS framework (even though, as we shall see in 
Section 5.7, there are aspects of the data which are dominated by many 
body effects beyond weak coupling BCS theory). The BCS spectral function 
is given by 

A(k, w) = ulr/n((u; - E k ) 2 + T 2 ) + v^r/ tt((u + E k ) 2 + T 2 ) (5.11) 

where the coherence factors are v£ = 1 — = 1(1 — e k /E k ) and T is a 

phenomenological linewidth. The normal state energy ek is measure d from 
Ef and the Bogoliubov quasiparticle energy is E k = \/e k + |/l(k)| 2 , where 
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Fig. 5.18. (a) Dispersion extracted from heavily overdoped OD65. (b) Energy split- 
ting along the antibonding Fermi surface, which is obtained from data shown in 
Fig. 5.17. It is simply the binding energy of the bonding band, since the bind- 
ing energy of the antibonding band is zero at its Fermi surface. The curve is 
-L,exp [cos(fc x a) - cos(fcj,a)] 2 , where t±, e x P = 44 ±5 meV. Error bars are due to the 
uncertainties in determining the energy position (from Ref. [65]) 



^A(k) is the gap function. Note that only the second term in Eq. (5.11), with 
the Vk-coefficient, would be expected to make a significant contribution to 
the EDCs at low temperatures. 

In the normal state above T c , the peak of A(k, uj) is at co = 6k as can be 
seen by setting A = 0 in Eq. (5.11). We would thus expect to see in ARPES a 
spectral peak which disperses through zero binding energy as k goes through 
kp (the Fermi surface). In the superconducting state, the spectrum changes 
from 6k to £k; see Fig. 5.19. As k approaches the Fermi surface the spectral 
peak shifts towards lower binding energy, but no longer crosses Ef. Precisely 
at kp the peak is at w = |<4(kp)|, which is the closest it gets to Ef. This is 
the manifestation of the gap in ARPES. Further, as k goes beyond kp, in the 
region of states which were unoccupied above T c , the spectral peak disperses 
back , receding away from Ef , although with a decreasing intensity (see Eq. 
(5.11)). This is the signature of p-h mixing. 

Experimental evidence for particle-hole mixing in the SC state was first 
given in Ref. [55]. In Fig. 5.20 we show normal and SC state spectra for 
Bi2212 for k’s along the cut shown in the inset. In the normal state data in 
panel (b) we see the electronic state dispersing through Ef. the k’s go from 
occupied (top of panel) to unoccupied states (bottom of panel). The normal 
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Fig. 5.19. Schematic dispersion in the normal (thin line) and superconducting 
(thick lines) states following BCS theory. The thickness of the superconducting 
state lines indicate the spectral weight given by the BCS coherence factors u and v 



state dispersion is plotted as black dots in Fig. 5.21 (b). The k^p obtained 
from this dispersion is in agreement with that estimated from the |Vkn,(k)| 
analysis of the normal state data shown in Fig. 5.21 (a). 

We see from Fig. 5.20 (a) that the SC state spectral peaks do not dis- 
perse through the chemical potential, rather they first approach u = 0 and 
then recede away from it. The difference between the normal and SC state 
dispersions is clearly shown in Fig. 5.21 (b). 

There are three important conclusions to be drawn from Fig. 5.21 (b). 
First, the bending back of the SC state spectrum for k beyond kp is direct 
evidence for p-h mixing in the SC state. Second, the energy of closest ap- 
proach to u = 0 is related to the SC gap that has opened up at the FS, and a 
quantitative estimate of this gap will be described below. Third, the location 
of closest approach to u = 0 (“minimum gap”) coincides, within experimental 
uncertainties, with the kp obtained from analysis of normal state data. 

In fact by taking cuts in k-space which which are perpendicular to the 
normal state Fermi surface one can map out the “minimum gap locus” in the 
SC state, or for that matter in any gapped state (e.g., the pseudogap regime 
to be discussed in the following Section). We emphasize that particle-hole 
mixing leads to the appearance of the “minimum gap locus” and this locus 
in the gapped state gives information about the underlying Fermi surface. (By 
this we mean the Fermi surface on which the SC state gap appears below T c ). 
In fact, the observation of p-h mixing in the ARPES spectra is a clear way 
of asserting that the gap seen by ARPES is due to superconductivity rather 
than of some other origin, e.g., charge- or spin-density wave formation. 




206 J.C. Campuzano et al. 




Binding energy (eV) Binding energy (eV) 



Fig. 5.20. (a) Superconducting state and (b) normal state EDC’s for a near optimal 
T c = 87K Bi2212 sample for a set of k values (in units of 1 /a) shown in the Brillouin 
zone at the top. Note the different binding energy scales in panels (a) and (b) 



5.5.2 Quantitative Gap Estimates 

The first photoemission measurements of the SC gap in the cuprates was 
by Imer et al. [72] using angle-integrated photoemission, and by Olson and 
coworkers [73] using angle— resolved photoemission. The first identification of 
a large gap anisotropy consistent with d— wave pairing was made by Shen and 
coworkers [70]. Ding et al. [22,71] subsequently made quantitative fits to the 
SC state spectral function to study the gap anisotropy in detail. 

We now discuss the quantitative extraction of the gap at low temperatures 
(T T c ) following Ding et al [71]. In Fig. 5.23, we show the T = 13K 
EDCs for an 87K T c sample for various points on the main band FS in the 
y-quadrant. Each spectrum shown corresponds to the minimum observable 
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Fig. 5.21. (a) Integrated intensity versus k from the normal state data of Fig. 5.20 
(b) shown by black dots gives information about the momentum distribution n(k). 
The derivative of the integrated intensity is shown by the black curve (arbitrary 
scale). The Fermi surface crossing k = kp is identified by the minimum in the 
derivative, (b) Normal state dispersion (closed circles) and SC state dispersion 
(open circles) obtained from EDO’s of Fig. 5.20. Note the back-bending of the SC 
state dispersion for k beyond kF which is a clear indication of particle-hole mixing. 
The SC state EDC peak position at kp is an estimate of the SC gap at that point 
on the Fermi surface 



gap along a set of k points normal to the FS, obtained from a dense sampling 
of k-spaee [74]. We used 22 eV photons in a rY ± polarization, with a 17 
meV (FWHM) energy resolution, and a k-window of radius 0.0457T /a*. 

The simplest gap estimate is obtained from the mid-point shift of the 
leading edge of Bi2212 relative to a good metal (here Pt) in electrical contact 
with the sample. This has no obvious quantitative validity, since the Bi2212 
EDC is a spectral function while the polycrystalline Pt spectrum (dashed 
curve in Fig. 5.22) is a weighted density of states whose leading edge is an 
energy-resolution limited Fermi function. We see that the shifts (open circles 
in Fig. 5.23) indicate a highly anisotropic gap which vanishes in the nodal 
directions, confirming earlier results by Shen et al. [70]. These results are 
qualitatively similar to one obtained from the fits described below. 

Next we turn to modeling [22,71] the SC state data in terms of spectral 
functions. It is important to ask how can we model the non-trivial line shape 
(with the dip-hump structure at high oj) in the absence of a detailed theory, 
and, second, how do we deal with the extrinsic background? We argue as 
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Fig. 5.22. Bi2212 spectra (solid lines) for an 87K T c sample at 13K and Pt spec- 
tra (dashed lines) versus binding energy (meV) along the Fermi surface in the Y 
quadrant. The photon polarization and BZ locations of the data points are shown 
in inset to Fig. 5.23 



follows: in the large gap region near (n, 0), we see a linewidth collapse for 
frequencies smaller than ~ 3 A upon cooling well below T c . Thus for esti- 
mating the SC gap at the low temperature, it is sufficient to look at small 
frequencies, and to focus on the coherent piece of the spectral function with 
a resolution-limited leading edge. (Note this argument fails at higher tem- 
peratures, e.g., just below T c ). This coherent piece is modeled by the BCS 
spectral function, Eq. (5.11). 

The effects of experimental resolution are taken into account via 



p p+oo 

/(k,w) = /o/ dk' du'R(u-u')f(u/)AQs?,a/), (5.12) 

J Sic J — oo 



where R(u>), the energy resolution, is a normalized Gaussian and 5k is the 
k-window of the analyzer. In so far as the fitting procedure is concerned, all 
of the incoherent part of the spectral function is lumped together with the 
experimental background into one function which is added to the / above. 
Since the gap is determined by fitting the resolution-limited leading edge of 
the EDC, its value is insensitive to this drastic simplification. To check this, 
we have made an independent set of fits to the small gap data where we do not 
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use any background fitting function, and only try to match the leading edges, 
not the full spectrum. The two gap estimates are consistent within a meV. 
Once the insensitivity of the gap to the assumed background is established, 
there are only two free parameters in the fit at each k: the overall intensity 
Jo and the gap |zi|; the dispersion ek is known from the normal state study, 
the small linewidth r is dominated by the resolution. 

The other important question is the justification for using a coherent 
spectral function to model the rather broad EDC along and near the zone 
diagonal. As far as the early data being discussed here is concerned, such a 
description is self-consistent [22,71], though perhaps not unique, with the 
entire width of the EDC accounted for by the large dispersion (of about 60 
meV within our k-window) along the zone diagonal. More recent data taken 
along (0,0) to (7r,7r) with a momentum resolution of 5k ~ 0.0l7r/a* fully 
justifies this assumption by resolving coherent nodal quasiparticles in the SC 
state; see Section 5.7.7. 




Fig. 5.23. Y quadrant gap in meV versus angle on the Fermi surface (filled circles) 
from fits to the data of Fig. 5.22. Open symbols show leading edge shift with 
respect to Pt reference. The solid curve is a d-wave fit to the filled symbols 
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The gaps extracted from fits to the spectra of Fig. 5.22 are shown as 
filled symbols in Fig. 5.23. For a detailed discussion of the the error bars 
(both on the the gap value and on the Fermi surface angle), and also of 
sample-to-sample variations in the gap estimates, we refer the reader to Ref. 
[71]. The angular variation of the gap obtained from the fits is in excellent 
agreement with | cos(k x ) — cos(k y )\ form. The ARPES experiment cannot of 
course measure the phase of the order parameter, but this result is in strong 
support of d x 2_ y 2 pairing [69]. Such an order parameter arises naturally in 
theories with strong correlations and/or antiferromagnetic spin fluctuations 
[75]. Moreover, the functional form of the anisotropy we find is consistent 
with electrons in the Cooper pair residing on neighboring Cu sites. That is, 
ARPES gives information on the spatial range of the pair interaction which 
is difficult to obtain from other techniques. 

Finally we comment on the temperature dependence of the gap. Unfortu- 
nately with increasing temperature the linewidth grows and a simple BCS- 
type modeling (valid for T T c ) of just the coherent part of the spectral 
function is not possible. While T-dependence of the leading edge can cer- 
tainly be used as a rough guide, this estimate is affected by both the gap 
and the linewidth (the diagonal self-energy). We will discuss methods for 
modeling the SC state data in Section 5.7. 

For completeness, we add a remark clarifying the earlier observation of 
two nodes in the X-quadrant [22], and the related non-zero gap along JHX 
in the rX\\ geometry [22,76]. It was realized soon afterwards that these 
observations were related to gaps on the superlattice bands [46], and not 
on the main band. To prove this experimentally, the X-quadrant gap has 
been studied in the rX ± geometry [71] and found to be consistent with 
F-quadrant d x 2_ y 2 result described above. 

5.5.3 Doping Dependence of the SC Gap 

There are two important issues to be addressed about the doping dependence: 
How does the maximum gap change with doping? and how does the gap 
anisotropy evolve with doping? 

ARPES results on underdoped samples show that the maximum gap in- 
creases [77, 78] with decreasing hole concentration. For a recent compilation 
of gap versus doping results [62] in Bi2212, see Fig. 5.50 of Section 5.7.6. 
Identical results have also been obtained by tunneling spectroscopy [79]. This 
was at first quite unexpected since T c decreases as one underdopes from opti- 
mality. The fact that 2 A/ksTc is not constant with doping and can become 
an order of magnitude larger than its BCS weak-coupling value is very clear 
evidence that the SC phase transition on the underdoping side is qualitatively 
different from the BCS transition, a point that we will return to in the next 
Section on pseudogaps. 

We next turn to the question of the SC gap anisotropy as a function 
of doping. In this case it is the behavior of the gap in the vicinity of the 
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node which is the most important since all low temperature T«T C ther- 
modynamic and transport properties are controlled by thermal excitation of 
quasiparticles in the vicinity of the nodes (where the SC gap vanishes on 
the Fermi surface). These low energy excitations have a Dir^c-like spectrum 
E(k) = + 'y^jj where k± (fey) are the components of the k perpen- 

dicular (tangential) to the Fermi surface, and measured from the nodal point. 
Here vp is the nodal Fermi velocity controlling the dispersion perpendicular 
to the Fermi surface, while V 2 = dA^/dk^ is the the gap slope at the nodal 
point. 

The density of states for low energy excitations is then given by N(u) = 
2uj/{'kvfV2) for u <C A (in units where h = 1). This leads to character- 
istic temperature dependences for various low temperature properties with 
coefficients essentially determined by and V2 . Specifically for T T c , 
the specific heat goes like C(T) = c\Tf{vpV2 ); the thermal conductivity 
goes like k(T)/T = C 2 (vf/v 2 +V2/vf) and the superfluid density goes like 
p s (T) = p s ( 0) — Cs(vf/v2)T. Here c\ and C2 are known constants while C3 
contains (apriori unknown) multiplicative Fermi liquid parameters [80,81]. 

Clearly ARPES has a unique ability to independently measure both vp, 
using the dispersion of the nodal quasiparticle, and U 2 , using the slope of the 
SC gap at the node. One can then make detailed comparison with various 
bulk measurements, and thereby test the validity of the description of the 
low temperature properties of the SC state in terms of weakly interacting 
quasiparticles [80-82]. This is particularly important given the lack of sharply 
defined quasiparticles in the normal state of the cuprates. 

With these motivations in mind, a detailed measurement of the shape 
of the superconducting gap in Bi2212 as a function of doping was carried 
out by Mesot et al. [83]. Although these measurements were carried out at 
a time when the energy and momentum resolutions were lower than those 
currently available, they still give useful information because the gap over 
the full range of angles over the irreducible zone was measured. Using the 
simple BCS spectral function fits (described above) and taking into account 
the measured dispersion and the known energy and momentum resolutions, 
Mesot et aZ.found the results shown in Fig. 5.24. The simple d-wave gap 
A = Ao cos(20) (Fig. 5.23) is modified by the addition of the first harmonic 
Ak = A ma , x [B cos(20) 4 - (1 — B)cos(60)], with 0 < B < 1. Note that the 
cos (60) term in the Fermi surface harmonics can be shown to be closely 
related to the tight binding function cos(2 k x ) — cos(2 k y ), which represents 
next nearest neighbours interaction, just as cos (20) is closely related to the 
near neighbor pairing function cos (k x ) — cos (k y ). From Fig. 5.24 we find 
that while the overdoped data are consistent with B ~ 1, the parameter B 
decreases as a function of underdoping. 

Before discussing the doping dependence of the results in detail, let us 
first look at the comparisons between ARPES and other probes near opti- 
mality. Low temperature specific heat data on Bi2212 is not available, but the 
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f (deg.) f (deg.) 

Fig. 5.24. Values of the superconducting gap as a function of the Fermi surface 
angle <£ obtained for a series of Bi2212 samples with varying doping. Note two dif- 
ferent UD75K samples were measured, and the UD83K sample has a larger doping 
due to sample aging [42] . The solid lines represent the best fit using the gap func- 
tion: Ak = Z\max[#cos(20) + (1 — B) cos(60)] as explained in the text. The dashed 
line in the panel of an UD75K sample represents the gap function with B=1 



thermal conductivity has been measured by Taillefer and coworkers [82] on 
an optimal T c = 89K sample. Now one can use the k/T formula given above 
with the coefficient C 2 = k^n/3hd, where n/d is the stacking density of CuC >2 
planes. It is important to note that C 2 is not renormalized by either vertex 
corrections or Fermi liquid parameters [81]. Thus one infers vp/v 2 — 19 from 
the thermal transport data [82], which is in remarkable agreement with the 
ARPES estimate [83] of vp/v 2 cz 20 coming from the measured values of 
vf = 2.5 x 10 7 cm/s and V 2 = 1.2 x 10 6 cm/s for the near optimal T c = 87K 
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sample of Fig. 5.24. (We note that in Ref. [83] we used the notation va for 
one-half the gap slope at the node, which is related to V 2 defined above by 
V2 = 2 Va/^F-) 

The comparison of ARPES results with the slope of the superfluid density 
p s ~ 1/A 2 obtained from penetration depth measurements is more compli- 
cated, as discussed in more detail in Ref. [83], for two reasons. Experimen- 
tally, there seem to be discrepancies between the dX~ 2 /dT results of various 
groups, and theoretically the slope of p s is renormalized by doping-dependent 
Fermi liquid parameters [80,81] which are not known apriori. These parame- 
ters characterize the residual interactions between the nodal quasiparticles in 
the superconducting state. Thus, e.g., even at optimality the slope dX~ 2 jdT 
obtained using the ARPES estimate of vf/v 2 and ignoring Fermi liquid renor- 
malization is almost three times as large as the experimentally measured 
value of dX~ 2 /dT in near optimal Bi2212 [84]. This indicates the importance 
of Fermi liquid renormalizations in order to make a quantitative comparison. 
For more details on the doping dependence of these renormalizations, see Ref. 
[80,83,85]. 

Finally, let us return to the doping dependence of the results of Fig. 5.24. 
In contrast to the maximum gap (at the (7r, 0) — (7r, tt) Fermi surface crossing) 
increasing as a function of underdoping, noted earlier, we see the gap slope at 
the node, which determines decreasing with underdoping. This is a result 
of the doping dependence of the B parameter introduced above. 

This surprising observation raises several questions. First, could the flat- 
tening at the node be, in fact, evidence for a “Fermi arc”, a line of gapless 
excitations, in the underdoped materials, especially since such arcs are seen 
above T c (See Sect. 4.6.3 for further discussion of Fermi arcs in underdoped 
materials). Given the error bars on gap estimates in Fig. 5.24, it is impossible 
to rule out arcs in all the samples. Nevertheless, it is clear that there are sam- 
ples (especially OD87K, UD80K and UD75K) where there is clear evidence 
in favor of a point node rather than an arc at low temperatures. Furthermore, 
it is very important to note that a linear T dependence of p 3 ( T ) at low tem- 
perature, for all doping levels, in clean samples gives independent evidence 
for point nodes, at least in YBCO [86]. 

Second, is the change in gap anisotropy intrinsic, or related to impurity 
scattering [87]? We can eliminate the latter explanation on two grounds. The 
maximum gap increases as the doping is reduced, opposite to what would be 
expected from pair breaking due to impurities. Also, impurity scattering is 
expected to lead to a characteristic “tail” to the leading edge [88], for which 
there is no evidence in the observed spectra. 

Thus the flattening near the nodes with underdoping does appear to be 
an intrinsic feature which may be related to the increased importance of 
longer range pairing interactions as one approaches the insulator. It would 
be of great interest to study the details of the doping dependence of the 




214 J.C. Campuzano et al. 



gap anisotropy with the new Scienta detectors which have greatly improved 
energy and momentum resolution. 

5.6 Pseudogap 

In this Section we describe one of the most fascinating developments in the 
study of high T c superconductors: the appearance of a pseudogap above T c 
which is seen most prominently on the underdoped side of the cuprate phase 
diagram. Briefly the “pseudogap” phenomenon is the loss of low energy spec- 
tral weight in a window of temperatures T c < T < T*; see Fig. 5.25. The 
pseudogap regime has been probed by many techniques like NMR, optics, 
transport, tunneling, /i SR and specific heat; for reviews and references, see 
Refs. [89,90]. ARPES, with its unique momentum-resolved capabilities, has 
played a central role in elucidating the pseudogap phenomenon [42,91-94]. 

We will discuss in this Section ARPES results on the anisotropy of the 
pseudogap, its T-dependence, its doping dependence, and its effect on the 
normal state Fermi surface. We emphasize that for the most part we will focus 
on the “low energy” or leading edge pseudogap, and only mention ARPES 
evidence for the “high energy pseudogap” toward the end. We will conclude 
the Section with a summary of the constraints put by the ARPES data on 
various theoretical descriptions of the pseudogap. 

5.6.1 Pseudogap near (7r, 0) 

In the underdoped materials, T c is suppressed by lowering the carrier (hole) 
concentration as shown in Fig. 5.25. In the samples used by our group 
[42,93,94] under doping was achieved by adjusting the oxygen partial pressure 
during annealing the float-zone grown crystals. These crystals also have struc- 
tural coherence lengths of at least 1,250A as seen from x-ray diffraction, and 
optically flat surfaces upon cleaving, similar to the slightly overdoped T c sam- 
ples discussed above. We denote the underdoped (UD) samples by their onset 
T c : the 83K sample has a transition width of 2K and the highly underdoped 
15K and 10K have transition widths > 5K. Other groups have also studied 
samples where underdoping was achieved by cation substitution [91,92]. 

We now contrast the remarkable properties of the underdoped samples 
with the near-optimal Bi2212 samples which we have been mainly focusing 
on thus far. We will first focus on the behavior near the (n, 0) point where 
the most dramatic effects occur, and come back to the very interesting k— 
dependence later. In Fig. 5.26 [78] we show the T-evolution of the ARPES 
spectrum at the (7r,0) — > (7r,7r) Fermi crossing for an UD 83K sample. At 
sufficiently high temperature, the leading edge of the UD spectrum at kj? and 
the reference Pt spectrum coincide, but below a crossover temperature T * ~ 
180K the leading edge midpoint of the spectrum shifts below the chemical 
potential. In Fig. 5.26 one can clearly see a loss of low energy spectral weight 
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Fig. 5.25. T* (triangles for determined values and squares for lower bounds) and 
T c (dashed line) as a function of hole doping x. The x values for a measured T c 
were obtained by using the empirical relation Tc/T™®* — 1 — 82.6(x — 0.16) 2 [95] 
with T™ ax =95 K. Also shown is the low temperature (maximum) superconducting 
gap Zl(0) (circles). Note the similar doping trends of Z\(0) and T* 



at 120K and 90K. It must be emphasized that this gap-like feature is seen 
in the normal (i.e., non-superconducting) state for T c = 83 K < T < T* = 
180 K. 

The doping dependence of the temperature T*, below which a leading- 
edge pseudogap appears near (71*, 0), is shown in Fig. 5.25. Remarkably T* 
increases with under doping, in sharp contrast with T c , but very similar to the 
low temperature SC gap, a point we will return to at the end of the Section. 
The region of the phase diagram between T c and T * is called the pseudogap 
region. 

It is important to emphasize that our understanding of the lightly UD 
samples (e.g., the UD 83K sample) is the best among the UD materials. 
In such samples all three regimes — the SC state below T c , the pseudogap 
regime between T c and T* and the gapless “normal” regime above T* — can 
be studied in detail. In contrast, in the heavily UD samples (e.g. the UD 10K 
and UD 15K samples), not only is the SC transition broad, one also has such 




216 J.C. Campuzano et al. 









1 

9 OK 


L 


:tulnn]ini]iu]3ni] 


UiiStlltlti 



0.2 0.1 0.0 - 0,1 0.2 0 A 0.0 - 0.1 0.2 0.1 0.0 - 0*1 

Binding Energy (eV) 



in,n) 




Fig. 5.26. ARPES spectra along the (n, 0) — * (7r, 7 r) direction for an 83 K under- 
doped sample at various temperatures (solid curves). The thin curves in each panel 
are reference spectra from polycrystalline Pt used to accurately determine the zero 
of binding energy at each temperature 



low T c ’s and such high T*’s that only the pseudogap regime is experimen- 
tally accessible. Nevertheless, the results on the heavily underdoped samples 
appear to be a natural continuation of the weakly underdoped materials and 
the results (the trends of gap and T*) on the low T c samples are in qualitative 
agreement with those obtained from other probes (see Ref. [89,90]). 

The T-dependence of the leading-edge midpoint shift appears to be com- 
pletely smooth through the SC transition T c . In other words, the normal state 
pseudogap evolves smoothly into the SC gap below T c . Nevertheless, there 
is a characteristic change in the lineshape in passing through T c associated 
with the appearance of of a sharp feature below T c in Fig. 5.26. This can be 
identified as the coherent quasiparticle peak for T < T c . The existence of a 
SC state quasiparticle peak is quite remarkable given that the normal state 
spectra of UD materials are even broader than at optimality, and in fact be- 
come progressively broader with underdoping. In fact, the low temperature 
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SC state spectra near (n, 0) in the UD systems (see Fig. 5.50 of Section 
5.7.6) are in many ways quite similar to those at optimal doping, with the 
one crucial difference that the spectral weight in the coherent quasiparticle 
peak diminishes rapidly with underdoping [96,97]. 

5.6.2 Anisotropy of the Pseudogap 

We have already indicated that the pseudogap above T c near the ( 7 r, 0) point 
of the zone evolves smoothly through T c into the large SC gap below T c , and 
thus the two also have the same magnitude. Since the SC gap has the d - wave 
anisotropy (discussed in detail in the preceding Section), it is natural to ask: 
what is the k-dependence of the pseudogap above T c ? 

The first ARPES studies [91-93] showed that the pseudogap is also highly 
anisotropic and has a k-dependence which is very similar to that of the 
SC gap below T c . Later work [94] further clarified the situation by showing 
that the anisotropy has a very interesting temperature dependence. We now 
describe these developments in turn. 

In Fig. 5.27 [93] we plot the leading edge shifts for three samples at 
14K: the slightly overdoped 87K and UD 83K samples are in their SC states 
while the UD 10K sample is in the pseudogap regime. The gap estimate for 
each sample was made on the “minimum gap locus” (explained earlier in the 
context of the SC gap; see further below). The large error bars on the UD 
10K sample come from the difficulty of accurately locating the midpoint of a 
broad spectrum. Also there is a flattening of the gap near the node, a feature 
that we discussed earlier for the SC gap in UD samples. 

The remarkable conclusion is that the normal state pseudogap has a very 
similar k-dependence and magnitude as the SC gap below T c . 

5.6.3 Fermi Arcs 

The T-dependence and anisotropy of the pseudogap was investigated in more 
detail in Ref. [94] motivated by the following question. Normal metallic 
systems are characterized by a Fermi surface, and optimally doped cuprates 
are no different despite the absence of sharp quasiparticles (see Section 5.4). 
On the underdoped side of the phase diagram, however, how does the opening 
of pseudogap affect the locus of low lying excitations in k-space? 

In Fig. 5.28 we show ARPES spectra for an UD 83K sample at three k 
points on the Fermi surface for various temperatures. The superconducting 
gap, as estimated by the position of the sample leading edge midpoint at 
low T, is seen to decrease as one moves from point a near (7T, 0) to b to c, 
closer to the diagonal (0, 0) — ► (7r, 7r) direction, consistent with a d x 2_ y 2 order 
parameter. At each k point the quasiparticle peak disappears above T c as T 
increases, with the pseudogap persisting well above T c , as noted earlier. 

The striking feature which is apparent from Fig. 5.28 is that the pseu- 
dogap at different k points closes at different temperatures, with larger gaps 
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Fig. 5.27. Momentum dependence of the gap estimated from the leading-edge 
shift in samples with T c ’s of 87K (slightly overdoped), 83K (UD) and 10K (UD), 
measured at 14K. For the sake of comparison between samples we made vertical 
offsets so that the shift at 45° is zero; the offsets are — 3meV for the 83K and +2meV 
for the 10K sample. The inset shows the Brillouin zone with the large Fermi surface 



persisting to higher T” s. At point a, near (7r,0), there is a pseudogap at all 
T’s below 180K, at which the Bi2212 leading edge matches that of Pt. As 
discussed above, this defines T* above which the the largest pseudogap has 
vanished within the resolution of our experiment, and a closed contour of 
gapless excitations — a Fermi surface — is obtained. The surprise is that if 
we move along this Fermi surface to point b the sample leading edge matches 
Pt at 120K, which is smaller than T*. Continuing to point c, about halfway 
to the diagonal direction, we find that the Bi2212 and Pt leading edges match 
at an even lower temperature of 95K. In addition, spectra measured on the 
same sample along the Fermi contour near the (0, 0) — > ( 7 r, 7 r) line shows no 
gap at any T (even below T c ) consistent with d x 2_ y 2 anisotropy. 

One simple way to quantify the behavior of the gap is to plot the mid- 
point of the leading edge of the spectrum; see Fig. 5.28(e). We note that a 
leading edge midpoint at a negative binding energy, particularly for k point 
c, indicates the formation of a peak in the spectral function at u = 0 at high 
T. Further, we will say that the pseudogap has closed at a k point when 
the midpoint equals zero energy, in accordance with the discussion above. A 
clearer way of determining this will be presented below when we discuss the 
symmetrization method, but the results will be the same. From Fig. 5.28, 
we find that the pseudogap closes at point a at a T above 180K, at point b 
at 120 K, and at point c just below 95 K. If we now view these data as a 
function of decreasing T, the picture of Fig. 5.28(f) clearly emerges. 
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With decreasing T, the pseudogap first opens up near ( 71 % 0) and progres- 
sively gaps out larger portions of the Fermi contour. Thus one obtains gapless 
arcs which shrink as T is lowered, eventually leading to the four point nodes 
of the d- wave SC gap. The existence of such arcs is apparent from the first 




Binding energy (meV) 

Fig. 5.28. (a,b,c): Spectra taken at three k points in the Y quadrant of the zone 
(shown in (d)) for an 83K underdoped Bi2212 sample at various temperatures 
(solid curves). The dotted curves are reference spectra from polycrystalline Pt (in 
electrical contact with the sample) used to determine the chemical potential (zero 
binding energy). Note the closing of the spectral gap at different T for different 
k’s, which is also apparent in the plot (e) of the midpoint of the leading edge 
of the spectra as a function of T. Panels (f) show a schematic illustration of the 
temperature evolution of the Fermi surface in underdoped cuprates. The d-wave 
node below T c (top panel) becomes a gapless arc above T c (middle panel) which 
expands with increasing T to form the full Fermi surface at T* (bottom panel) 
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ARPES work on the pseudogap [91], where it was noted that the Fermi con- 
tours in the pseudogap phase did not extend all the way to the zone boundary 
(see Fig. 5.29). Whether the arcs shrink to a point precisely at T c or below 
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Fig. 5.29. Fermi level crossings from two Bi2212 samples of differing oxygen con- 
tent. The entire zone can be reconstructed by fourfold rotation about (0,0) (from 
Ref. [91]) 



T c is not clear from the existing data. As discussed in the preceding Section, 
we do believe that arcs do not survive deep into the SC state where there 
is point node at T <^T C in clean samples, as also evidenced by the linear T 
drop in the superfluid density at low T. 

We next turn to a powerful visualization aid that makes these results 
very transparent. This is the symmetrization method introduced in Ref. 
[94], which effectively eliminates the Fermi function / from ARPES data 
and permits us to focus directly on the spectral function A. Given ARPES 
data described by [21] /( u) = Xac ^o/(^)-4(k, u) with the sum over a small 
momentum window about the Fermi momentum k/?, we can generate the 
symmetrized spectrum /( u) 4- /(—a;). Making the reasonable assumption 
of particle-hole (p-h) symmetry for a small range of u> and 6k, we have 
A(e\t,uj) = A{— 6k, —w) for \u\, |e| less than few tens of meV. It then follows, 
using the identity = l-/(u;), that I{<jj)+I(—uj) = J2k <*>) which 

is true even after convolution with a (symmetric) energy resolution function; 
for details see the appendix of Ref. [9]. The symmetrized spectrum coincides 
with the raw data for uj < —2.2 T e //, where 4.4T e // is the 10%-90% width 
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of the Pt leading edge, which includes the effects of both temperature and 
resolution. Non-trivial information is obtained for the range |o;| < 2.2T e //, 
which is then the scale on which p-h symmetry has to be valid. We have 
extensively checked this method, and studied in detail the errors introduced 
by incorrect determination of the chemical potential or of (which lead to 
spurious narrow features in the symmetrized spectra), and the effect of the 
small (1° radius) k-window of the experiment (which was found to be small). 
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Fig. 5.30. Symmetrized spectra corresponding to the raw spectra (a,b,c) of Fig. 
5.28. The gap closing in the raw spectrum of Fig. 5.28 corresponds to when the 
pseudogap depression disappears in the symmetrized spectrum. Note the appear- 
ance of a spectral peak at higher temperatures in c 
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In Fig. 5.30 we show symmetrized data for the UD 83K underdoped 
sample corresponding to the raw data of Fig. 5.28. To emphasize that the 
symmetry is put in by hand, we show the u > 0 curve as a dotted line. At 
k point a near ( 7 r, 0) the sharp quasiparticle peak disappears above T c but 
a strong pseudogap suppression, on the same scale as the superconducting 
gap, persists all the way up to 180K (T*). Moving to panels b and c in Fig. 
5.30 we again see pseudogap depressions on the scale of the superconducting 
gaps at those points, however the pseudogap fills up at lower temperatures: 
120K at b and 95K at c. In panel c, moreover, a spectral peak at zero energy 
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emerges as T is raised. All of the conclusions drawn from the raw data in 
Fig. 5.28 are immediately obvious from the simple symmetrization analysis 
of Fig. 5.30. 

There are many important issues related to these results that will be taken 
up in Section 5.7.3 where we describe modeling the electron self-energy in the 
pseudogap state. We will discuss there the remarkable T-dependent lineshape 
changes and the T-dependence of the gap itself. Here we simply note that, 
without any detailed modeling, the data [94] clearly show qualitative differ- 
ences in the T-dependence at different k-points. Near the (7r, 0) point the 
gap goes away with increasing temperature with the spectral weight filling- 
in, but no perceptible change in the gap scale with T. On the other hand, at 
kf? points halfway to the node, one sees a suppression of the gap scale with 
increasing temperature. 

We conclude this discussion with a brief mention of the implications 
of our results. We believe that the unusual T-dependence of the pseudo- 
gap anisotropy will be a very important input in reconciling the different 
crossovers seen in the pseudogap regime by different probes. The point here 
is that each experiment is measuring a k-sum weighted with a different set 
of k-dependent matrix elements or kinematical factors (e.g., Fermi velocity). 
For instance, quantities which involve the Fermi velocity, like dc resistivity 
above T c and the penetration depth below T c (superfluid density), should be 
sensitive to the region near the zone diagonal, and would thus be affected 
by the behavior we see at k point c. Other types of measurements (e.g. spe- 
cific heat and tunneling) are more “zone-averaged” and will have significant 
contributions from k points a and b as well, thus they should see a more 
pronounced pseudogap effect. Interestingly, other data we have indicate that 
the region in the Brillouin zone where behavior like k point c is seen shrinks 
as the doping is reduced, and thus appears to be correlated with the loss 
of superfluid density [98]. Further, we speculate that the disconnected Fermi 
arcs should have a profound influence on magnetotransport given the lack of 
a continuous Fermi contour in momentum space. 

5.6.4 Evolution of the Fermi Surface with Doping 

We now discuss the doping dependence of the normal state Fermi surface on 
the under doped side of the phase diagram. The first issue to face up to is: can 
the Fermi arcs described above be a manifestation of a Fermi surface with 
small closed contours centered about (7r/2, 7t/2)? Such hole-pockets enclosing 
x holes (per planar Cu) are suggested by some theories of lightly doped Mott 
insulators [99] as alternatives to the large Fermi surfaces containing (1 + x) 
holes which would be consistent with the Luttinger counting. 

The T-dependence of the arcs is by itself evidence against their being part 
of a pocket Fermi surface. Nevertheless, if there were such small hole pockets 
then one should observe two features in the ARPES data: a closure of the 
Fermi arc on the other side of (7r/2, 7 t/ 2), which would be clear evidence for a 
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“shadow band” -like dispersion ((7r,7r)-foldback of the main band) in the UD 
samples. In a variety of UD samples we have carefully searched for both these 
features and found no evidence for either [42]. However this is a tricky issue, 
given the very broad spectra and possible materials problems in the highly 
UD samples. Nevertheless, given the available evidence, the gapless arcs that 
we observe [94] are simply an intermediate state in the smooth evolution of 
d-wave nodes into a full Fermi surface. This smooth evolution was carefully 
checked on an UD 83K sample where a dense mapping was done in k space 
at T = 90K, revealing only a small Fermi arc just above T c . 




Fig. 5.31. (a) Midpoint shifts (dots) and widths (diamonds) for an UD 83K sample 
at a photon energy of 22 eV at 90K for a cut shown by the open dots in (b). (b) 
Fermi surface at 160K (solid triangles) and minimum gap locus at 90K (solid dots) . 
Notice that the two surfaces coincide within error bars. The error bars represent 
uncertainties of Fermi crossings as well as possible sample misalignment. The solid 
curve is a rigid band estimate of the Fermi surface 



The other issue related to the Fermi surface is: what is its doping depen- 
dence above T* where the pseudogap effects are absent. While one can easily 
compare the near optimal and lightly UD Fermi surfaces, the rapid rise of T* 
with underdoping does not permit us to address this question. However, one 
can study the “minimum gap locus” in any gapped state, in close analogy 
with the manner in which this was defined in the SC state; see Section 5.5. 

There is also a more fundamental reason to study the “minimum gap 
locus” in the pseudogap regime. One wants to know whether the pseudogap 
is “tied” to the Fermi surface, or if it has some other characteristic momentum 
Q (unrelated to k /). In Fig. 5.31(a) [42] we follow the dispersion of an UD 
83K sample in the pseudogap regime. Moving perpendicular to the (expected) 
Fermi surface from occupied to unoccupied states, one finds that that the 
dispersion first approaches the chemical potential and then recedes away from 
it. This locates a k-point on the minimum gap locus. For a lightly UD sample 
we find in Fig. 5.31(b) that this locus in the pseudogap regime coincides, 
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within experimental error bars, with the Fermi surface determined above T* 
where there is no pseudogap. The pseudogap is thus tied to the Fermi surface 
in the same way the SC gap is, and is in contrast with, say, charge or spin 
density waves, which are tied to other characteristic Q vectors. 

In the more heavily under doped samples, it is not possible to compare the 
minimum gap locus in the pseudogap state with the Fermi surface above T * , 
or the minimum gap locus below T c , since the latter two are not measurable 
with T* too high and T c too low. Nevertheless, if one assumes , by continuity, 
that the minimum gap locus in the pseudogap state gives information about 
the Fermi surface that got gapped out, then even for an highly UD sample 
one finds a large underlying Fermi surface, satisfying the Luttinger count of 
(1 4- x) holes per planar Cu [42] as shown in Fig. 5.32. 




Fig. 5.32. Fermi surfaces of the 87K, 83K, and 15K samples. All surfaces enclose 
a large area consistent with the Luttinger count (see text). The solid lines are tight 
binding estimates of the Fermi surface at 18%, 13%, and 6% doping assuming rigid 
band behavior 



The same conclusion has been recently reached by the Dresden group [43] . 
Fig. 5.33 reproduces their Fermi energy intensity maps as a function of 
doping, where a large Fermi surface (plus its shadow band image) is always 
visible. They argue, though, that the volume is not quite 1+x, and they 
attribute this difference to the presence of bilayer splitting. 
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Fig. 5.33. Basal plane projection of the normal-state (300 K) Fermi surface of 
Bi(Pb)-2212 from high-resolution ARPES. The Ep intensity (normalized to the 
signal at u> — 0.3 eV) is shown in grayscale. The T c of each sample is indicated. 
The raw data cover half of the grey-black area of each map and have been rotated 
by 180 around the r point to give a better k-space overview. The line dividing raw 
and rotated data runs almost vertically for the UD76K map and from top left to 
bottom right in all other maps. The sketch shows the Fermi surface for the OD69K 
data set as black barrel-like shapes defined by joining the maxima of fits to the 
normalized Ef MDCs (from Ref. [43}) 



5.6.5 Low Energy vs High Energy Pseudogaps 

In all of the preceding discussion we have focussed on the “low energy” or 
leading-edge pseudogap. It is important to point out that the phrase pseudo- 
gap is (somewhat confusingly) also used to describe a higher energy feature, 
which we call the “high energy pseudogap” . 

The presence of a high energy pseudogap was evident in the first ARPES 
work on the pseudogap, reproduced in Fig. 5.34 [91]. As the doping is reduced 
from optimal doped, a gap opens up in a region around the ( 7 r, 0) points of 
the zone. The energy of this gap is significantly higher than the leading edge 
gap emphasized in later work [92, 93}. The resulting dispersion of this high 
energy feature looks reminiscent of what is expected for a spin density wave 
gap. As the doping is further reduced, an energy gap then opens up along 
the ( 7 r, 7 r) direction, and the material becomes truly insulating. 

In Fig. 5.35 [62} we show the temperature dependence of the ( 7 r, 0) spec- 
trum for an UD 89K sample. Note that there is no coherent quasiparticle 
peak until the system is cooled below T c , with only a broad incoherent spec- 
trum observed for all T > T c . The leading edge pseudogap which develops 
below T* is difficult to see on the energy scale of this figure; the midpoint 
shift at 135 K is 3 meV. However, a higher energy feature can easily be iden- 
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Fig. 5.34. (a),(b) Map peak centroids vs k for Bi2Sr2Cai_ x Dy x Cu208+<s thin films 
and deoxygenated BbS^CaCi^Os+s bulk samples, respectively, with various hole 
doping levels, (a) Filled oval, 1% Dy near optimal doping with T c — 85 K; gray 
diamond, 10% Dy underdoped with T c = 65 K; gray rectangular, 17.5% Dy under- 
doped with T c = 25 K; triangle, 50% Dy insulator, (b) Filled oval, 600 air annealed 
slightly overdoped with T c = 85 K; gray diamond, 550 argon annealed underdoped 
with T c = 67 K (from Ref. [91]) 



tified by a change in slope of the spectra as function of binding energy; this 
is also very clear in the data of Fig. 5.48 of Section 5.7.6. At the highest 
temperature T = 247K this feature is just due to the Fermi function cutoff, 
but in the pseudogap regime, this feature actually represents the onset of 
loss of spectral weight on a high energy scale, and hence may be called the 
“high energy pseudogap”. It can also be seen from Fig. 5.35 that the energy 
scale of this feature is very similar to that of the well-known ( 7 T, 0)-hump of 
the peak-dip-hump structure seen in the SC state. This connection will be 
discussed in detail in Section 5.7.6 where we also argue that the high energy 
pseudogap and the hump have similar dispersions [62] . 

5.6.6 Origin of the Pseudogap? 

We conclude with a summary of ARPES results on the pseudogap and a brief 
discussion of its theoretical understanding. 

As described above, the low-energy (leading edge) pseudogap has the 
following characteristics. 
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Binding Energy (eV) 

Fig. 5.35. Spectra at the (n, 0) point for an UD 89K sample at various temperatures 
compared with the low temperature (15K) spectrum. The position of the high 
energy feature is marked by an arrow 



• The magnitude of the pseudogap near (n, 0), i.e., the scale of which there 
is suppression of low energy spectral weight above T c , is the same as 
the maximum SC gap at low temperatures. Further both have the same 
doping dependence. 

• There is a crossover temperature scale T* above which the full Fermi 
surface of gapless excitations is recovered. The pseudogap near (n, 0) 
appears below T*. 

• The normal state pseudogap evolves smoothly through T c into the SC 
gap as a function of decreasing temperature. 

• The pseudogap is strongly anisotropic with k-dependence which resem- 
bles that of the d - wave SC gap. The anisotropy of the pseudogap seems 
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to be T-dependent leading to the formation of disconnected Fermi arcs 
below T*. 

• The pseudogap is “tied” to the Fermi surface, i.e., the minimum gap locus 
in the pseudogap regime coincides with the Fermi surface above T* and 
the minimum gap locus deep in the SC state, at least in those samples 
where all three loci can be measured. 

The simplest theoretical explanation of the pseudogap, qualitatively con- 
sistent with the ARPES observations, is that it arises to due pairing fluc- 
tuations above T c [90, 100]. The SC gap increases with underdoping while 
T c decreases. Thus in the underdoped regime T c is not controlled by the de- 
struction of the pairing amplitude, as in conventional BCS theory, but rather 
by fluctuations of the phase [101] of the order parameter leading to the Ue- 
mura scaling T c ~ p s [98]. Even though SC order is destroyed at T c , the local 
pairing amplitude survives above T c giving rise to the pseudogap features. 
A natural mechanism for such a pseudogap coming from spin pairing in a 
doped Mott insulator exists within the RVB framework [102], with possibil- 
ity of additional chiral current fluctuations [103]. 

More recently the pairing origin of the pseudogap has been challenged. 
Some experiments [104] have been argued to suggest a non-pairing explana- 
tion with a competition between the pseudogap and the SC gap. A specific 
realization of this scenario is the staggered flux or d-density wave mech- 
anism [105] in which T* is actually a phase transition below which both 
time-reversal and translational invariance are broken. A more subtle phase 
transition with only broken time-reversal has also been proposed [106] as the 
origin of the pseudogap. 

Although a qualitative understanding of some of the characteristics of the 
pseudogap within the non-pairing scenarios is not clear at this time, these 
theories make sharp predictions about broken symmetries below T* which 
can be tested. A very recent ARPES study [107] of circular dichroism finds 
evidence in favor of broken time reversal, thus casting some doubt on the 
pairing fluctuation ideas. The last word has clearly not been said on this sub- 
ject, either theoretically or experimentally, and the origin of the pseudogap 
remains one of the most important open questions in the field of high T c 
superconductors . 

5.7 Photoemission Lineshapes 

and the Electron Self-Energy 

Under certain conditions, which were discussed in Section 5.2, ARPES mea- 
sures the occupied part of the single particle spectral function, A(k,u;)/(u;), 
with A = ImG/ir where G is the Greens function. The latter can be ex- 
pressed as G~ l = w — 6k — I?(k, a;) where ek is the single-particle energy 
(defined by the kinetic energy and single-particle potential energy terms of 
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the Hamiltonian) and E is the Dyson self-energy (i.e., everything else). Of- 
ten, this form is associated with a perturbative expansion used to estimate 
Z, but of course the expression is itself tautological. The purpose of writing 
G in this form is that it isolates all many-body effects in the function Z. An 
advantage of ARPES is that one has the possibility of extracting E directly 
from the data, allowing comparison to various microscopic predictions for E. 

One of the more trivial examples of this is when one fits ARPES data to 
determine the superconducting gap, A. For instance, the work described in 
Section 5.5 [22] used a broadened form of BCS theory to fit the leading edge 
of the spectra. This is equivalent to Z = —iF -f- A^/(cu + ek 4- iF), jT = 0 
describing standard BCS theory. The advantage of this procedure is the actual 
gap function, A, is extracted from the data, rather than ill defined quantities, 
such as the often utilized leading edge shift (midpoint of the leading edge) 
which is not the same as A because of lifetime and resolution effects. When 
this is done, a Ak is obtained which has rather spectacular agreement with 
that expected for a d-wave order parameter. Although ARPES contains no 
phase information of the order parameter, the linear behavior of Ak along 
the Fermi surface near the gap zero (node) implies a sign change. Moreover, 
ARPES has the additional advantage of determining the shape of Ak in the 
Brillouin zone, which gives important information on the spatial range of the 
pairing interaction [83], as also discussed in Section 5.5. 

Even when fitting data at low temperatures including energy and momen- 
tum resolution, a non-zero JH is always needed. The origin of this residual r 
is still debated. It is larger than what is expected based on impurity scat- 
tering, and certainly larger than that implied by various conductivity probes 
(thermal, microwave, and infrared). Although the transport scattering rate is 
different from ImZ (and in particular, only Umklapp processes contribute to 
electrical conductivity), the discrepancy is still large enough to be noticeable, 
even when taking into account the fact that in the simple approximation be- 
ing employed here, j T represents some average of ImZ over a frequency range 
of order A. 

Although it has been suggested that the residual r is due to surface in- 
homogeneity effects (in particular, a distribution of A due to local oxygen 
inhomogeneities [108]), a more likely possibility is that it is the same effect 
which is seen in normal metals like TiTe 2 . In the latter case, it was convinc- 
ingly argued that this was the expected final state lifetime contamination 
effect when attempting to extract E from ARPES spectra [109]. Although 
the latter is expected to vanish in the pure 2D limit, even small 3D effects can 
lead to a noticeable effect, since final state lifetimes are large. For instance, 
in simple models, its contribution to T is of order (vJ/vjf)//, where v\ is the 
c-axis velocity of the initial state, v[ that of the final state, and // is the 
final state lifetime [19]. Since //is typically of order 1 eV, then a velocity 
ratio of only 0.01 is sufficient to cause a residual r of 10 meV. 
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With this as an introduction, in this section, we desire to take a more 
serious look at the issue of extracting E from the data. The most commonly 
employed strategy is to come up with some model for 27, and then see how 
well it fits the data, as illustrated by the simple example above. We will 
discuss this approach in more detail later. We start, though, with discussing 
an alternate approach which we have recently advocated. 



5.7.1 Self— Energy Extraction 

Let us first assume we know A. Given that, we can easily obtain E. A 
Kramers-Kronig transform of A will give us the real part of G 

r +o ° , am) 

R eG(u>) =P , (5.13) 

J — oo ^ ^ 



where P denotes the principal part of the integral. Knowing now both ImG 
and ReG, then E can be directly read off from the definition of G. 



^ ImG 

(ReG) 2 + (ImG) 2 
ReG 



ReX = ui — e 



(ReG) 2 + (ImG) 2 



(5.14) 



To obtain ReG using Eq. (5.13), we need to know A for all energies. From 
ARPES, though, we only know the product of A and /. (While unoccupied 
states can be studied by inverse photoemission, its resolution at present is 
too poor to be useful for our purposes). This is not a limitation if an occupied 
k-state is being analyzed and one can either ignore the unoccupied weight or 
use a simple extrapolation for it (except that only ReE+e is determined). On 
the other hand, one is usually interested in k vectors near the Fermi surface. 
Therefore a key assumption will have to be made. We can implement our 
procedure if we make the assumption of particle-hole symmetry, A(e^oj) = 
A{—e k, — u;), within the small k-window centered at k f- Then, A is obtained 
by exploiting the identity A(e k, u))f(u)-\-A(— ek, = A(e k, a;), which 

holds even in the presence of the energy resolution convolution. Note, this 
can only be invoked at k/r, and was used previously to remove the Fermi 
function from ARPES data [94], where it was denoted as the symmetrization 
procedure (note that the “symmetrized” data will correspond to the raw 
data for a; <~ —2.2 kT). Although the particle-hole symmetry assumption is 
reasonable for small |u;| where it can be tested in the normal state by seeing 
whether the “symmetrized” spectrum has a maximum at the Fermi energy 
(iTp), it will almost certainly fail for sufficiently large u) > 0. Nevertheless, 
since we only expect to derive E for uj < 0, then the unoccupied spectral 
weight will affect the result only in two ways. The first is through the sum 
rule f duA(uj) = 1 which must be used to eliminate the intensity prefactor 
of the ARPES photocurrent. From Eq. (5.14), we see that violation of the 
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sum rule will simply rescale ImZ, but not ReZ due to the u — e factor. Our 
normalization, though, is equivalent to assuming rik F = 0.5, and thus does not 
involve “symmetrized” data. The second influence comes from the Kramers- 
Kronig transformation in Eq. (5.13), which is a bigger problem. Fortunately, 
the contribution from large a/ > 0, for which our assumption is least valid, is 
suppressed by l/(u/ — a;). Further, for kp, ek=0 and thus ReZ is not plagued 
by an unknown constant. 

When using real data, it is sometimes desirable to filter the noise out of 
the data, as well as to deconvolve the energy resolution, before employing 
the above procedure. These details can be found in Ref. [110]. Moreover, it 
is assumed that any “background” contribution (see Section 5.2) has been 
subtracted from the data as well. 

In Fig. 5.36a, we show T=14K symmetrized data for a T C =87K Bi2212 
overdoped sample at the ( 7 r, 0) point [110]. We note the important differences 
in this superconducting state spectrum, compared with the normal state one 
(which can be fit by a simple Lorentzian), due to the opening of the super- 
conducting gap, with the appearance of a sharp quasiparticle peak displaced 
from Ep by the superconducting gap, followed by a spectral dip, then by a 
“hump” at higher binding energies. The resulting Z is shown in Fig. 5.36b 
and c. At high binding energies, one obtains a constant ImZ with a very large 
value (~ 300 meV). Near the spectral dip, Im E has a small peak followed by 
a sharp drop. 

Despite this sharp drop below 70 meV, Im E remains quite large at low 
frequencies. Then, below 20 meV, there is a narrow spike in ImE. This is the 
imaginary part of the BCS self-energy, A 2 /(u ; + i0 + ), which kills the normal 
state pole at u;=0. The resulting 1/u divergence of the real part ReZ, which 
creates new poles at ±^l=32meV, is easily seen in Fig. 5.36c. This is followed 
by a strong peak in R eE near the spectral dip energy, which follows from the 
Kramers-Kronig transformation of the sharp drop in ImE. The strong peak 
in ReE explains why the low energy peak in A is so narrow despite the large 
value of ImE. The halfwidth of the spectral peak is given by JT = zlmE where 
z~ l = 1 — OR eE/du (z is the quasiparticle residue). In the vicinity of the 
spectral peak, z _1 is large (~9), giving a F of ~14 meV. We note, though, 
that r is still quite sizeable, and thus the peak is not resolution limited, as 
discussed above. 

We can contrast this result with that obtained in the pseudogap phase. In 
Fig. 5.37a, we show T= 95K symmetrized data from a T C =85K underdoped 
Bi2212 sample at the (tt, 0) — (7r,7r) Fermi crossing. One again sees (Fig. 
5.37b) a peak in ImE at o;=0, but it is broadened relative to that of the su- 
perconducting state, and the corresponding divergence of ReE (Fig. 5.37c) 
is smeared out. Such behavior would be consistent with replacing the BCS 
self-energy A 2 /{ u + i0 + ) by A 2 /{u + zFo), and can be motivated by consid- 
ering the presence of pair fluctuations above T c , as will be discussed further 
below. Note from Fig. 5.37 that although the equation lu— R eE(u) = 0 is 




232 J.C. Campuzano et al. 



< 





-400 -200 0 200 400 



co (meV) 




-400 -200 0 200 400 



co (meV) 




-400 -200 0 200 400 

co (meV) 



Fig. 5.36. (a) Symmetrized spectrum for overdoped Bi2212 (T C =87K) at T=14K 
at ( 7 r, 0) with (dotted line) and without (solid line) energy resolution deconvolution. 
The resulting Im S and ReJC are shown in (b) and (c). The dashed line in (c) 
determines the condition ReJC = u 



still satisfied at |u;| ~ A, zlrnU is so large that the spectral peak is strongly 
broadened in contrast to the sharp peak seen below T c . Actually, to a good 
approximation, the spectral function is essentially the inverse of Im27 in the 
range |o;| <~ 2 A. We can also contrast this case with data taken above T*, 
the temperature at which the pseudogap “disappears” . In that case, the spec- 
trum is featureless, and the peak in Iml7 is strongly broadened. As the doping 
increases, this peak in ImU disappears. Further doping causes a depression 
in ImI7 to develop around u> = 0, indicating a crossover to more Fermi liquid 
like behavior. 
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Fig. 5.37. (a) Symmetrized spectrum for underdoped Bi2212 (T C =85K) at T— 95K 
(pseudogap phase) at the (n f 0) — (7r, 7 r) Fermi crossing with (dotted line) and with- 
out (solid line) energy resolution deconvolution. The resulting Im27 and KeE are 
shown in (b) and (c). The dashed line in (c) determines the condition ReE = u> 

5.7.2 Temperature Dependence of Self— Energy 

We now turn to the rather controversial issue of how the spectrum at (7r, 0) 
varies as a function of temperature, that is, how one interpolates between 
Figs. 5.36 and 5.37. 

In Fig. 5.38, we show data taken for an optimal doped (T C =90K) Bi2212 
sample [111]. The leading edge of the spectral peak is determined by the 
superconducting gap, whose energy stays fairly fixed in temperature, and 
persists above T c (the pseudogap). On the trailing edge, one sees a spectral 
dip, whose energy also remains fixed in temperature, and becomes filled in 
above T c due to broadening of the trailing edge of the peak. 

In Fig. 5.39a, ImU is plotted for various temperatures. At low tem- 
peratures and energies, it is again characterized by a peak centered at zero 
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Fig. 5.38. Temperature dependence of ARPES data at (7r, 0) for a T C =90K Bi2212 
sample. The vertical dotted lines mark the spectral dip energy and the chemical 
potential 



energy due to the superconducting energy gap, and a “normal” part which 
can be treated as a constant plus an u 2 term. A maximum in ImZ 1 occurs 
near the energy of the spectral dip. Beyond this, Imi7 has a large, nearly 
frequency independent, value. As the temperature is raised, the zero energy 
peak broadens, the constant term increases, and the u 2 term goes away. 

In Fig. 5.39b, the quantity u— KeS is plotted. At low temperatures and 
energies, there is a 1/u term due to the energy gap, and a “normal” part 
which is linear in a;. As expected, the zero crossing is near the location of the 
spectral peak. Beyond this, there is a minimum near the specral dip energy, 
then the data are approximately linear again, but with a smaller slope than 
near the zero crossing. As the temperature is raised, the gap (1/a;) term 
broadens out and the low energy linear in u ; term decreases, paralleling the 
behavior discussed above for Im E. 

From Figs. 5.38 and 5.39, we see that rather than the spectral peak de- 
creasing in weight with increasing temperature, it disappears by broadening 
strongly in energy. This can be seen directly by inspecting Fig. 5.39, in that 
as the temperature increases, Im E (Fig. 5.39a) in the vicinity of the peak 
increases in magnitude with T, and z~ x (roughly the slope in Fig. 5.39b near 
the zero crossing) decreases with T. In fact, it is the strong T variation of 
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Fig. 5.39. Temperature dependence of (a) ImU and (b) Rei7 derived from the data 
of Fig. 5.38 

ImU and z _1 , and the fact that they operate in concert, which is responsible 
for the rapid variation in the effective width of the spectral peak with T. 

The above analysis is important in that it shows how coherence is lost in 
the system. It is apparent from Figs. 5.38 and 5.39 that once a temperature 
is reached where the spectral peak is no longer discernable in the data, the 
difference in behavior of the self-energy between low energies and high ener- 
gies is lost. That is, once the spectral dip is filled in, the low and high energy 
behaviors have merged, and the sharp peak and broad hump at low temper- 
ature is simply replaced by a single broad peak (with a leading edge gap due 
to the pseudogap). This is consistent with the spectral peak simply losing 
its integrity as the temperature is raised. The analysis does not support a 
picture of a well defined quasiparticle peak whose weight simply disappears 
upon heating, as has been suggested by other authors [96]. 



5.7.3 Modeling the Self— Energy 

This behavior can be further quantified by fitting the self-energy for binding 
energies smaller than the dip energy to that expected for a superfluid Fermi 
liquid, and exploring the temperature dependence of the resulting parameters. 
The reader can find this analysis in Ref. [111]. Rather, we will discuss here a 
simpler analysis we performed where we contrasted the temperature depen- 
dence of overdoped and underdoped samples [112]. In this case, we chose to 
look at data at the (7r, 0) — (7r,7r) Fermi crossing (antinode). The dip/hump 
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structure is considerably weaker here than at the (7r, 0) point, allowing us to 
concentrate on more general aspects of the spectra. 

We begin with the overdoped sample, where there is no strong pseudogap 
effect. The simplest self-energy which can describe the low energy data at all 
T is 

I7(k, u) = -iTi + A 2 /[{ u + i0 + ) + e(k)]. (5.15) 

Here A is a single-particle scattering rate taken, for simplicity, to be an oj- 
independent constant. It is effectively an average of the (actual cj-dependent) 
£" over the frequency range of the fit. (In Ref. [Ill], we generalized this to 
a constant plus an uj 2 term, and included the resulting linear u contribution 
to £ f ). The second term is the BCS self-energy discussed previously. 
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Fig. 5.40. Symmetrized data for (a) a T C =82K overdoped sample and (b) a T C =83K 
underdoped sample at the ( 7 r, 0) — (7r, 7 r) Fermi crossing at five temperatures, com- 
pared to the model fits described in the text 

In Fig. 5.40a, we show symmetrized data for an overdoped T C =82K sam- 
ple at the antinode together with the fits obtained as follows [112]. Using Eq. 
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(5.15) , we calculate the spectral function 

7i\A(k, a;) = I7"(k,a;)/ [(a; — ek — 27'(k ,u;)) 2 + ^"(k,^) 2 ] , (5.16) 

convolve it with the experimental resolution, and fit to symmetrized data. The 
fit is restricted to a range of ±45 meV given the small gap in the overdoped 
case and the sharpness of the quasiparticle peaks below T c . We find that Eq. 

(5.15) describes the low energy data quite well. 




T (K) T(K) 

Fig. 5.41. A (open circles), A (solid circles), and To (solid squares) versus T at 
the (7r,0) — (7r,7r) Fermi crossing for (a) a T C =82K overdoped sample and (b) a 
T c =8 3K underdoped sample. The dashed line marks T c . The error bars for A are 
based on a 10% increase in the RMS error of the fits 



The T-variation of the fit parameters A and A are shown in Fig. 5.41a. 
A(T) decreases with T, and although small at T c , it only vanishes above T c , 
indicating the possibility of a weak pseudogap. This effect is sample depen- 
dent, in that several over doped samples we have looked at, the gap vanishes 
closer to T c . We caution that the error bars shown in Fig. 5.41a are based on 
the RMS error of the fits, but do not take into account experimental errors 
in /i and kp. 
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A (T) is found to be relatively T-independent in the normal state. Below 
T c , we see that A decreases very rapidly, and can be perfectly fit to the 
form a + bT 6 . This rapid drop in linewidth leading to sharp quasiparticle 
peaks at low T, which can be seen directly in the ARPES data, is consistent 
with microwave and thermal conductivity measurements, and implies that 
electron-electron interactions are responsible for A* Note the clear break 
in A at T c , despite the fact A has not quite vanished. We have seen similar 
behavior to that described above for a variety of overdoped samples at several 
k points. 

We next turn to the more interesting underdoped case. We find that near 
(7r,0) the self-energy (5.15) cannot give an adequate description of the data, 
in that it does not properly describe the pseudogap and its unusual “filling 
in” above T c . Theoretically, we cannot have a divergence in I7(k^, a; = 0) in a 
state without broken symmetry. A simple modification of the BCS self-energy 
rectifies both these problems: 

i?(k, cj) = — zA ± A? /\u ± e(k) ± Hq]. (5.17) 

The new term /o(T) should be viewed as the inverse pair lifetime. The the- 
oretical motivation for Eq. (5.17) is given in Ref. [112]. We stress that this 
three parameter form is again a minimal representation of the pseudogap self- 
energy. Since it is not obviously a unique representation, it is very important 
to see what one learns from the fits. 

In Fig. 5.40b, we show symmetrized data at the antinode for a T C =83K 
underdoped sample. Below T c we see quasiparticle peaks. Above T c these 
peaks disappear but there is still a large suppression of spectral weight around 
u;=0. As T is raised further, the pseudogap fills in (rather than closing) 
leading to a flat spectrum at a temperature of T* (200K). The self-energy, 
Eq. (5.17), gives a good fit to the data. These fits were done below T c over 
a larger energy range (±75 meV) than in the overdoped case because of the 
larger gap. The range above T c was increased to ±85 meV so as to properly 
describe the pseudogap depression. 

In Fig. 5.41b, we show the T-dependence of the fit parameters. We find 
a number of surprises. First, A is independent of T within error bars. Similar 
behavior has been inferred from specific heat and tunneling data. This T- 
independence is in contrast to the behavior of the overdoped 82K sample 
with almost identical T c at the same k point. In addition, for the underdoped 
sample, the gap evolves smoothly through T c . 

The single-particle scattering rate A(^) for the underdoped sample is 
found to be qualitatively similar to the overdoped case. It is consistent with 
being T-independent above T c , but with a value over twice as large as the 
overdoped case (allowing A to vary above T c does not improve the RMS 
error of the fits). Second, we see the same rapid decrease in A below T c as 
in the overdoped case. Note again the clear break at T c . 

The most interesting result is A(T). We find T 0 = 0 below T c and pro- 
portional to T — T c above. This behavior is robust, and is seen in all the fits 
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that we have tried. Moreover, a non-zero j T 0 is needed above T c to obtain a 
proper fit to the data (its effect cannot be reproduced by varying the other 
parameters). The fact that this T-dependence is exactly what one expects of 
an inverse pair lifetime is a non-trivial check on the validity of the physics 
underlying Eq. (5.17). Further, we observe from Fig. 5.41 that T* corre- 
sponds to where A(T) ~ Tb(T). This condition can be understood from the 
small u expansion of Eq. (5.17). 



UD77K 




E (meV) 



Fig. 5.42. (a) Symmetrized data for a T C =77K underdoped sample for three tem- 
peratures at (open circles) kF point 1 in the zone inset, and at (open triangles) kF 
point 2, compared to the model fits, (b) A(T) for these two k points (filled and 
open circles), with T c marked by the dashed line 



The next important question is whether the T-dependence at the antin- 
ode described above exists at other k^ -points. To answer this, we have looked 
at T-dependent data for a number of underdoped samples at two different 
k vectors. All data at the antinode give results similar to those for the 83K 
sample. However at the second k-point, about halfway between the antin- 
ode and the node along the (0, 0) — (7r, 7 r) direction, we see quite different 
behavior. We demonstrate this in Fig. 5.42a where symmetrized data for a 
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77K underdoped sample are shown. For the antinode, one clearly sees the 
gap fill in above T c , with little evidence for any T-dependence of the position 
of the spectral feature defining the gap edge, just as for the 83K sample. In 
contrast, at the second k point, the gap is clearly closing, indicating a strong 
T-dependence of A. Similar behavior is seen in other underdoped samples 
with T c between 75 and 85K. 

In Fig. 5.42b, we show the T-dependence of A obtained from fits (over 
a range of ±66 meV) at the second k point for the 77K sample. A is found 
to be strongly T-dependent, being roughly constant below T c , then dropping 
smoothly to zero above. The strong T-dependence of A makes it difficult 
to unambiguously determine To from the fits at this k-point. On theoretical 
grounds, we expect that, here too, there is a non-zero To, and the closing of 
the pseudogap is again determined by A(T) ~ To(T), however this condition 
is satified by the rapid drop in Z\(T), rather than the rise in Tq(T). For 
completeness, we also show A(T ) for this sample at the antinode, which has 
a similar behavior to that of the 83K sample. 

We see that these results give further evidence for the unusual k-dependen- 
ces first noted in Ref. [94]. Strong pairing correlations are seen over a very 
wide T-range near (7r,0), but these effects are less pronounced and persist 
over a smaller T-range as one moves closer to the zone diagonal. This is 
clearly tied to the strong k-dependence of the effective interaction and the 
unusual (anomalously broad and non-dispersive) nature of electronic states 
near (7r, 0). 



5.7.4 Peak/Dip/Hump — Experiment 

We now turn to a detailed discussion of the peak/dip/hump lineshape. As 
mentioned above, a very broad normal state spectrum near the (i r, 0) point 
of the zone evolves quite rapidly for T < T c into a narrow quasiparticle 
peak, followed at higher binding energies by a dip then a hump, the latter 
corresponding to where the spectrum recovers to its normal state value [113]. 
Similar effects are observed in tunneling spectra [114]. 

In Fig. 5.43, we show spectra for a T c =87K Bi2212 sample along T — 
M — Z, i.e., (0,0) — (7r, 0) — (27r, 0), in (a) the normal state (105 K) and (b) 
the superconducting state (13 K), from which we note two striking features 
[61]. First, we see that the low energy peak in the superconducting state 
persists over a large range in k-space, even when the normal state spectra 
have dispersed away from the Fermi energy. Second, when the hump in the 
superconducting state disperses, it essentially follows that of the normal state 
spectrum. This is accompanied by a transfer of weight to the hump from the 
low frequency peak, which is fairly fixed in energy. The same phenomena 
are also seen along M to Y (Fig. 5.43c). We will argue that the unusual 
dispersion seen in the superconducting state of Fig. 5.43 is closely tied to 
the lineshape change discussed earlier (Fig. 5.38). 
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Fig. 5.43. Spectra in (a) the normal state (105 K) and (b) the superconducting 
state (13 K) along the line r — M - Z, and (c) the superconducting state (13 K) 
along the line M — Y for an overdoped (T C =87K) Bi2212 sample. The zone is shown 
as an inset in (c) with the curved line representing the observed Fermi surface 



The simplest explanation of the superconducting state spectra would be 
the presence of two bands (e.g., due to bilayer splitting), one responsible for 
the peak and the other for the hump. However, this explanation is untenable 
[115]. First, if the sharp peak were associated with a second band, then this 
band should also appear above T c . But there is no evidence for it in the 
normal state data. Second, if the peak and hump were from two different 
bands, then their intensities must be governed by different matrix elements. 
However, we found [37] that the intensities of both features scaled together 
as the photon polarization was varied from in to out of plane, as if they 
were governed by a common matrix element (Section 5.4.5). These arguments 
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suggest that the unusual lineshape and dispersion represent a single electronic 
state governed by non-trivial many-body effects, as assumed in the previous 
discussion (Figs. 5.36-5.39). For more overdoped materials, though, bilayer 
splitting should be taken into account, as discussed in Section 5.4.5. 

Under this assumption, the data are consistent with a strong reduction of 
the imaginary part of the self-energy (ImX') at low energies in the supercon- 
ducting state (Fig. 5.36). If the scattering is electron-electron like in nature, 
then ImZJ at frequencies smaller than ~ 3A will be suppressed due to the 
opening of the superconducting gap [116]. On closer inspection, though, a 
more interesting story emerges. First, from Figs. 5.36 and 5.43, we see that 
the superconducting and normal state data match beyond 90 meV. From 
90 meV, the dip is quickly reached at 70 meV, then one rises to the sharp 
peak. Notice that since the width of the peak is around 20 meV, then the 
change in behavior of the spectra (from hump, to dip, to the trailing edge 
of the peak) is occuring on the scale of the energy resolution. That means 
that the intrinsic dip must be quite sharp. This implies that the large ImU 
at high energies must drop to a small value over a narrow energy interval to 
be consistent with the data, i.e., there is essentially a step in ImI7. In fact, 
the data are not only consistent with a step in Imi7, but the depth of the 
dip is such that it is best fit by a peak in ImI7 at the dip energy, followed 
by a rapid drop to a small value. This behavior can again be seen from the 
independent analysis shown in Figs. 5.36 and 5.39. 

What are the consequences of this behavior in ImJC? If Imi7 has a sharp 
drop at a), then by Kramers-Kronig transformation, ReU will have a sharp 
peak at uj (Fig. 5.36). This peak can very simply explain the unusual disper- 
sion shown in Fig. 5.43, as it will cause a low energy quasiparticle pole to 
appear even if the normal state binding energy is large. The most transparent 
way to appreciate this result is to note that a sharp step in ImZ* is equivalent 
to the problem of an electron interacting with a sharp (dispersionless) mode, 
since in that case, the mode makes no contribution to Imi7 for energies below 
the mode energy, and then makes a constant contribution for energies above. 
This problem has been treated by Engelsberg and Schrieffer [117], and ex- 
tended to the superconducting state by Scalapino and coworkers [118]. The 
difference in our case is that since the effect only occurs below T c , it is a con- 
sequence of the opening of the superconducting gap in the electronic energy 
spectrum, and thus of a collective origin, rather than a phonon. 

To facilitate comparison to this classic work, in Fig. 5.44 we plot the posi- 
tion of the low energy peak and higher binding energy hump as a function of 
the energy of the single broad peak in the normal state. This plot has a strik- 
ing resemblance to that predicted for electrons interacting with a sharp mode 
in the superconducting state, and one clearly sees the low energy pole which 
we associate with the peak in ReS. On general grounds, the flat dispersion 
of the low energy peak seen in Fig. 5.44 is a combination of two effects: (1) 
the peak in Rei7, which provides an additional mass renormalization of the 
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Fig. 5.44. Positions of the sharp peak and the broad hump in the superconducting 
state versus normal state peak position obtained from Fig. 5.43a and 5.43b. Solid 
points connected by a dashed line are the data, the dotted line represents the normal 
state dispersion 



superconducting state relative to the normal state, and thus pushes spectral 
weight towards the Fermi energy, and (2) the superconducting gap, which 
pushes spectral weight away. This also explains the strong drop in intensity 
of the low energy peak as the higher binding energy hump disperses. 

An important feature of the data is the dispersionless nature of the sharp 
peak. The mode picture discussed above would imply a dispersion of the 
peak from Ak to — wq + Ak as the normal state binding energy increases 
(where u>o is the mode energy). However, this dispersion turns out to be weak. 
From the data of Fig. 5.36, we infer an u>o = 1.3 A max , w o being essentially 
the energy separation of the peak and dip. Since Ak is known to be of the 
d x 2_ y 2 form, then Ak should go to zero as we disperse towards the r point. 
Therefore, the predicted dispersion is only from A max to 1.3 Amax (32 to 42 
meV). 

Since the dip/hump structure is most apparent at the (7r,0) points, it is 
natural to assume that it has something to do with Q = (7r, 7 r) scattering, 
as discussed by Shen and Schrieffer [119]. But here, we find a new effect. If 
one compares the data of Figs. 5.43b and 5.43c, one sees that a low energy 
peak also exists along ( 7 r, 0) — (7r, 7 t) for approximately the same momentum 
range as the one from (7r, 0) — (0, 0). That is, if there is a peak for momentum 
p, one also exists for momentum p -f Q- This can be understood, since the 
self-energy equations for p and p + Q will be strongly coupled if Q scattering 
is dominant. 
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5.7.5 Mode Model 

For now, we ignore the complication of momentum dependence. The low- 
est order contribution to electron-electron scattering is represented by the 
Feynman diagram shown in the inset of Fig. 5.45. In the superconducting 
state, each internal line will be gapped by A. This implies that the scatter- 
ing will be suppressed for |o;| < 3 A. This explains the presence of a sharp 
quasiparticle peak at low temperatures. What is not so obvious is whether 
this in addition explains the strong spectral dip. Explicit calculations show 
only a weak dip-like feature [120]. To understand this in detail, we equate 
the bubble plus interaction lines (Fig. 5.45 inset) to an “a 2 F” as in stan- 
dard strong-coupling literature. In a marginal Fermi liquid (MFL) at T=0, 
a 2 F(Q) is simply a constant in Q. The effect of the gap is to force a 2 F to 
zero for Q < 2 A. The question then arises where the gapped weight goes. It 
could be distributed to higher energies, but in light of the above discussion, 
we might expect it to appear as a collective mode inside of the 2 A gap. For 
instance, if the bubble represents spin fluctuations, a sharp mode will appear 
if the condition 1 — U\o{^ 12) = 0 is satisfied for i? < 2 A. These three cases 
(MFL, gapped MFL, gapped MFL plus mode) are illustrated in Fig. 5.45. 

F is easy to obtain analytically if we ignore the complication of the super- 
conducting density of states from the k — q line of Fig. 5.45 and just replace 
this by a step function at A. The resulting ImZ* for the gapped MFL and 
gapped MFL plus mode models are shown in Fig. 5.46a [121] in comparison 
to the normal state MFL. Note that structure in a 2 F at Q appears in S 
at |o;| = i? + A due to the gap in the k — q line. Moreover, the MFL plus 
mode is simply the normal state MFL cut-off at 3 A (this is obtained under 
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Fig. 5.45. a 2 F for three models, MFL (dashed line), gapped MFL (dotted line), 
and gapped MFL plus mode (dotted line plus S function). Inset: Feynman diagram 
for the lowest order contribution to E from electron-electron scattering 
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Fig. 5.46. (a) ImI7 for MFL (solid line), gapped MFL (dotted line), gapped MFL 
plus mode (dashed line), and simple d-wave model (dashed-dotted line). Parame- 
ters are a=l, a; c =200meV, ^=30meV (0 for MFL), f2o=2A, and 7o=30meV. (b) 
Spectral functions (times a Fermi function with T=14K) convolved with a resolu- 
tion gaussian of ( 7 = 7.5 meV for these four cases (e=-34meV) 




the assumption that all the gapped weight in a 2 F shows up in the mode). In 
contrast, the gapped MFL decays linearly to zero at 3A. 

The Nambu spectral function is given by 



Af \ 1 r ZtO + e 

(") ~ V m Z 2 (oj 2 - A 2 ) - e 2 ’ 



(5.18) 



with (a complex) Z{uS) = 1 — S(u)/uj. These are shown in Fig. 5.46b and 
were convolved with a gaussian of a=7.5 meV, typical of high resolution 
ARPES, with a constant Im27 (Jo) added for \u>\ > A to reduce the size of 
the quasiparticle peak. We note that there is no dip as such for the gapped 
MFL model, whereas the addition of the mode causes a significant dip. The 
latter behavior is consistent with experiment. Moreover, the mode model has 
the additional advantage that ImS recovers back to the normal state value 
by 3 A, which is also in agreement with experiment in that the normal and 
superconducting state spectra agree beyond 90 meV (Figs. 5.36 and 5.43). 

We contrast this behavior with that expected for a simple d-wave model. 
To a first approximation, this can be obtained by replacing the step drop 
in ImJC in the MFL plus mode model with (|o;| — A) 3 for |o;| < 3 A [122]. 
This is shown in Fig. 5.46a as well, with the resulting spectrum in Fig. 
5.46b. Only a weak dip appears. Moreover, we have analyzed models with 
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the exponent 3 replaced by some n and have found that n must be large to 
obtain a dip as strong as seen in experiment. Therefore, the upshot is that 
at the least, something similar to a step is required in ImE to be consistent 
with experiment. 

In principle, we could take the above MFL plus mode model and fit ex- 
periment with it. We consider a simpler model. There are several reasons for 
this. First, the MFL model has a number of adjustable parameters associated 
with it. There is the coupling constant (a), the cut-off frequency (u; c ), and 
the mode energy (which is not in general 2 A). Moreover, the spectrum for 
k points near the (7T, 0) point does not appear to be MFL-like in nature. 
We have found that the normal state Bi2212 spectrum is fit very well by a 
Lorentzian plus a constant background in an energy range less than 0.5eV. 
This is also true for Bi2201 spectrum where the normal state can be accessed 
to much lower temperatures. 

In the resulting Lorentzian model, the normal state E is purely an imag- 
inary constant, and a 2 F is a mode at zero energy. In the superconducting 
state, this mode gets pushed back to some energy within 2 A. This model 
is artificial in the sense that all the self-energy is being generated by the 
mode. That is why we went through the above discussion motivating the 
mode more properly as a rearrangement of a 2 F\ due to the superconducting 
gap. In practice, though, the results are very similar to the MFL plus mode 
model, and has the further advantage of having the several parameters of 
that model collapse to just the mode strength (i~i) and mode position (i? 0 ) 
of the Lorentzian model. Moreover, analytic results can still be obtained for 
E when the superconducting density of states for the k — q line of Fig. 5.45 
is taken into account. The result is [121] 

—imE(uj) = r 0 N(M) + riJ\r(M - o>), M > n 0 + 

= JoN(|u;f), A < \u\ < i?o “b A 

= 0, M < A (5.19) 

where N(u>) = Lo/y/u 2 — A 2 is the BCS density of states, and 

7rRei7(w) = r 0 N(-u) In [| - u + \/u; 2 - A 2 \/a} 

+jTlAT(J?o — w) In [\Q 0 — w + \/ (uj — J?o)^ — zi 2 1 / /ij 

-{lo -> -uj} . (5.20) 

Here, it has again been assumed that A is a real constant in frequency. An 
s-wave density of states has been used to obtain an analytic result. A d-wave 
density of states will not be that different. The advantage of an analytic result 
is that it is useful when having to take spectra and convolve with resolution 
to compare to experiment. Our results are not very sensitive to To, included 
again to damp the quasiparticle peak. 

The resulting real (Eq. (5.20)) and imaginary (Eq. (5.19)) parts of E 

at (7r, 0) are shown in Fig. 5.47a. Note the singular behaviors at A (peak 
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Fig. 5.47. (a) Im27 and R eZ at (tt, 0) from Eqs. 5.19 and 5.20 (/i=200meV, 
Jo=30meV, Zl=32meV, J?o=l-3^). Comparison of the data at (7r,0) for (b) wide 
and (c) narrow energy scans with calculations based on Eqs. 5.18-5.20, with an 
added step edge background contribution 



energy) due to the Hq term and at i?o -f A (dip energy) due to the A term. 
In both cases, step drops in ImE would also give singularities in ReS. The 
advantage of peaks in Im27 (due to the SC density of states) is that it makes 
the dip deeper in better agreement with experiment. In Fig. 5.47b and 5.47c, 
we show a comparison of the resulting spectral function (convolved with 
the experimental energy and momentum resolution) to experimental data at 
( 7 r, 0) for both wide and narrow energy scans, where a step edge background 
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with a gap of A is added to the calculated spectrum. The resulting agreement 
is excellent. 

It is interesting to note that the mode energy we infer from the data is 
41 meV, equivalent to a magnetic resonant mode energy observed in YBCO 
[123] and Bi2212 [124] by neutron scattering data at Q = (it, it). The Q 
dependence of this mode correlates well with the observations of Fig. 5.43. 
To explore this in greater detail, we now consider the doping dependence of 
the peak/dip/hump structure. 

5.7.6 Doping Dependence 

We show data along (7r, 0) — ► (i r, it) for an underdoped 75K sample in the 
superconducting state (Fig. 5.48a) and in the pseudogap state (Fig. 5.48b) 
[62]. Below T c , the sharp peak at low energy is essentially dispersionless, 
while the higher energy hump rapidly disperses from the (7r, 0) point towards 
the (tt, 0) — > (7r,7r) Fermi crossing seen above T*. Beyond this, the intensity 
drops dramatically, but there is clear evidence that the hump disperses back 
to higher energy. In the pseudogap state, the high energy feature also shows 
strong dispersion, much like the hump below T c , even though the leading 
edge is non-dispersive like the sharp peak in the superconducting state. 

In Fig. 5.49 we show the dispersion of the sharp peak and hump (below 
T c ), for a variety of doping levels, in the vicinity of the ( 7 r, 0) point along the 
two principal axes. The sharp peak at low energies is seen to be essentially 
non-dispersive along both directions for all doping levels, while the hump 
shows very interesting dispersion. Along (7r, 0) — ► (0,0) (Fig. 5.49a), the 
hump exhibits a maximum, with an eventual dispersion away from the Fermi 
energy, becoming rapidly equivalent to the binding energy of the broad peak 
in the normal state as one moves away from the region near (it, 0). In the 
orthogonal direction (Fig. 5.49b), since the hump initially disperses towards 
the (it, 0) — > (it, it) Fermi crossing, which is known to be a weak function of 
doping, one obtains the rather dramatic effect that the dispersion becomes 
stronger with underdoping. We also note that there is an energy separation 
between the peak and the hump due to the spectral dip. In essence, the 
hump disperses towards the spectral dip, but cannot cross it, with its weight 
dropping strongly as the dip energy is approached. Beyond this point, one 
sees evidence of the dispersion bending back to higher binding energy for 
more underdoped samples. 

Fig. 5.50a shows the evolution of the low temperature spectra at the 
(it , 0) point as a function of doping. The sharp quasiparticle peak moves to 
higher energy, indicating that the gap increases with underdoping (although 
this is difficult to see on the scale of Fig. 5.50a). We see that the hump moves 
rapidly to higher energy with underdoping. These trends can be seen very 
clearly in Fig. 5.50b, where the energy of the peak and hump are shown as 
a function of doping for a large number of samples. Finally, we observe that 
the quasiparticle peak loses spectral weight with increasing underdoping, as 
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Fig. 5.48. Spectra along (7r, 0) — > (7r,7r) in (a) the superconducting state (T=60K), 
and (b) the pseudogap state (T=100K) for an underdoped 75K sample (curves 
are labeled in units of ir/a). The thick vertical bar indicates the position of the 
higher energy feature, at which the spectrum changes slope as highlighted by the 
intersecting straight lines 



expected for a doped Mott insulator; in addition the hump also loses spectral 
weight though less rapidly. 

This effect has recently been quantified in greater detail, where it was 
found that the spectral weight of the peak varies linearly with doping, as 
reproduced in Fig. 5.51. [96,97}. We remark that Ding et al. [97] also found 
the unusual relation that the product of the peak weight times the peak 
energy is constant with doping. 

The hump below T c is clearly related to the superconducting gap, given 
the weak doping dependence of the ratio between the hump and quasiparticle 
peak positions at (7r, 0), shown in Fig. 5.50c. Tunneling data find this same 
correlation on a wide variety of high-T c materials whose energy gaps vary by 
a factor of 30 [63]. 

To motivate the analysis below that firmly establishes the mode inter- 
pretation of of the peak/dip/hump spectra and its connection with neutron 
data, we note that the spectral dip represents a pairing induced gap in the in- 
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Fig. 5.49. Doping dependence of the dispersion from (a) (71-, 0) — ► (n ± 7 r, 0), (b) 
(7r,0) — » (7r, ±7r), and (c) both directions, for the peak and hump in the super- 
conducting state. U is underdoped and O is overdoped. Points were obtained by 
polynomial fits to the data, and are consistent with the simpler criterion used in 
Fig. 5.48 

coherent part of the spectral function at (n, 0) occurring at an energy A + f2 0 , 
where A is the superconducting gap and i? 0 is the mode energy. We can esti- 
mate the mode energy from ARPES data from the energy difference between 
the dip (A + i? 0 ) and the quasiparticle peak (A). 

In Fig. 5.52b we plot the mode energy as estimated from ARPES for 
various doping levels as a function of T c and compare it with neutron mea- 
surements. We find striking agreement both in terms of the energy scale and 
its doping dependence [125]. The same agreement, in greater detail, has been 
recently found using tunneling data [126], as shown in Fig. 5.53. We note 
that the mode energy inferred from ARPES decreases with underdoping, just 
like the neutron data, unlike the gap energy (Fig. 5.50b), which increases. 
This can be seen directly in the raw data, shown in Fig. 5.52a. This is also 
seen from the tunneling data, where they have found that the mode energy 
scales with doping as 5T C , just like the neutron resonance. An interesting 
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Fig. 5.50. Dependence of energy scale on carrier density: (a) Doping dependence of 
the spectra (T=15K) at the (7r,0) point. The inset shows T c vs. doping, (b) Doping 
dependence of T* , and the peak and hump binding energies in the superconducting 
state along with their ratio (c), as a function of doping, x. The empirical relation 
between T c and x is given by T c /T? ax = 1 - 82.6(x - 0.16) 2 with T c max = 95K. For 
T* , solid squares represent lower bounds 

point from the tunneling is that the ratio of the mode energy to the gap 
energy saturates to 2 in the overdoped limit, as would be expected for a col- 
lective mode sitting below a continuum with a gap of 2 A Moreover, there is 
strong correlation between the temperature dependences in the ARPES and 
neutron data. While neutrons see a sharp mode only below T c , a smeared out 
remnant persists up to T* [127]. As the sharpness of the mode is responsible 
for the sharp spectral dip, one then sees the correlation with ARPES where 
the dip disappears above T c , but with a remnant of the hump persisting to 
T*. 

An important feature of the neutron data is that the mode only exists in 
a narrow momentum range about (7r,7r), and is magnetic in origin. To see a 
further connection with ARPES, we return to the results of Fig. 5.49. Note 
the dispersion along the two orthogonal directions are similar (Fig. 5.49c), 
unlike the dispersion inferred in the normal state. As these two directions are 
related by a ( 7 r, 7 r) translation ((x, 0) = (0, -x)\ (0, -x) + (tt, 7 r) = (7r, 7r — x)), 
we see that the hump dispersion is clearly reflecting the (7r, 7 r) nature of the 
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Fig. 5.51. (a) Doping dependence of the low-T (14 K) coherent weight (z A ). The 
dashed line is a guideline showing that z A increases linearly on the underdoped side, 
and tapers off on the overdoped side, (from Ref. [97]) (b) The doping dependence 
of the superconducting peak ratio (SPR) is plotted over a typical Bi2212 phase dia- 
gram. The solid line is a guide to the eye. Horizontal error bars denote uncertainty 
in determining the doping level (±0.01); vertical error bars denote uncertainty in 
determining the SPR (±1.5%). AF, antiferromagnetic regime; SC, superconducting 
regime (from Ref. [96]) 



collective mode. This dispersion is also consistent with a number of models in 
the literature which identify the high energy feature in the pseudogap regime 
as a remnant of the insulating magnet [128]. We note, though, that the mode 
is due to quasiparticle pair creation and thus not just a continuation of the 
spin wave mode from the antiferromagnet [129]. 

This brings up a question that is at the heart of the high T c problem: 
how can a feature which can be understood as a strong coupling effect of 
superconductivity, as discussed above, turn out to have a dispersion that 
resembles that of a magnetic insulator? The reason is that the collective mode 
has the same wavevector, (7r, 7r), which characterizes the magnetic order of the 
insulator. It is easy to demonstrate that in the limit that the mode energy goes 
to zero (long range order), one actually reproduces a symmetric dispersion 
similar to that in Fig. 5.49c, with the spectral gap determined by the strength 
of the mode [41]. This is in accord with the increase in the hump energy with 
underdoping (Fig. 5.50b) tracking the rise in the neutron mode intensity. 
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Fig. 5.52. Doping dependence of the mode energy: (a) Spectra at ( 7 r, 0) showing the 
decrease in the energy separation of the peak and dip with underdoping. Peak and 
dip locations were obtained by independent polynomial fits and carefully checked 
for the effects of energy resolution, (b) Doping dependence of the collective mode 
energy inferred from ARPES together with that inferred from neutron data [125] 



Since the hump scales with the superconducting gap, the obvious implication 
is that the mode is intimately connected with pairing, a conclusion which 
can also be made by relating the mode to the superconducting condensation 
energy [130]. That is, high T c superconductivity is likely due to the same 
magnetic correlations which characterize the insulator and give rise to the 
mode. 

5.7.7 Dispersion Kink of Nodal Quasiparticles 

So far, our discussion has largely been centered on behavior near the (7T, 0) 
point of the zone. We now turn to consideration of other k vectors. 

Remarkably, we find that the effects discussed above are manifest even on 
the zone diagonal where the gap vanishes, with significant changes in both the 
spectral lineshape and dispersion below T c , relative to the normal state where 
the nodal points exhibit quantum critical scaling [23]. Specifically, below T c 
a kink in the dispersion develops along the diagonal at a finite energy (~70 
meV) [24,25]. This is accompanied, as required by Kramers-Kronig relations, 
by a reduction in the linewidth leading to well-defined quasiparticles [33] . As 
one moves away from the node, the renormalization increases, and the kink 
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Fig. 5.53. Measured mode energy i? and bulk T c value vs. measured gap value 
A for 17 junctions over a wide doping range from UD74K to OD48K. Solid and 
dashed lines are quadratic fits of Q and T c vs. A. Inset shows Q/A vs. A (from 
Ref. [126]) 



in dispersion along the diagonal smoothly evolves into the spectral dip, with 
the same characteristic energy scale throughout the zone. 

In Fig. 5.54a, we plot the dispersion of the spectral peak above T c ob- 
tained from constant k scans (energy distribution curves or EDCs), and the 
peak in momentum obtained from constant u scans (momentum distribution 
curves or MDCs) [23] from data for a T C =90K sample along the (ir, 7r) direc- 
tion [25]. We find that the EDC and MDC peak dispersions are very different, 
a consequence of the u dependence of E. 

To understand this, we start by noting that since ek — Vp(k — kp ), then 
from Eq. (5.8) the MDC at fixed a; is a Lorentzian centered at k = kp + 
[lj - E'(uj)\ /v% with a width (HWHM) W M = \E"{u>)\/v° F , provided (i) E 
is essentially independent of k normal to the Fermi surface, and (ii) the dipole 
matrix elements do not vary significantly with k over the range of interest. 
That these two conditions are fulfilled can be seen by the nearly Lorentzian 
MDC lineshape observed in ARPES [23]. 
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On the other hand, in general, the EDC at fixed k has a non-Lorentzian 
lineshape reflecting the non-trivial ^-dependence of 17, in addition to the 
Fermi cutoff at low energies. Thus the EDC peak is not given by uj — Vjr(k — 
kp) — E' (cj) = Q but also involves E" , unlike the MDC peak. Further, if the 
EDC peak is sharp enough, making a Taylor expansion we find that its width 
(HWHM) is given by W E ^ \E"(E k )\/[l -dE'/dcj\ Bk ], where E k is the peak 
position. 

We see that it is much simpler to interpret the MDC peak positions, and 
thus focus on the change in the MDC dispersion going from the normal (N) 
to the superconducting (SC) state shown in Fig. 5.54b. The striking feature 
of Fig. 5.54b is the development of a kink in the dispersion below T c . At 
fixed u let the dispersion change from few to ksc • Using Vp(kN — ksc) = 
E ' sc { v) — E* n (u)), we directly obtain the change in real part of E plotted in 
Fig. 5.54c. The Kramers-Kronig transformation of E f sc — E f N then yields 
Epf — E$ c , plotted in Fig. 5.54d, which shows that \E$ C \ is smaller than 
\E'n\ at low energies. 




- 0.15 - 0.10 - 0.05 0.00 - 0.15 - 0.10 - 0.05 0.00 

Energy (eV) Energy (eV) 

Fig. 5.54. ARPES data along the ( 7 r, 7 r) direction at hv= 28eV. (a) EDC dispersion 
in the normal state compared to the MDC dispersion. The EDCs are shown in Fig. 
5.55d. (b) MDC dispersions in the superconducting state (T=40K) and normal state 
(T=115K). (c) change in MDC dispersion from (b). (d) Kramers-Kronig transform 
of (c) 
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We compare these results in Fig. 5.55a with the Wm = \£"\/vf estimated 
directly from the MDC Lorentzian linewidths. The normal state curve was 
obtained from a linear fit to the corresponding MDC width data points in 
Fig. 5.55a, and then the data from Fig. 5.54d was added to it to generate the 
low temperature curve. We are thus able to make a quantitative connection 
between the appearance of a kink in the (MDC) dispersion below T c and a 
drop in the low energy scattering rate in the superconducting state relative 
to the normal state, which leads to the appearance of quasiparticles below 
T c [33]. We emphasize that we have estimated these T-dependent changes 
in the complex self-energy without making fits to the EDC lineshape, thus 
avoiding the problem of modeling the uj dependence of £ and the extrinsic 
background. 

In Fig. 5.55b, we plot the EDC width obtained as explained in Ref. [33] 
from Fig. 5.55d. As an interesting exercise, we present in Fig. 5.55c the 
ratio of this EDC width to the MDC width of Fig. 5.55a (dotted lines), 
and compare it to the renormalized MDC velocities, 1/v = dk/dcj , obtained 
directly by numerical differentiation of Fig. 5.54b (solid lines). We note 
that only for a sufficiently narrow EDC lineshape is the ratio We/Wm — 
^/[L — dE'/du)] = VF' Interestingly, only in the superconducting state below 
the kink energy do these two quantities agree, which implies that only in this 
case does one have a Fermi liquid. 

Similar kinks in the dispersion have been seen by ARPES in normal metals 
due to the electron-phonon interaction [131]. Phonons cannot be the cause 
here, since the kink disappears above T c . Rather, this effect is suggestive 
of coupling to an electronic collective excitation which only appears below 
T c . Recently, this view has been challenged by Lanzara et al. [132], and we 
discuss this work at the end of this subsection. 

We now study how the lineshape and dispersion evolve as we move along 
the Fermi surface. An analysis similar to the above is possible, but more 
complicated due to the presence of an energy gap [26]. We will thus confine 
ourselves here to a general description of the data. In Fig. 5.56, we plot 
raw intensities for a series of cuts parallel to the MY direction (normal state 
in left panels, superconducting state in middle panels). We start from the 
bottom row that corresponds to a cut close to the node and reveals the same 
kink described above. As we move towards (7r, 0), the dispersion kink (mid- 
dle panels) becomes more pronounced and at around ^=0.55 develops into a 
break separating the faster dispersing high energy part of the spectrum from 
the slower dispersing low energy part. This break leads to the appearance of 
two features in the EDCs, shown in the right panels of Fig. 5.56. Further to- 
wards (tt,0), the low energy feature, the quasiparticle peak, becomes almost 
dispersionless. At the (7r, 0) point, this break effect becomes the most pro- 
nounced, giving rise to the peak/dip/hump in the EDC. We note that there 
is a continuous evolution in the zone from kink to break, and these features 
all occur at exactly the same energy. 
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Fig. 5.55. (a) Comparison of change in £" obtained directly from the MDC widths 
(HWHM) to the one obtained from the dispersion in Fig. 5.54d by using the 
Kramers-Kronig transform, (b) HWHM width obtained from EDCs shown in (d). 
Lines marked by fit are linear in normal state and linear/cubic in superconducting 
state. The data in (b) fall below the fits at low energies because of the Fermi cut- 
off of the EDCs. (c) Renormalized MDC velocity obtained from differentiating Fig. 
5.54b (solid lines), compared to the ratio We/Wm from (a) and (b). (e) Ratio of 
EDC dispersion slopes above and below the kink energy at various points along the 
Fermi surface (from middle panels of Fig. 5.56) 
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Fig. 5.56. Left panels: Log of normal state (hv= 22eV, T=140K) ARPES intensity 
along selected cuts parallel to MY. EDC peak positions are indicated by crosses. 
Middle panels: Log of superconducting state (T=40K) intensity at the same cuts 
as for left panels. Crosses indicate positions of broad high energy peaks, dots sharp 
low energy peaks. Right panels: EDCs at locations marked by the vertical lines in 
the middle panels 
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Fig. 5.57. ARPES intensity (T=40K) along selected cuts from Fig. 5.56. The thick 
lined curves correspond approximately to kp. Vertical lines are at 0 and -80 meV 



The above evolution is suggestive of the self-energy becoming stronger 
as the (7r, 0) point is approached. This can be quantified from the observed 
change in the dispersion. In Fig. 5.55e we plot the ratio of the EDC dispersion 
slope above and below the kink energy at various points along the Fermi 
surface obtained from middle panels of Fig. 5.56. Near the node, this ratio 
is around 2, but becomes large near the (7r,0) point because of the nearly 
dispersionless quasiparticle peak. A different behavior was inferred in Ref. 
[132], but in their case, the cuts near (7r,0) were perpendicular to ours, and 
thus not normal to the Fermi surface. 

The lineshape also indicates that the self-energy is larger near (7r, 0), as is 
evident in Fig. 5.57. Along the diagonal, there is a gentle reduction in £" at 
low energies, as shown in Fig. 5.55a and b, with an onset at the dispersion 
kink energy scale. In contrast, near the (71*, 0) point there must be a very 
rapid change in E" in order to produce a spectral dip, as discussed above. 
Despite these differences, it is important to note that these changes take place 
throughout the zone at the same characteristic energy scale (vertical line in 
Fig. 5.57). 

As also discussed above, the (71*, 0) ARPES spectra can be naturally ex- 
plained in terms of the interaction of the electron with a collective mode of 
electronic origin which only exists below T c . It was further speculated that 
this mode was the neutron resonance. Here we have shown that dispersion 
and lineshape anomalies have a continuous evolution throughout the zone and 
are characterized by a single energy scale. This leads us to suggest that the 
same electron-mode interaction determines the superconducting lineshape 
and dispersion at all points in the zone, including the nodal direction. In 
essence, there is a suppression of the low energy scattering rate below the 
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finite energy of the mode. Of course, since the neutron mode is characterized 
by a (7r,7r) wavevector, one would expect its effect on the lineshape to be 
much stronger at points in the zone which are spanned by (7r, 7 r), as observed 
here. 

A similar conclusion has been reached by Johnson et al [133], where 
they find that the kink energy scales with doping like the neutron resonance 
(Fig. 5.58a), and that the temperature dependence of E f tracks that of the 
resonance intensity (Fig. 5.58b). Moreover, they find that S' increases with 
underdoping (Fig. 5.58a), much like that extracted from the peak/dip/hump 
lineshape at (7r, 0). 



60 t 



> 

O 

E 



urtderdoped ] 


overdoped 


•*&? 


+ ■ 


T 

L 


' L "y.- T k 



> 

fl> 

E 

QJ 

DC 



-40 -20 0 20 

V“-T C (K) 




100 ISO 200 2 SO 300 

T (K) 



Fig. 5.58. Left panel: Plot of u)o , the energy of the maximum value of ReJC in the 
superconducting state (open circles), and ujq C (gray circles), the energy of the max- 
imum in difference between the superconducting and normal state values plotted as 
a function of T c referenced to the maximum T™ ax (= 91 K). The coupling constant 
A (black triangles) is referenced to the right-hand scale. Right panel: Temperature 
dependence of Re£(u>o C ) from the nodal line for the UD69K sample (black squares) 
compared with the temperature dependence of the intensity of the resonance mode 
observed in inelastic neutron scattering studies of underdoped YBa 2 Cu 3 C> 6 +x, T c 
— 74 K (gray circles) (adapted from Ref. [133]) 



Detailed calculations which take into account the momentum dependence 
of the neutron resonance give an extremely good description of the experi- 
mental data [134]. These results can be understood by studying the Feynman 
diagram of Fig. 5.45. The key point is that the neutron resonance has a fi- 
nite width in momentum space, corresponding to a short correlation length 
of order 2 lattice constants. Because of this, there is now an internal sum over 
momentum in the diagram, which will be dominated by the flat regions of 
the fermionic dispersion around the (71*, 0 ) points. This means that structure 
in the electron self-energy will occur at an energy of A max + Q res , indepen- 
dent of external momentum. This explains why the energy scale is invariant 
throughout the zone. On the other hand, as the external momentum is swept, 
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the momentum dependence of the neutron form factor is probed. Since the 
latter peaks at Q — (7r,7r), then the magnitude of the self-energy will be 
maximal at (7T, 0), since these points are connected by Q, and minimum at 
the node. This explains why the peak/dip/hump effect first weakens into a 
“break” effect and then into a dispersion kink as the node is approached. 
These calculations have been recently extended to incorporate bilayer split- 
ting effects [135], and are able to explain a number of unusual lineshape and 
dispersion features present in data on heavily overdoped Bi2212 [65-67, 136] 

As mentioned above, this picture has been challenged by Lanzara et al. 
[132]. These authors claim that the kink is still present above T c , except it 
is smeared in energy. Moreover, they find that a kink is present in a large 
variety of cuprates, including Bi2201 and LSCO, with an energy which is 
material and doping independent, as shown in Fig. 5.59. They argue that all 
of these observations are in support of a phonon interpretation of the kink. 

Although initially attractive, there are some problems with this scenario. 
First, in regards to the kink above T c , it has been claimed by Johnson et 
al. [133] that the “kink” above T c is simply the curvature in the dispersion 
one expects based on marginal Fermi liquid theory. In support of this, they 
argue that the maximum in the real part of £ is at a different energy in the 
normal state than in the superconducting state. Though this appears to be 
the case, there is indeed residual structure in the normal state self-energy at 
the kink energy in the optimal doped sample we have looked at. On the other 
hand, our normal state data actually corresponds to the pseudogap phase, 
and as a residual of the neutron resonance is present in the pseudogap phase, 
the residual “kink” above T c (if really there) does not rule out a magnetic 
interpretation. Moreover, as Johnson et al . convincingly showed (Fig. 5.58b), 
there is definitely a large component to the self-energy which follows the 
same order parameter like temperature variation that the neutron resonance 
intensity does. This observation is supported by recent work of Gromko et al. 
[136] concerning a dispersion kink in the bonding band of heavily overdoped 
Bi2212 near (7r, 0). 

Second, in regards to constancy of the energy scale, this is indeed an 
interesting observation, though we note this statement contradicts that of 
Johnson et al. concerning the doping dependence of the kink energy mentioned 
above (Fig. 5.58). Also, even in a phonon model, the kink energy should occur 
at the sum of the maximum gap energy plus the phonon energy. Why the 
sum of these two numbers should be doping and material independent is a 
real puzzle (as it would be for a magnetic interpretation as well). And, why 
only one phonon would be relevant, despite the large number of phonons 
present in the cuprates, is another puzzle. Still, a phonon model for the kink 
has certain attractions, as discussed by Lanzara et al. [132]. Certainly, more 
work is needed to definitively resolve the controversies surrounding the origin 
of the dispersion kink. 
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Fig. 5.59. Ubiquity of a sudden change (‘kink’) in the dispersion. Top panels are 
plots of the dispersion (derived from the momentum distribution curves) along 
(0,0) — (7r,7r) (except panel b inset, which is off this line) versus the rescaled mo- 
mentum k’ for different samples and at different doping levels, a— c, Doping ( S ) 
dependence of LSCO (at 20 K; a), Bi2212 (superconducting state, 20 K; b), and 
Bi2201 (normal state, 30 K; c). Dotted lines are guides to the eye. The kink po- 
sition in a is compared with the phonon energy at q = ( 7 r, 0) (thick red arrow) 
and the phonon width and dispersion (shaded area) from neutron data. The doping 
was determined from the T c versus doping universal curve. Inset in b, dispersions 
off the (0, 0) - (7r, 7r) direction, showing also a sharpening of the kink on mov- 
ing away from the nodal direction. The black arrows indicate the position of the 
kink in the dispersions. d,e, Temperature dependence of the dispersions for LSCO 
(d, optimally doped) and Bi2212 (e, optimally doped), f, Doping dependence of A 
along the (0, 0) - (7r, 7r) direction as a function of doping. Data are shown for LSCO 
(filled triangles) and NdLSCO (1/8 doping; filled diamonds), Bi2201 (filled squares) 
and Bi2212 (filled circles in the first Brillouin zone, and unfilled circles in the sec- 
ond zone) . The different shadings represent data obtained in different experimental 
runs. Blue area is a guide to the eye. (adapted from Ref. [132]) 
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5.7.8 Condensation Energy 

We conclude this section by discussing the relation of ARPES data to the 
superconducting condensation energy. 

We begin with the assumption that the condensation energy does not 
have a component due to phonons. To proceed, we assume an effective single- 
band Hamiltonian which involves only two particle interactions. Then, simply 
exploiting standard formulas for the internal energy U = (H — /jlN) (/ 1 is the 
chemical potential, and N the number of particles) in terms of the one- 
particle Green’s function, we obtain [137] 

r+ oo 

Un - Us = ^2 / + efc)/(w) [^(k, w) - -As(k, w)] , (5.21) 

k J -°° 

where the spin variable has been summed over. Here and below the subscript 
N stands for the normal state, S for the superconducting state. A(k,u;) is 
the single-particle spectral function, /(a;) the Fermi function, and the bare 
energy dispersion which defines the kinetic energy part of the Hamiltonian. 
Note that the jiN term has been absorbed into uj and £&, that is, these 
quantities are defined relative to the appropriate chemical potential, jin or 
/j>s • In general, pn and (is will be different. This difference has to be taken 
into account, since the condensation energy is small. 

The condensation energy is defined by the zero temperature limit of 
Un — Us in the above expression. Note that this involves defining (or some- 
how extrapolating to) the normal state spectral function at T = 0. Such an 
extrapolation, which we return to below, is not specific to our approach, but 
required in all estimates of the condensation energy. We remark that Eq. 
(5.21) yields the correct condensation energy, iV(0)^l 2 /2, for the BCS theory 
of superconductivity. 

We also note that Eq. (5.21) can also be broken up into two pieces to 
individually yield the thermal expectation value of the kinetic energy (using 
2 €k in the parentheses in front of /(a;)), and that of the potential energy 
(using u — €k instead). 

The great advantage of Eq. (5.21) is that it involves just the occupied part 
of the single particle spectral function, which is measured by ARPES. There- 
fore, in principle, one should be able to derive the condensation energy from 
such data, if an appropriate extrapolation of the normal state spectral func- 
tion to T=0 can be made. On the other hand, a disadvantage is that the bare 
energies, e^, are a priori unknown. Note that these are not directly obtained 
from the measured ARPES dispersion, which already includes many-body 
renormalizations. Rather, they could be determined by projecting the kinetic 
energy operator onto the single-band subspace. 

Some of the problems associated with an analysis based on experimental 
data can be appreciated. First, the condensation energy is obtained by sub- 
tracting two large numbers. Therefore, normalization of the data becomes a 
central concern. Problems in this regard when considering n(k), which is the 
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zeroth moment of the ARPES data, were discussed previously [138]. For the 
first moment, these problems are further amplified due to the u weighting in 
the integrand. When analyzing real data, we have found that the high energy 
tail contribution to the first moment is very sensitive to how the data are 
normalized. Different choices of normalization can even lead to changes in 
sign of the first moment. 

Another concern concerns the k sum in Eq. (5.21). ARPES has k-depen- 
dent matrix elements, which lead to weighting factors not present in Eq. 
(5.21). These effects can in principle be factored out by either theoretical 
estimates of the matrix elements [139], or by comparing data at different 
photon energies to obtain information on them [9]. 

Another issue in connection with experimental data is an appropriate 
extrapolation of the normal state to zero temperature. Information on this 
can be obtained by analyzing the temperature dependence of the normal 
state data, remembering that the Fermi function will cause a temperature 
dependence of the data which should be factored out before attempting the 
T — 0 extrapolation. We finally note that the temperature dependence issue is 
strongly coupled to the normalization problem mentioned above. In ARPES, 
the absolute intensity can change due to temperature dependent changes 
in absorbed gasses, surface doping level, and sample location. Changes of 
background emission with temperature is another potential problem. 

Despite these concerns, we believe that with careful experimentation, 
many of these difficulties can be overcome, and even if an exact determi- 
nation of Eq. (5.21) is not possible, insights into the origin of the condensa- 
tion energy will certainly be forthcoming from the data. This is particularly 
true for ARPES, which has the advantage of being k resolved and thus giv- 
ing one information on the relative contribution of different k vectors to the 
condensation energy. 

Insights into what real data might indicate have been offered by us [137] in 
the context of the “mode” model illustrated in Fig. 5.47. What we found was 
that for parameters characteristic of optimal doped ARPES data, the super- 
conducting condensation was driven by kinetic energy lowering, as opposed 
to the potential energy lowering found in BCS theory. This occurs because 
rik becomes sharper in the superconducting state than in the normal state. 
In essence, the normal state is a non Fermi liquid and the superconducting 
state is a Fermi liquid, so what occurs is that the effect of quasiparticle for- 
mation on sharpening rik is greater than the effect of particle-hole mixing on 
smearing it. The net result is a sharpening, leading to a lowering in kinetic 
energy. In BCS theory, the normal state is a Fermi liquid, and thus only the 
particle-hole mixing effect is present, leading to a net smearing of rik and thus 
an increase in the kinetic energy. The same model can be used to evaluate 
the optical sum rule [140], and what is found is a violation of the sum rule 
with a sign and magnitude consistent with recent optics experiments [141]. It 
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will be of great interest to see whether these results can be confirmed directly 
from ARPES data, as speculated early on by Anderson [142]. 

5.8 Summary 

We review angle resolved photoemission spectroscopy (ARPES) results on 
the high T c superconductors, focusing primarily on results obtained on the 
quasi-two dimensional cuprate B^S^CaC^Os and its single layer coun- 
terpart Bi 2 Sr 2 CuC> 6 . The topics treated include the basics of photoemission 
and methodologies for analyzing spectra, normal state electronic structure in- 
cluding the Fermi surface, the superconducting energy gap, the normal state 
pseudogap, and the electron self-energy as determined from photoemission 
lineshapes. 

Acknowledgments 

Much of the experimental work described in this article was done in collabo- 
ration with Hong Ding, Adam Kaminski, Helen Fretwell, Kazimierz Gofron, 
Joel Mesot, Stephan Rosenkranz, Tsunehiro Takeuchi, and the group of 
Takashi Takahashi, including Takafumi Sato and Takayoshi Yokoya. We were 
very fortunate to have available to us the samples from Kazuo Kadowaki, 
T. Mochiku, David Hinks, Prasenjit Guptasarma, Boyd Veal, Z. Z. Li, and 
Helene Raffy. We have also benefited from many interactions over the years 
with Phil Anderson, Alex Abrikosov, Jim Allen, Cliff Olson, Ole Andersen, A1 
Arko, Bertram Batlogg, Arun Bansil, Matthias Eschrig, Atsushi Fujimori, Pe- 
ter Johnson, Bob Laughlin, Bob Schrieffer, Z. X. Shen, and Chandra Varma. 

This work was supported by the National Science Foundation, Grant No. 
DMR 9974401 (JCC) and the U.S. Department of Energy, Office of Science, 
under Contract No. W-31-109-ENG-38 (JCC and MRN). MR is grateful for 
partial support from the Indian DST through the Swarnajayanti scheme. 

References 

1. A. Chainani, T. Yokoya, T. Kiss, S. Shin, Phys. Rev. Lett. 85, 1966 (2000). 

2. A. Damascelli, Z.-X. Shen, Z. Hussain, Rev. Mod. Phys. (2002), cond- 
mat/0208504. 

3. D.L. Lynch and C.G Olson, Photoemission studies of high-temperature super- 
conductors (Cambridge University Press, Cambridge, UK, 1999). 

4. S. Hiifner, Photoelectron Spectroscopy (Springer- Verlag, Berlin, 1996), and 
references therein. 

5. C.N. Berglund and W.E. Spicer, Phys. Rev. 136, A1030 and A1044 (1964). 

6. In general, the matrix element also contains a p • A term. Above the bulk 
plasma frequency, the light penetrates deeply into the solid, making this term 
small. This “surface photoemission” has not been prominent in the many 
studies of the cuprates, and we will henceforth ignore it. 

7. J. Hermanson, Solid State Comm. 22, 9 (1977). 




266 



J.C. Campuzano et al. 



8. For a review of the first five years of work on the cuprates, see Sec. 4 and 5 of 
Z. X. Shen and D. S. Dessau, Phys. Repts. 253, 1 (1995). 

9. J. Mesot, M. Randeria, M. R. Norman, A. Kaminski, H.M. Fretwell, J. C. Cam- 
puzano, H. Ding, T. Takeuchi, T. Sato, T. Yokoya, T. Takahashi, I. Chong, 
T. Terashima, M. Takano, T. Mochiku, and K. Kadowaki, Phys. Rev. B 63, 
224516 (2001). 

10. H. Hertz, Ann. Physik 31, 983 (1887). 

11. W. L. Schaich and N. W. Ashcroft, Phys. Rev. B 3, 2452 (1971). 

12. C. Caroli, D. Lederer-Rozenblatt, B. Roulet, and D. Saint-James, Phys. Rev. 
B 8, 4552 (1973). 

13. J. B. Pendry, Surf. Sci. 57 , 679 (1976). For a review of applications of these 
methods to the cuprates, see: A. Bansil and M. Lindroos, J. Phys. Chem. 
Solids 56 , 1855 (1995). 

14. C.G. Larsson, Surface Science 152 / 153 , 213 (1985); ibid 162 , 19 (1985). 

15. P.A.P. Lindberg, L.I. Johansson and A.N. Christensen, Surface Science 197, 
353 (1987). 

16. F.L. Hopkinson, J.B. Pendry, and D.J. Titterington, Comput. Phys. Comm. 
26 , 111 (1980). 

17. A. Bansil, M. Lindroos, and J.C. Campuzano, Proc. Mater. Res. Soc. 253 , 
519 (1992); M. Lindroos, A. Bansil, K. Gofron, H. Ding, J.C. Campuzano, R. 
Liu, and B.W. Veal, Physica C 212 , 347 (1993). 

18. H.L. Edwards, J.T. Markert and A.L. de Lozanne, Phys. Rev. Lett. 69, 2967 
(1992). 

19. N. V. Smith, P. Thiry, and Y. Petroff, Phys. Rev. B 47 , 15476 (1993). 

20. See, e.g., L. Hedin and S. Lundquist, Solid State Physics 23, 1 (Academic, 
New York, 1969). 

21. M. Randeria, H. Ding, J-C. Campuzano, A. Bellman, G. Jennings, T. Yokoya, 
T. Takahashi, H. Katayama-Yoshida, T. Mochiku, and K. Kadowaki, Phys. 
Rev. Lett. 74, 4951 (1995). 

22. H. Ding, J. C. Campuzano, A. F. Bellman, T. Yokoya, M. R. Norman, M. 
Randeria, T. Takahashi, H. Katayama-Yoshida, T. Mochiku, K. Kadowaki, 
G. Jennings, Phys. Rev. Lett. 74 , 2784 (1995) and 75 , 1425 (E) (1995). 

23. A. V. Federov, T. Valla, P. D. Johnson, Q. Li, G. D. Gu, N. Koshizuka, Phys. 
Rev. Lett. 82, 2179 (1999); T. Valla, A.V. Fedorov, P.D. Johnson, B.O. Wells, 

S. L. Hulbert, Q. Li, G.D. Gu, and N. Koshizuka, Science 285, 2110 (1999); 

T. Valla, A. V. Fedorov, P. D. Johnson, Q. Li, G. D. Gu, N. Koshizuka, Phys. 
Rev. Lett. 85, 828 (2000).. 

24. P.V. Bogdanov, A. Lanzara, S.A. Kellar, X.J. Zhou, E.D. Lu, W.J. Zheng, G. 
Gu, J.-I. Shimoyama, K. Kishio, H. Ikeda, R. Yoshizaki, Z. Hussain, and Z. 
X. Shen, Phys. Rev. Lett. 85 , 2581 (2000). 

25. A. Kaminski, M. Randeria, J. C. Campuzano, M. R. Norman, H. Fretwell, J. 
Mesot, T. Sato, T. Takahashi, and K. Kadowaki, Phys. Rev. Lett. 86, 1070 
( 2001 ). 

26. M. R. Norman, M. Eschrig, A. Kaminski, J. C. Campuzano, Phys. Rev. B 64 , 
184508 (2001). 

27. W. E. Pickett, Rev. Mod. Phys. 61, 433 (1989). 

28. P. W. Anderson, The Theory of Superconductivity in the High-T c Cuprates 
(Princeton Univ. Pr., Princeton, 1997). 

29. O. K. Andersen A. I. Liechtenstein, O. Jepsen, F. Paulsen, J. Phys. Chem. 
Solids 56 , 1573 (1995). 




5 Photoemission in the High-T c Superconductors 



267 



30. P. W. Anderson, Science 235, 1196 (1987). 

31. C. G. Olson, R. Liu, D. W. Lynch, R. S. List, A. J. Arko, B. W. Veal, Y. C. 
Chang, P. Z. Jiang, and A. P. Paulikas, Phys. Rev. B 42, 381 (1990). 

32. The electronic structure of the insulator has been extensively studied by the 
Stanford group, confirming beautifully the predicted valence band maximum 
at (7r/2,7r/2), see B. O. Wells, Z.-X. Shen, A. Matsuura, D. M. King, M. A. 
Kastner, M. Greven, and R. J. Birgeneau, Phys. Rev. Lett. 74, 964 (1995). 

33. A. Kaminski, J. Mesot, H. Fretwell, J. C. Campuzano, M. R. Norman, M. 
Randeria, H. Ding, T. Sato, T. Takahashi, T. Mochiku, K. Kadowaki, and H. 
Hoechst, Phys. Rev. Lett. 84, 1788 (2000). 

34. J. C. Campuzano, G. Jennings, M. Faiz, L. Beaulaigue, B. W. Veal, J. Z. Liu, 
A. P. Paulikas, K. Vandervoort, H. Claus, Phys. Rev. Lett. 64, 2308 (1990). 

35. D. M. King, Z.-X. Shen, D. S. Dessau, B. O. Wells, W. E. Spicer, A. J. Arko, 
D. S. Marshall, J. DiCarlo, A. G. Loeser, C. H. Park, E. R. Ratner, J. L. Peng, 
Z. Y. Li, R. L. Greene, Phys. Rev. Lett. 70, 3159 (1993); R. O. Anderson, R. 
Claessen, J. W. Allen, C. G. Olson, C. Janowitz, L. Z. Liu, J.-H. Park, M. B. 
Maple, Y. Dalichaouch, M. C. de Andrade, R. F. Jardim, E. A. Early, S.-J. 
Oh, W. P. Ellis, ibid 70, 3163 (1993); N. P. Armitage, D. H. Lu, C. Kim, A. 
Damascelli, K. M. Shen, F. Ronning, D. L. Feng, P. Bogdanov, Z.-X. Shen, Y. 
Onose, Y. Taguchi, Y. Tokura, P. K. Mang, N. Kaneko, M. Greven, ibid 87, 
147003 (2001); N. P. Armitage, F. Ronning, D. H. Lu, C. Kim, A. Damascelli, 
K. M. Shen, D. L. Feng, H. Eisaki, Z.-X. Shen, P. K. Mang, N. Kaneko, M. 
Greven, Y. Onose, Y. Taguchi, Y. Tokura, ibid 88, 257001 (2002). 

36. A. Ino, C. Kim, T. Mizokawa, Z.-X. Shen, A. Fujimori, M. Takaba, K. 
Tamasaku, H. Eisaki, S. Uchida, J. Phys. Soc. Japan 68, 1496 (1999); A. Ino, 
C. Kim, M. Nakamura, T. Mizokawa, Z.-X. Shen, A. Fujimori, T. Kakeshita, 
H. Eisaki, S. Uchida, Phys. Rev. B 62, 4137 (2000); A. Ino, C. Kim, M. Naka- 
mura, T. Yoshida, T. Mizokawa, Z.-X. Shen, A. Fujimori, T. Kakeshita, H. 
Eisaki, S. Uchida, ibid 65, 094504 (2002); T. Yoshida, X. J. Zhou, M. Naka- 
mura, S. A. Kellar, P. V. Bogdanov, E. D. Lu, A. Lanzara, Z. Hussain, A. Ino, 
T. Mizokawa, A. Fujimori, H. Eisaki, C. Kim, Z.-X. Shen, T. Kakeshita, S. 
Uchida, ibid, 63, 220501 (2001). 

37. H. Ding, A. F. Bellman, J. C. Campuzano, M. Randeria, M. R. Norman, T. 
Yokoya, T. Takahashi, H. Katayama- Yoshida, T. Mochiku, K. Kadowaki, G. 
Jennings, and G. P. Brivio, Phys. Rev. Lett. 76, 1533 (1996). 

38. M. R. Norman, M. Randeria, H. Ding, and J. C. Campuzano, Phys. Rev. B 
52, 615 (1995). 

39. R. L. Withers, J. G. Thompson, L. R. Wallenberg, J. D. Fitzgerald, J. S. 
Anderson, B. G. Hyde, J. Phys. C 21, 6067 (1988). 

40. P. Aebi, J. Osterwalder, P. Schwaller, L. Schlapbach, M. Shimoda, T. Mochiku 
and K. Kadowaki, Phys. Rev. Lett. 72, 2757 (1994); J. Osterwalder, P. Aebi, 
P. Schwaller, L. Schlapbach, M. Shimoda, T. Mochiku and K. Kadowaki, Appl. 
Phys. A 60, 247 (1995). 

41. A. Kampf and J. R. Schrieffer, Phys. Rev. B 42, 7967 (1990). 

42. H. Ding, M.R. Norman, T. Yokoya, T. Takuechi, M. Randeria, J.C. Cam- 
puzano, T. Takahashi, T. Mochiku, and K. Kadowaki, Phys. Rev. Lett. 78, 
2628 (1997). 

43. A. A. Kordyuk, S. V. Borisenko, M. S. Golden, S. Legner, K. A. Nenkov, M. 
Knupfer, J. Fink, H. Berger, L. Forro, R. Follath, Phys. Rev. B 66, 014502 
( 2002 ). 




268 



J.C. Campuzano et al. 



44. This would allow us to understand (1) why polarization selection rules are 
obeyed for the fM mirror plane, and (2) qualitatively, why the intensities for 
odd and even polarizations along rX are comparable. 

45. D. S. Dessau, Z.X. Shen, D. M. King, D. S. Marshall, L. W. Lombardo, P. 
H. Dickinson, A. G. Loeser, J. DiCarlo, C.H Park, A. Kapitulnik, and W. E. 
Spicer, Phys. Rev. Lett. 71, 2781 (1993). 

46. M. R. Norman, M. Randeria, H. Ding, J. C. Campuzano, and A. F. Bellman, 
Phys. Rev. B 52, 15107 (1995). 

47. T. Sato, T. Kamiyama, T. Takahashi, J. Mesot, A. Kaminski, J. C. Cam- 
puzano, H. M. Fretwell, T. Takeuchi, H. Ding, I. Chong, T. Terashima, M. 
Takano, Phys. Rev. B 64, 054502 (2001). 

48. N. L. Saini, J. Avila, A. Bianconi and A. Lanzara, M. C. Asensio, S. Tajima, 
G. D. Gu, and N. Koshizuka, Phys. Rev. Lett. 79, 3467 (1997). 

49. J. Mesot, M. R. Norman, H. Ding, J. C. Campuzano, Phys. Rev. Lett. 82, 
2618 (1999); N. L. Saini, A. Bianconi, A. Lanzara, J. Avila, M. C. Asensio, S. 
Tajima, G. D. Gu, N. Koshizuka, ibid 2619 (1999). 

50. Y.-D. Chuang, A. D. Gromko, D. S. Dessau, Y. Aiura, Y. Yamaguchi, K. Oka, 
A. J. Arko, J. Joyce, H. Eisaki, S. I. Uchida, K. Nakamura, and Yoichi Ando, 
Phys. Rev. Lett. 83, 3717 (1999). 

51. H.M. Fretwell, A. Kaminski, J. Mesot, J. C. Campuzano, M. R. Norman, M. 
Randeria, T. Sato, R. Gatt, T. Takahashi, and K. Kadowaki, Phys. Rev. Lett. 
84 , 4449 (2000). 

52. S. V. Borisenko, M. S. Golden, S. Legner, T. Pichler, C. Durr, M. Knupfer, J. 
Fink, G. Yang, S. Abell, H. Berger, Phys. Rev. Lett. 84 , 4453 (2000); S. V. 
Borisenko, A. A. Kordyuk, S. Legner, C. Durr, M. Knupfer, M. S. Golden, J. 
Fink, K. Nenkov, D. Eckert, G. Yang, S. Abell, H. Berger, L. Forro, B. Liang, 
A. Mailouck, C. T. Lin, B. Keimer, Phys. Rev. B 64 , 094514 (2001). 

53. The data in Ref. [51} is taken in the superconducting state ( T = 40K) of the 
T c = 90K sample. We note that the integration range (±100 meV) employed 
for the intensity patterns is much larger than the gap energy scale, and the 
minimum gap locus (to be discussed below in Section 5.6) in the supercon- 
ducting state is essentially identical to the normal state Fermi surface. 

54. D.L. Feng, W.J. Zheng, K.M. Shen, D.H. Lu, F. Ronning, J.-I. Shimoyama, 
K. Kishio, G. Gu, D. Van der Marel, Z.-X. Shen, cond-mat/9908056. 

55. J. C. Campuzano, H. Ding, M. R. Norman, M. Randeria, A. F. Bellman, T. 
Yokoya, T. Takahashi, H. Katayama-Yoshida, T. Mochiku, and K. Kadowaki, 
Phys. Rev. B 53, R14737 (1996). 

56. Th. Straub, R. Claessen, P. Steiner, S. Hufner, V. Eyert, K. Friemelt and E. 
Bucher, Phys. Rev. B 55, 13473 (1997). 

57. M. C. Schabel, C.-H. Park, A. Matsuura, Z.-X. Shen, D. A. Bonn, Ruixing 
Liang, and W. N. Hardy, Phys. Rev. B 57, 6107 (1998). 

58. K. Goffon, J. C. Campuzano, H. Ding, C. Gu, R. Liu, B. Dabrowski, B. 
W. Veal, W. Cramer, G. Jennings, J. Phys. Chem. Sol. 54, 1193 (1993); K. 
Gofron, J. C. Campuzano, A. A. Abrikosov, M. Lindroos, A. Bansil, H. Ding, 
D. Koelling, B. Dabrowski, Phys. Rev. Lett. 73, 3302 (1994). 

59. S. Massida, J. Yu, and A.J. Freeman, Physica C 152, 251 (1988); O. K. 
Andersen, O. Jepsen, A. I. Liechtenstein, I. I. Mazin, Phys. Rev. B 49, 4145 
(1994). 

60. S. Chakravarty, A. Sudbo, P. W. Anderson and S. Strong, Science 261, 337 
(1994). 




5 Photoemission in the High-T c Superconductors 



269 



61. M.R. Norman, H. Ding, J.C. Campuzano, T. Takeuchi, M. Randeria, T. 
Yokoya, T. Takahashi, T. Mochiku, and K. Kadowaki, Phys. Rev. Lett. 79, 
3506 (1997). 

62. J. C. Campuzano, H. Ding, M. R. Norman, H. M. Fretwell, M. Randeria, 
A. Kaminski, J. Mesot, T. Takeuchi, T. Sato, T. Yokoya, T. Takahashi, K. 
Kadowaki, P. Guptasarma, D. G. Hinks, Z. Konstantinovic, Z. Z. Li, and H. 
Rally, Phys. Rev. Lett. 83, 3709 (1999). 

63. J. Zasadzinski, L. Ozyuzer, Z. Yusof, J. Chen, K. E. Gray, R. Mogilevsky, 
D. G. Hinks, J. L. Cobb, J. T. Markert, SPIE 2696, 338 (1996); See also J. 
Zasadzinski et al. (unpublished) in Fig. 1 of D. Coffey, J. Phys. Chem. Solids 
54, 1369 (1993). 

64. P. W. Anderson, Science 256, 1526 (1992). 

65. D.L. Feng, N.P. Armitage, D.H. Lu, A. Damascelli, J.P Hu, P. Bogdanov, 
A. Lanzara, F. Ronning, K.M. Shen, H. Eisaki, C. Kim, and Z.-X. Shen, 
Phys. Rev. Lett. 86, 5550 (2001); D.L. Feng, C. Kim, H. Eisaki, D.H. Lu, A. 
Damascelli, K.M. Shen, F. Ronning, N. P. Armitage, N. Kaneko, M. Greven, 
J.-I. Shimoyama, K. Kishio, R. Yoshizaki, G.D. Gu, Z.-X. Shen, Phys. Rev. B 
65, 220501 (2002). 

66. Y. D. Chuang, A. D. Gromko, A. Fedorov, D. S. Dessau, Y. Aiura, K. Oka, 
Y. Ando, H. Eisaki, S. I. Uchida, Phys. Rev. Lett. 87, 117002 (2001); Y. D. 
Chuang, A. D. Gromko, A. Fedorov, Y. Aiura, K. Oka, Y. Ando, D. S. Dessau, 
cond-mat/0107002. 

67. A. A. Kordyuk, S. V. Borisenko, T. K. Kim, K. Nenkov, M. Knupfer, M. S. 
Golden, J. Fink, H. Berger, R. Follath, Phys. Rev. Lett. 89, 077003 (2002). 

68. D.L. Feng, A. Damascelli, K.M. Shen, N. Motoyama, D.H. Lu, H. Eisaki, K. 
Shimizu, J.-I. Shimoyama, K. Kishio, N. Kaneko, M. Greven, G.D. Gu, X.J. 
Zhou, C. Kim, F. Ronning, N. P. Armitage, and Z.-X. Shen, Phys. Rev. Lett. 
88, 107001 (2002); D.L. Feng, H. Eisaki, K.M. Shen, A. Damascelli, C. Kim, 
D.H. Lu, Z.-X. Shen, K. Shimizu, J.-I. Shimoyama, K. Kishio, N. Motoyama, 
N. Kaneko, M. Greven, G.D. Gu, Inti. J. of Mod. Phys. 16, 1691 (2002); T. 
Sato, H. Matsui, S. Nishina, T. Takahashi, T. Fujii, T. Watanabe, and A. 
Matsuda, Phys. Rev. Lett. 89, 067005 (2002). 

69. D. J. Van Harlingen, Rev. Mod. Phys 67, 515 (1995); C. C. Tsuei and J. R. 
Kirtley, ibid 72, 969 (2000). 

70. Z. X. Shen, D. S. Dessau, B. O. Wells, D. M. King, W. E. Spicer, A. J. Arko, 
D. Marshall, L. W. Lombardo, A. Kapitulnik, P. Dickinson, S. Doniach, J. 
DiCarlo, A. G. Loeser, C. H. Park, Phys. Rev. Lett. 70, 1553 (1993). 

71. H. Ding, M. R. Norman, J. C. Campuzano, M. Randeria, A. Bellman, T. 
Yokoya, T. Takahashi, T. Mochiku, and K. Kadowaki, Phys. Rev. B 54, R9678 
(1996). 

72. J.-M. Imer, F. Patthey, B. Dardel, W.-D. Schneider, Y. Baer, Y. Petroff, A. 
Zettl, Phys. Rev. Lett. 62, 336 (1989). 

73. C. G. Olson, R. Liu, A.-B. Yang, D. W. Lynch, A. J. Arko, R. S. List, B. W. 
Veal, Y. C. Chang, P. Z. Jiang, A. P. Paulikus, Science 245, 731 (1989). 

74. The large dispersion along TY, of about 60 meV within our momentum win- 
dow <5k = 0.0457T /a*, makes it hard to locate kF accurately and to map out 
the nodal region. To this end the we use a step size of £k/2 normal to the 
Fermi surface and <5k along it. 

75. See: D. Pines and P. Monthoux, J. Phys. Chem. Solids 56, 1651 (1995) and 
D. J. Scalapino, Phys. Rep. 250, 329 (1995). 




270 



J.C. Campuzano et al. 



76. R. J. Kelley, J. Ma, C. Quitmann, G. Margaritondo, M. Onellion, Phys. Rev. 
B 50, 590 (1994). 

77. J. M. Harris, Z.-X. Shen, P. J. White, D. S. Marshall, M. C. Schabel, J. N. 
Eckstein, I. Bozovic, Phys. Rev. B 54, R15665 (1996). 

78. H. Ding, J. C. Campuzano, M. R. Norman, M. Randeria, T. Yokoya, T. Taka- 
hashi, T. Takeuchi, T. Mochiku, K. Kadowaki, P. Guptasarma, and D. G. 
Hinks, J. Phys. Chem. of Solids 59, 1888 (1998). 

79. Ch. Renner, B. Revaz, J.-Y. Genoud, K. Kadowaki, O. Fischer, Phys. Rev. 
Lett. 80, 149 (1998); N. Miyakawa, P. Guptasarma, J. F. Zasadzinski, D. G. 
Hinks, K. E. Gray, ibid 80, 157 (1998). 

80. A. J. Millis, S. M. Girvin, L. B. Ioffe, and A. I. Larkin, J. Phys. Chem. Solids 
59, 1742 (1998). 

81. A. C. Durst and P. A. Lee, Phys. Rev. 62, 1270 (2000). 

82. M. Chiao, P. Lambert, R. W. Hill, C. Lupien, R. Gagnon, L. Taillefer, P. 
Fournier, Phys. Rev. 62, 3554 (2000). 

83. J. Mesot, M. R. Norman, H. Ding, M. Randeria, J. C. Campuzano, A. 
Paramekanti, H. M. Fretwell, A. Kaminski, T. Takeuchi, T. Yokoya, T. Sato, 
T. Takahashi, T. Mochiku, and K. Kadowaki, Phys. Rev. Lett. 83, 840 (1999). 

84. For penetration depth measurements on Bi2212, see: S.-F. Lee, D. C. Morgan, 
R. J. Ormeno, D. M. Broun, R. A. Doyle, J. R. Waldram, K. Kadowaki, 
Phys. Rev. Lett. 77, 735 (1996); T. Jacobs, S. Sridhar, Q. Li, G. D. Gu, N. 
Koshizuka, ibid 75, 4516 (1995); O. Waldmann, F. Steinmeyer, P. Muller, J. J. 
Neumeier, F. X. Regi, H. Savary, J. Schneck, Phys. Rev. B 53, 11825 (1996). 

85. A. Paramekanti and M. Randeria, Physica C 341 - 348, 827 (2000). 

86. W. N. Hardy, D. A. Bonn, D. C. Morgan, R. Liang, K. Zhang, Phys. Rev. 
Lett. 70, 3999 (1993); D. A. Bonn, S. Kamal, A. Bonakdarpour, R. Liang, W. 
N. Hardy, C. C. Homes, D. N. Basov, T. Timusk, Czech. J. Phys. 46, 3195 
(1996). 

87. S. Haas, A. V. Balatsky, M. Sigrist and T. M. Rice, Phys. Rev. B 56, 5108 
(1997). 

88. R. Fehrenbacher and M. R. Norman, Phys. Rev. B 50, 3495 (1994). 

89. T. Timusk and B. W. Statt, Rept. Prog. Phys. 62, 61 (1999). 

90. M. Randeria, in Proceedings of the International School of Physics “ Enrico 
Fermi” Course CXXXVI on High Temperature Superconductors , ed. G. I adon- 
is i, J. R. Schrieffer, and M. L. Chiafalo, (IOS Press, 1998), p. 53 - 75; [Varenna 
Lectures, 1997] cond-mat/9710223. 

91. D.S. Marshall, D.S. Dessau, A.G. Loeser, C-H. Park, A.Y. Matsuura, J.N. 
Eckstein, I. Bozovic, P. Fournier, A. Kapitulnik, W.E. Spicer, and Z.-X. Shen, 
Phys. Rev. Lett. 76, 4841 (1996). 

92. A. G. Loeser, Z.-X. Shen, D. S. Dessau, D. S. Marshall, C. H. Park, P. Fournier, 
A. Kapitulnik, Science 273, 325 (1996). 

93. H. Ding, T. Yokoya, J.C. Campuzano, T. Takahashi, M. Randeria, M.R. Nor- 
man, T. Mochiku, K. Kadowaki, and J. Giapintzakis, Nature 382, 51 (1996). 

94. M. R. Norman, H. Ding, M. Randeria, J. C. Campuzano, T. Yokoya, T. 
Takeuchi, T. Takahashi, T. Mochiku, K. Kadowaki, P. Guptasarma, and D. 
G. Hinks, Nature 392, 157 (1998). 

95. M.R. Presland, J.L. Tallon, R.G. Buckley, R.S. Liu, and N.E. Flower, Physica 
C 176, 95 (1991). 




5 Photoemission in the High-T c Superconductors 



271 



96. D.L. Feng, D.H. Lu, K.M. Shen, C. Kim, H. Eisaki, A. Damascelli, R. 
Yoshizaki, J.-I. Shimoyama, K. Kishio, G.D. Gu, S. Oh, A. Andrus, J. 
O’Donell, J.N. Eckstein, Z.-X. Shen, Science 289, 277 (2000). 

97. H. Ding, J.R. Engelbrecht, Z. Wang, J.C. Campuzano, S.-C. Wang, H.-B. 
Yang, R. Rogan, T. Takahashi, K. Kadowaki, and D. G. Hinks, Phys. Rev. 
Lett. 87, 227001 (2001). 

98. Y. J. Uemura, G. M. Luke, B. J. Sternlieb, J. H. Brewer, J. F. Carolan, 
W. N. Hardy, R. Kadono, J. R. Kempton, R. F. Kiefl, S. R. Kreitzman, P. 
Mulhern, T. M. Riseman, D. L. Williams, B. X. Yang, S. Uchida, H. Takagi, 
J. Gopalakrishnan, A. W. Sleight, M. A. Subramanian, C. L. Chien, M. Z. 
Cieplak, G. Xiao, V. Y. Lee, B. W. Statt, C. E. Stronach, W. J. Kossler, X. 
H. Yu, Phys. Rev. Lett. 62, 2317 (1989). 

99. For a review, see: P. A. Lee, Normal state properties of the oxide supercon- 
ductors: a review, in High Temperature Superconductivity , ed. K. S. Bedell, D. 
Coffey, D. E. Meltzer, D. Pines, J. R. Schrieffer, p. 96-116 (Addison- Wesley, 
New York, 1990). 

100. M. Randeria, N. Trivedi, A. Moreo, and R.T. Scalettar, Phys. Rev. Lett. 69, 
2001 (1992); N. Trivedi and M. Randeria, Phys. Rev. Lett. 75, 312 (1995). 

101. V. Emery and S. Kivelson, Nature 374, 434 (1995). 

102. G. Baskaran, Z. Zou and P. W. Anderson, Solid St. Comm. 63, 973 (1987); G. 
Kotliar and J. Liu, Phys. Rev. B 38, 5142 (1988); H. Fukuyama, Prog. Theor. 
Phys. Suppl. 108, 287 (1992). 

103. P. A. Lee and X. G. Wen, Phys. Rev. Lett. 76, 503 (1996) and Phys. Rev. B 
63, 224517 (2001). 

104. J. Tallon and J. Loram, Physica C 349, 53 (2001). 

105. S. Chakravarty, R. B. Laughlin, D. K. Morr and C. Nayak, Phys. Rev. B 63, 
094503 (2001). 

106. C. M. Varma, Phys. Rev. Lett. 83, 3538 (1999). 

107. A. Kaminski, S. Rosenkranz, H. Fretwell, J. C. Campuzano, Z. Li, H. Raffy, 

W. G. Cullen, H. You, C. G. Olson, H. Hoechst, Nature 416, 610 (2002). 

108. S. H. Pan, J. P. O’Neal, R. L. Badzey, C. Chamon, H. Ding, J. R. Engelbrecht, 
Z. Wang, H. Eisaki, S. Uchida, A. K. Gupta, K.-W. Ng, E. W. Hudson, K. M. 
Lang, J. C. Davis, Nature 413, 282 (2001). 

109. L. Perfetti, C. Rojas, A. Reginelli, L. Gavioli, H. Berger, G. Margaritondo, 
M. Grioni, R. Gaal, L. Forro, F. Rullier Albenque, Phys. Rev. B 64, 115102 
( 2001 ). 

110. M. R. Norman, H. Ding, H. Fretwell, M. Randeria, and J. C. Campuzano, 
Phys. Rev. B 60, 7585 (1999). 

111. M. R. Norman, A. Kaminski, J. Mesot, J. C. Campuzano, Phys. Rev. B 63, 
140508 (2001). 

112. M. R. Norman, M. Randeria, H. Ding, and J. C. Campuzano, Phys. Rev. B 
57, R11093 (1998). 

113. D.S. Dessau, B.O. Wells, Z.-X. Shen, W.E. Spicer, A.J. Arko, R.S. List, D.B. 
Mitzi, and A. Kapitulnik, Phys. Rev. Lett. 66, 2160 (1991); D.S. Dessau, Z.- 

X. Shen, B.O. Wells, D. M. King, W.E. Spicer, A.J. Arko, L. W. Lombardo, 
D.B. Mitzi, and A. Kapitulnik, Phys. Rev. B 45, 5095 (1992). 

114. Q. Huang, J.F. Zasadzinski, K.E. Gray, J.Z. Liu, and H. Claus, Phys. Rev. B 
40, 9366 (1989). 

115. Bilayer splitting is discussed in Section 5.4.5. 




272 



J.C. Campuzano et al. 



116. Y. Kuroda and C. M. Varma, Phys. Rev. B 42, 8619 (1990). 

117. S. Engelsberg and J. R. Schrieffer, Phys. Rev. 131, 993 (1963). 

118. D. J. Scalapino, in Superconductivity , ed. R. D. Parks (Marcel Decker, New 
York, 1969), Vol 1, p. 449. 

119. Z.-X. Shen and J. R. Schrieffer, Phys. Rev. Lett. 78, 1771 (1997). 

120. P. B. Littlewood and C. M. Varma, Phys. Rev. B 46, 405 (1992). 

121. M. R. Norman and H. Ding, Phys. Rev. B 57, R11089 (1998). 

122. S. M. Quinlan, P. J. Hirschfeld, and D. J. Scalapino, Phys. Rev. B. 53, 8575 
(1996). 

123. J. Rossat-Mignot, L.P. Regnault, C. Vettier, P. Bourges, P. Burlet, J. Bossy, 
J.Y. Henry, and G. Lapertot, Physica C 185-189, 86 (1991); H.A. Mook, M. 
Yethiraj, G. Aeppli, T. E. Mason, T. Armstrong, Phys. Rev. Lett. 70, 3490 
(1993); Hung Fai Fong, B. Keimer, P.W. Anderson, D. Reznik, F. Dogan and 
I. A. Aksay, Phys. Rev. Lett. 75, 316 (1995). 

124. H.F. Fong, P. Bourges, Y. Sidis, L.P. Regnault, A. Ivanov, G.D. Gu, N. 
Koshizuka, and B. Keimer, Nature 398, 588 (1999). 

125. Neutron results are reviewed by P. Bourges, in The gap symmetry and fluctu- 
ations in high T c superconductors , ed. J. Bok, G. Deutscher, D. Pavuna, and 
S.A. Wolf (Plenum, New York, 1998), p. 349. 

126. J.F. Zasadzinski, L. Ozyuzer, N. Miyakawa, K.E. Gray, D.G. Hinks, C. 
Kendziora, Phys. Rev. Lett. 87, 067005 (2001). 

127. P. Dai, M. Yethiraj, H. A. Mook, T. B. Lindemer, and F. Dogan, Phys. Rev. 
Lett. 77, 5425 (1996). 

128. R. Preuss, W. Hanke, C. Grober, and H. G. Evertz, Phys. Rev. Lett. 79, 1122 
(1997); J. Schmalian, D. Pines, and B. Stojkovic, ibid. 80, 3839 (1998); X.-G. 
Wen and P. A. Lee, ibid. 76, 503 (1996). 

129. E. Dernier and S.-C. Zhang, Phys. Rev. Lett. 75, 4126 (1995). 

130. P. Dai, H. A. Mook, S. M. Hayden, G. Aeppli, T. G. Perring, R. D. Hunt, and 
F. Dogan, Science 284, 1344 (1999). 

131. M. Hengsberger, D. Purdie, P. Segovia, M. Gamier, Y. Baer, Phys. Rev. Lett. 
83, 592 (1999); T. Valla, A. V. Fedorov, P. D. Johnson, S. L. Hulbert, ibid., 
2085 (1999). 

132. A. Lanzara, P.V. Bogdanov, X.J. Zhou, S.A. Kellar, D.L. Feng, E.D. Lu, T. 
Yoshida, H. Eisaki, A. Fujimori, K. Kishio, J.-I. Shimoyama, T. Noda, S. 
Uchida, Z. Hussain, and Z.-X. Shen, Nature 412, 510 (2001). 

.133. P.D. Johnson, T. Valla, A.V. Fedorov, Z. Yusof, B.O. Wells, Q. Li, A.R. Mood- 
enbaugh, G.D. Gu, N. Koshizuka, C. Kendziora, Sha Jian, and D.G. Hinks, 
Phys. Rev. Lett. 87, 177007 (2001). 

134. M. Eschrig and M. R. Norman, Phys. Rev. Lett. 85, 3261 (2000} and cond- 
mat/0202083. 

135. M. Eschrig and M. R. Norman, cond-mat/0206544. 

136. A. D. Gromko, A. V. Federov, Y.-D. Chuang, J. D. Koralek, Y. Aiura, Y. Ya- 
maguchi, K. Oka, Y. Ando, D. S. Dessau, cond-mat/0202329; A. D. Gromko, 
Y.-D. Chuang, A. V. Federov, Y. Aiura, Y. Yamaguchi, K. Oka, Y. Ando, D. 
S. Dessau, cond-mat/0205385. 

137. M. R. Norman, M. Randeria, B. Janko, J. C. Campuzano, Phys. Rev. B 61, 
14742 (2000). 

138. J. C. Campuzano, H. Ding, H. Fretwell, J. Mesot, A. Kaminski, T. Sato, T. 
Takahashi, T. Mochiku, and K. Kadowaki, cond-mat/98 11349. 




5 Photoemission in the High-T c Superconductors 



273 



139. A. Bansil and M. Lindroos, Phys. Rev. Lett. 83, 5154 (1999). 

140. M. R. Norman and C. Pepin, Phys. Rev. B 66, 100506 (2002). 

141. H. J. A. Molegraaf, C. Presura, D. van der Marel, P. H. Kes, M. Li, Science 
295, 2239 (2002); A. F. Santander-Syro, R. P. S. M. Lobo, N. Bontemps, Z. 
Konst ant inovic, Z. Z. Li, H. Raffy, cond-mat/0111539. 

142. P. W. Anderson, Phys. Rev. B 42, 2624 (1990). 




6 Concepts in High Temperature 
Superconductivity 



E. W. Carlson, S. A. Kivelson, D. Orgad 

Univ. of California at Los Angeles Dept, of Physics, USA 

V. J. Emery 

Brookhaven National Laboratory Dept, of Physics, USA 



6.1 Introduction 276 

6.2 High Temperature Superconductivity is Hard to Attain 279 

6.2.1 Effects of the Coulomb Repulsion and Retardation on Pairing . . 280 

6.2.2 Pairing vs. Phase Ordering 282 

6.2.3 Competing Orders 283 

6.3 Superconductivity in the Cuprates: 

General Considerations 285 

6.3.1 A Fermi Surface Instability Requires a Fermi Surface 287 

6.3.2 There is no Room for Retardation 287 

6.3.3 Pairing is Collective! 288 

6.3.4 What Determines the Symmetry of the Pair Wavefunction? . . 288 

6.3.5 What does the Pseudogap mean? 291 

6.4 Preview: Our View of the Phase Diagram 301 

6.5 Quasi— ID Superconductors 303 

6.5.1 Elementary Excitations of the 1DEG 303 

6.5.2 Spectral Functions 

of the IDEG-Signatures of Fractionalization 310 

6.5.3 Dimensional Crossover in a Quasi-ID Superconductor 317 

6.5.4 Alternative Routes to Dimensional Crossover 320 

6.6 Quasi— ID Physics in a Dynamical Stripe Array 321 

6.6.1 Ordering in the Presence of Quasi-Static Stripe Fluctuations . 322 

6.6.2 The General Smectic Fixed Point 325 

6.7 Electron Fractionalization in D > 1 as a Mechanism of 

High Temperature Superconductivity 325 

6.7.1 RVB and Spin-Charge Separation in two Dimensions 326 

6.7.2 Is an Insulating Spin Liquid Ground State Possible in D>1?. .327 

6.7.3 Topological Order and Electron Fractionalization 329 

6.8 Superconductors with Small Superfluid Density 329 

6.8.1 What Ground State Properties Predict T C 1 330 

6.8.2 An illustrative Example: Granular Superconductors 331 

6.8.3 Classical Phase Fluctuations 336 

6.8.4 Quantum Considerations 340 

6.8.5 Applicability to the Cuprates 342 



K. H. Bennemann et al. (eds.), The Physics of Superconductors 
© Springer- Verlag Berlin Heidelberg 2004 




276 



E.W. Carlson et al. 



6.9 Lessons from Weak Coupling 344 

6.9.1 Perturbative RG Approach in D > 1 344 

6.9.2 Perturbative RG Approach in D = 1 348 

6.10 Lessons from Strong Coupling 351 

6.10.1 The Holstein Model of Interacting Electrons and Phonons . 352 

6.10.2 Insulating Quantum Antiferromagnets 354 

6.10.3 The Isolated Square 358 

6.10.4 The Spin Gap Proximity Effect Mechanism 361 

6.11 Lessons from Numerical Studies 

of Hubbard and Related Models 364 

6.11.1 Properties of Doped Ladders 365 

6.11.2 Properties of the two Dimensional t—J Model 377 

6.12 Doped Antiferromagnets 386 

6.12.1 Frustration of the Motion of Dilute Holes 

in an antiferromagnet 386 

6.12.2 Coulomb Frustrated Phase Separation and Stripes 394 

6.12.3 Avoided Critical Phenomena 396 

6.12.4 The Cuprates as Doped Antiferromagnets 398 

6.12.5 Additional Considerations and Alternative Perspectives 399 

6.13 Stripes and High Temperature Superconductivity 401 

6.13.1 Experimental Signatures of Stripes 403 

6.13.2 Stripe Crystals, Fluids, and Electronic Liquid Crystals 407 

6.13.3 Our view of the Phase Diagram — Reprise 410 

6.13.4 Some open Questions 414 

Acknowledgements 422 

References 423 



6.1 Introduction 

It is the purpose of our study to explore the theory of high temperature 
superconductivity. Much of the motivation for this comes from the study 
of cuprate high temperature superconductors. However, we do not focus in 
great detail on the remarkable and exciting physics that has been discovered 
in these materials. Rather, we focus on the core theoretical issues associated 
with the mechanism of high temperature superconductivity. Although our 
discussions of theoretical issues in a strongly correlated superconductor are 
intended to be self contained and pedagogically complete, our discussions of 
experiments in the cuprates are, unfortunately, considerably more truncated 
and impressionistic. 
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Our primary focus is on physics at intermediate temperature scales of 
order T c (as well as the somewhat larger “pseudogap” temperature) and 
energies of order the gap maximum, A$. Consequently (and reluctantly) we 
have omitted any detailed discussion of a number of fascinating topics in 
cuprate superconductivity, including the low energy physics associated with 
nodal quasiparticles, the properties of the vortex matter which results from 
the application of a magnetic field, the effects of disorder, and a host of 
material specific issues. 

Note, conventional superconductors are good metals in their normal states, 
and are well described by Fermi liquid theory and BCS theory. They also ex- 
hibit a hierarchy of energy scales, Ep ^ujd ^ kpTc, where Ep and hwo 
are the Fermi and Debye energies, respectively, and T c is the superconduct- 
ing transition temperature. Moreover, one typically does not have to think 
about the interplay between superconductivity and any other sort of col- 
lective ordering, since in most cases the only weak coupling instability of a 
Fermi liquid is to superconductivity. These reasons underlie the success of the 
BCS-Eliashberg-Migdal theory in describing metallic superconductors [1\. 

By contrast, the cuprate high temperature superconductors [2] (and var- 
ious other newly discovered materials with high superconducting transition 
temperatures) are highly correlated “bad metals,” [3, 4] with normal state 
properties that are not at all those of a Fermi liquid. Also the assumptions of 
BCS theory are violated by the high temperature superconductors. There is 
compelling evidence that the cuprates are better thought of as doped Mott 
insulators, rather than as strongly interacting versions of conventional met- 
als [5-7]. The cuprates also exhibit numerous types of low temperature order 
which interact strongly with the superconductivity, the most prominent be- 
ing antiferromagnetism and the unidirectional charge and spin density wave 
“stripe” order. These orders can compete or coexist with superconductiv- 
ity. Furthermore, whereas phase fluctuations of the superconducting order 
parameter are negligibly small in conventional superconductors, fluctuation 
effects are of order one in the high temperature superconductors because of 
their much smaller superfluid stiffness. 

Apparently, none of this complicates the fundamental character of the su- 
perconducting order parameter: it is still a charge 2e scalar field, although it 
transforms according to a nontrivial representation of the point group sym- 
metry of the crystal — it is a “d-wave superconductor.” At asymptotically low 
temperatures and energies, there is every reason to expect that the physics is 
dominated by nodal quasiparticles that are similar to those that one might 
find in a BCS superconductor of the same symmetry. Indeed, there is consid- 
erable direct experimental evidence that this expectation is realized [8-11]. 
However, the failure of Fermi liquid theory to describe the normal state and 
the presence of competing orders necessitates an entirely different approach 
to understanding much of the physics, especially at intermediate scales of or- 
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der UbTc , which is the relevant scale for the mechanism of high temperature 
superconductivity. 

It is the purpose of this paper to address the physics of high tempera- 
ture superconductivity at these intermediate scales. We pay particular atten- 
tion to the problem of charge dynamics in doped Mott insulators. We also 
stress the physics of quasi-one dimensional superconductors, in part because 
that is the one theoretically well understood limit in which superconductiv- 
ity emerges from a non-Fermi liquid normal state. To the extent that the 
physics evolves adiabatically from the quasi-one to the quasi-two dimen- 
sional limit, this case provides considerable insight into the actual problem of 
interest. The soundness of this approach can be argued from the observation 
that YBa 2 Cu 307 _a (YBCO) (which is strongly orthorhombic) exhibits very 
similar physics to that of the more tetragonal cuprates. Since the conduc- 
tivity and the superfluid density in YBCO exhibit a factor of 2 or greater 
anisotropy within the plane, [12,13] this material is already part way toward 
the quasi-one dimensional limit without substantial changes in the physics! 
In the second place, because of the delicate interplay between stripe and su- 
perconducting orders observed in the cuprates, it is reasonable to speculate 
that the electronic structure may be literally quasi-one dimensional at the 
local level, even when little of this anisotropy is apparent at the macroscopic 
scale. 

A prominent theme of this article is the role of mesoscale structure [14]. 
Because the kinetic energy is strongly dominant in good metals, their wave- 
functions are very rigid and hence the electron density is highly homogeneous 
in real space, even in the presence of a spatially varying external poten- 
tial ( e.g . disorder). In a highly correlated system, the electronic structure is 
much more prone to inhomogeneity [15-17], and intermediate scale structures 
(stripes are an example) are likely an integral piece of the physics. Indeed, 
based on the systematics of local superconducting correlations in exact so- 
lutions of various limiting models and in numerical “experiments” on t—J 
and Hubbard models, we have come to the conclusion that mesoscale struc- 
ture may be essential to a mechanism of high temperature superconducting 
pairing. (See Sections 6.10 and 6.11.) This is a potentially important guiding 
principle in the search for new high temperature superconductors. 

This is related to a concept that we believe is central to the mechanism of 
high temperature superconductivity: the condensation is driven by a lowering 
of kinetic energy. A Fermi liquid normal state is essentially the ground state 
of the electron kinetic energy, so any superconducting state which emerges 
from it must have higher kinetic energy. The energy gain which powers the 
superconducting transition from a Fermi liquid must therefore be energy of 
interaction — this underlies any BCS-like approach to the problem. In the 
opposite limit of strong repulsive interactions between electrons, the normal 
state has high kinetic energy. It is thus possible to conceive of a kinetic en- 
ergy driven mechanism of superconductivity , in which the strong frustration 
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of the kinetic energy is partially relieved upon entering the superconducting 
state [18-24]. Such a mechanism does not require subtle induced attractions, 
but derives directly from the strong repulsion between electrons. As will be 
discussed in Section 6.10, the proximity effect in the conventional theory of 
superconductivity is a prototypical example of such a kinetic energy driven 
mechanism: when a superconductor and a normal metal are placed in con- 
tact with each other, the electrons in the metal pair (even if the interactions 
between them are repulsive) in order to lower their zero point kinetic energy 
by delocalizing across the interface. A related phenomenon, which we have 
called the “spin gap proximity effect” [20,25] (see Section 6.10.4), produces 
strong superconducting correlations in t-J and Hubbard ladders [26], where 
the reduction of kinetic energy transverse to the ladder direction drives pair- 
ing. It is unclear to us whether experiments can unambiguously distinguish 
between a potential energy and a kinetic energy driven mechanism. (Recent 
papers by Molegraaf et al [27] and Santadner-Syro et al [28] present very 
plausible experimental evidence of a kinetic energy driven mechanism of su- 
perconductivity in at least certain high temperature superconductors.) But 
since the interaction between electrons is strongly repulsive for the systems in 
question, we feel that the a priori case for a kinetic energy driven mechanism 
is very strong. 

Our approach in this article is first to analyze various aspects of high 
temperature superconductivity as abstract problems in theoretical physics, 
and then to discuss their specific application to the cuprate high temperature 
superconductors. (While examples of similar behavior can be found in other 
materials, for ease of exposition we have focused on this single example.) 
We have also attempted to make each section self contained. Although many 
readers no doubt will be drawn to read this compelling article in its entirety, 
we have also tried to make it useful for those readers who are interested in 
learning about one or another more specific issue. The first eleven sections 
focus on theoretical issues, except for Section 6.4, where we briefly sketch 
the mechanism in light of our view of the phase diagram of the cuprate 
superconductors. In the final section, we focus more directly on the physics 
of high temperature superconductivity in the cuprates, and summarize some 
of the experimental issues that remain, in our opinion, unsettled. Except 
where dimensional arguments are important, we will henceforth work with 
units in which h = ks = 1. 



6.2 High Temperature Superconductivity 
is Hard to Attain 

We explore the reasons why high temperature superconductivity is so difficult 
to achieve from the perspective of the BCS-Eliashberg approach. Because 
of retardation, increasing the frequency of the intermediate boson cannot 
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significantly raise T c . Strong coupling tends to reduce the phase ordering 
temperature, and promote competing instabilities. 

Superconductivity in metals is the result of two distinct quantum pheno- 
mena: pairing and long range phase coherence. In conventional homogeneous 
superconductors, the phase stiffness is so great that these two phenomena 
occur simultaneously. On the other hand, in granular superconductors and 
Josephson junction arrays, pairing occurs at the bulk transition temperature 
of the constituent metal, while long range phase coherence, if it occurs at 
all, obtains at a much lower temperature characteristic of the Josephson cou- 
pling between superconducting grains. To achieve high temperature super- 
conductivity requires that both scales be elevated simultaneously. However, 
given that the bare interactions between electrons are strongly repulsive, it 
is somewhat miraculous that electron pairing occurs at all. Strong interac- 
tions, which might enable pairing at high scales, typically also have the effect 
of strongly suppressing the phase stiffness, and moreover typically induce 
other orders (magnetic, structural, etc.) in the system which compete with 
superconductivity. 

It is important in any discussion of the theory of high temperature su- 
perconductivity to have clearly in mind why conventional metallic super- 
conductors, which are so completely understood in the context of the Fermi 
liquid based BCS-Eliashberg theory, rarely have T c ’s above 15K, and never 
above 30K. In this section, we briefly discuss the principal reasons why a 
straightforward extension of the BCS-Eliashberg theory does not provide a 
framework for understanding high temperature superconductivity, whether in 
the cuprate superconductors, or in Ceo, or possibly even BaKBiO or MgB 2 - 

6.2.1 Effects of the Coulomb Repulsion 
and Retardation on Pairing 

In conventional BCS superconductors, the instantaneous interactions between 
electrons are typically repulsive (or at best very weakly attractive) — it is only 
because the phonon induced attraction is retarded that it (barely) dominates 
at low frequencies. Even if new types of intermediate bosons are invoked 
to replace phonons in a straightforward variant of the BCS mechanism, the 
instantaneous interactions will still be repulsive, so any induced attraction is 
typically weak, and only operative at low frequencies. 

Strangely enough, the deleterious effects of the Coulomb interaction on 
high temperature superconductivity has been largely ignored in the theoret- 
ical literature. The suggestion has been made that high pairing scales can 
be achieved by replacing the relatively low frequency phonons which medi- 
ate the pairing in conventional metals by higher frequency bosonic modes, 
such as the spin waves in the high temperature superconductors [29-32] or 
the shape modes [33,34] of Ceo molecules. However, in most theoretical treat- 
ments of this idea, the Coulomb pseudopotential is either neglected or treated 
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in a cavalier manner. That is, models are considered in which the instanta- 
neous interactions between electrons are strongly attractive. This is almost 
certainly [14, 20, 35-37] an unphysical assumption! 

In Section 6.9, we use modern renormalization group (RG) methods [38, 
39] to derive the conventional expression for the Coulomb pseudopotential, 
and how it enters the effective pairing interaction at frequencies lower than 
the Debye frequency, u>d. This theory is well controlled so long as ujd Ef 
and the interaction strengths are not too large. It is worth reflecting on a 
well known, but remarkably profound result that emerges from this analysis: 
As electronic states are integrated out between the microscopic scale Ef and 
the intermediate scale, u the electron-phonon interaction is unrenormal- 
ized (and so can be well estimated from microscopic considerations) , but the 
Coulomb repulsion is reduced from a bare value, /x, to a renormalized value, 

n* = n/[ 1 + /zlog (E F /u D )}- (6.1) 



Here, as is traditional, /x and /x* are the dimensionless measures of the in- 
teraction strength obtained by multiplying the interaction strength by the 
density of states. We define A in an analogous manner for the electron- 
phonon interaction. Thus, even if the instantaneous interaction is repulsive 
( i.e . A — fi < 0), the effective interaction at the scale ljd will nonetheless be 
attractive (A — ji* > 0) for u>d Ef • Below this scale, the standard RG 

analysis yields the familiar weak coupling estimate of the pairing scale T p : 



T p ~ u D exp[—l/(A - /I*)]. 



( 6 . 2 ) 



The essential role of retardation (an essential feature of the BCS mecha- 
nism) is made clear if one considers the dependence of T p on up: 



d log [Tp] _ 1 
d\og[u D \ 




(6.3) 



So long as we < Ep exp[— (1 — A)/A/x], we have ~ anc * 

is a linearly rising function of u>d, giving rise to the conventional isotope 
effect. (Recall, for phonons, dlog[u//)]/dlog[M] = —1/2.) However, when 
up > T p exp[l//z*], we have < an< ^ T p becomes a decreasing func- 

tion of cj£>! Clearly, unless ujd is exponentially smaller than Ef , supercon- 
ducting pairing is impossible by the conventional mechanism. (In the present 
discussion we have imagined varying up while keeping fixed the electron- 
phonon coupling constant, A = j^r — where C is proportional to the 

(squared) gradient of the electron-ion potential and K is the “spring con- 
stant” between the ions. If we consider instead the effect of increasing ojd at 
fixed G/M, it leads to a decrease in A and hence a very rapid suppression of 
the pairing scale.) 

This problem is particularly vexing in the cuprate high temperature su- 
perconductors and similar materials, which have low electron densities, and 
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incipient or apparent Mott insulating behavior. This means that screening of 
the Coulomb interaction is typically poor, and fi is thus expected to be large. 
Specifically, from the inverse Fourier transform of the k dependent gap func- 
tion measured [40] in angle resolved photoemission spectroscopy (ARPES) on 
Bi2Sr2CaCu208+<5, it is possible to conclude (at least at the level of the BCS 
gap equation) that the dominant pairing interactions have a range equal to 
the nearest neighbor copper distance. Since this distance is less than the dis- 
tance between doped holes, it is difficult to believe that metallic screening is 
very effective at these distances. From cluster calculations and an analysis of 
various local spectroscopies, a crude estimate [20] of the Coulomb repulsion 
at this distance is of order 0.5eV or more. To obtain pairing from a conven- 
tional mechanism with relatively little retardation, it is necessary that the 
effective attraction be considerably larger than this! 

We are therefore led to the conclusion that the only way a BCS mechanism 
can produce a high pairing scale is if the effective attraction, A, is very large 
indeed. This, however, brings other problems with it. 

6.2.2 Pairing vs. Phase Ordering 

In most cases, it is unphysical to assume the existence of strong attractive in- 
teractions between electrons. However, even supposing we ignore this, strong 
attractive interactions bring about other problems for high temperature su- 
perconductivity: 1) There is a concomitant strong reduction of the phase 
ordering temperature and thus of T c . 2) There is the possibility of competing 
orders. We discuss the first problem here, and the second in Section 6.2.3. 

Strong attractive interactions typically result in a large increase in the 
effective mass, and a corresponding reduction of the phase ordering temper- 
ature. Consider, for example, the strong coupling limit of the negative U 
Hubbard model [41] or the Holstein model [42], discussed in Section 6.10. 
In both cases, pairs have a large binding energy, but they typically Bose 
condense at a very low temperature because of the large effective mass of a 
tightly bound pair — the effective mass is proportional to \U\ in the Hubbard 
model and is exponentially large in the Holstein model. (See Section 6.10.) 

Whereas in conventional superconductors, the bare superfluid stiffness is 
so great that even a substantial renormalization of the effective mass would 
hardly matter, in the cuprate high temperature superconductors, the su- 
perfluid stiffness is small, and a substantial mass renormalization would be 
catastrophic. The point can be made most simply by considering the re- 
sult of simple dimensional analysis. The density of doped holes per plane 
in an optimally doped high temperature superconductor is approximately 
^ 2 d — 10 14 cm -2 . Assuming a density of hole pairs that is half this, and tak- 
ing the rough estimate for the pair effective mass, ra* = 2 ra e , we find a phase 
ordering scale, 



T 0 = h 2 n 2 d/2m* « 10~ 2 eV « 100 K . 



(6.4) 
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Since this is in the neighborhood of the actual T c , it clearly implies that 
any large mass renormalization would be incompatible with a high transition 
temperature. What about conventional superconductors? A similar estimate 
in a W = 10 A thick Pb film gives T e = h 2 n 3d W/2m* » leV" » 10,000AT! 
Clearly, phase fluctuations are unimportant in Pb. This issue is addressed in 
detail in Section 6.8. 

We have seen how T p and T$ have opposite dependence on coupling 
strength. (A general principle is proposed: “optimal” T c occurs as a crossover.) 
If this is a general trend, then it is likely that any material in which T c has 
been optimized has effectively been tuned to a crossover point between pair- 
ing and condensation. A modification of the material which produces stronger 
effective interactions will increase phase fluctuations and thereby reduce T c , 
while weaker interactions will lower T c because of pair breaking. In Section 
6.8 it will be shown that optimal doping in the cuprate superconductors 
corresponds to precisely this sort of crossover from a regime in which T c is 
determined by phase ordering to a pairing dominated regime. 

6.2.3 Competing Orders 

A Fermi liquid is a remarkably robust state of matter. In the absence of 
nesting, it is stable for a range of repulsive interactions; the Cooper insta- 
bility is its only weak coupling instability. (As long as the interactions are 
not too strong.) The phase diagram of simple metals consists of a high tem- 
perature metallic phase and a low temperature superconducting state. When 
the superconductivity is suppressed by either a magnetic field or appropriate 
disorder ( e.g . paramagnetic impurities), the system remains metallic down to 
the lowest temperatures. 

The situation becomes considerably more complex for sufficiently strong 
interactions between electrons. In this case, the Fermi liquid description of the 
normal or high temperature phase breaks down (whether it breaks down for 
fundamental or practical reasons is unimportant) and many possible phases 
compete. In addition to metallic and superconducting phases, one would gen- 
erally expect various sorts of electronic “crystalline” phases, including charge 
ordered phases ( i.e . a charge density wave — CDW — of which the Wigner 
crystal is the simplest example) and spin ordered phases (i.e. a spin density 
wave — SDW — of which the Neel state is the simplest example). 

Typically, one thinks of such phases as insulating, but it is certainly possi- 
ble for charge and spin order to coexist with metallic or even superconducting 
electron transport. For example, this can occur in a conventional weak cou- 
pling theory if the density wave order opens a gap on only part of the Fermi 
surface, leaving other parts gapless [43]. It can also occur in a multicompo- 
nent system, in which the density wave order involves one set of electronic 
orbitals, and the conduction occurs through others — this is the traditional 
understanding of the coexisting superconducting and magnetic order in the 
Chevrel compounds [44]. 
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Such coexistence is also possible for less conventional orders ( “Stripe” or- 
der). One particular class of competing orders is known loosely as “stripe” 
order. Stripe order refers to unidirectional density wave order, i.e. order which 
spontaneously breaks translational symmetry in one direction but not in oth- 
ers. We will refer to charge stripe order, if the broken symmetry leads to 
charge density modulations and spin stripe order if the broken symmetry 
leads to spin density modulations, as well. Charge stripe order can occur 
without spin order, but spin order (in a sense that will be made precise, 
below) implies charge order [45]. Both are known on theoretical and experi- 
mental grounds to be a prominent feature of doped Mott insulators in general, 
and the high temperature superconductors in particular [6,46-51]. Each of 
these orders can occur in an insulating, metallic, or superconducting state. 

In recent years there has been considerable theoretical interest in other 
types of order that could be induced by strong interactions. From the per- 
spective of stripe phases, it is natural to consider various partially melted 
“stripe liquid” phases, and to classify such phases, in analogy with the clas- 
sification of phases of classical liquid crystals, according to their broken sym- 
metries [52]. For instance, one can imagine a phase that breaks rotational 
symmetry (or, in a crystal, the point group symmetry) but not translational 
symmetry, i. e. quantum (ground state) analogues of nematic or hexatic liq- 
uid crystalline phases. Still more exotic phases, such as those with ground 
state orbital currents [53-58] or topological order [59], have also been sug- 
gested as the explanation for various observed features of the phenomenology 
of the high temperature superconductors. 

Given the complex character of the phase diagram of highly correlated 
electrons, it is clear that the conventional approach to superconductivity, 
which focuses solely on the properties of the normal metal and the pure 
superconducting phase, is suspect. A more global approach, which takes into 
account some (or all) of the competing phases is called for. Moreover, even 
the term “competing” carries with it a prejudice that must not be accepted 
without thought. In a weakly correlated system, in which any low temperature 
ordered state occurs as a Fermi surface instability, different orders generally 
do compete: if one order produces a gap on part of the Fermi surface, there are 
fewer remaining low energy degrees of freedom to participate in the formation 
of another type of order. For highly correlated electrons, however, the sign of 
the interaction between different types of order is less clear. It can happen 
[60] that under one set of circumstances, a given order tends to enhance 
superconductivity and under others, to suppress it. 

The issue of competing orders, of course, is not new. In a Fermi liquid, 
strong effective attractions typically lead to lattice instabilities, charge or spin 
density wave order, etc. Here the problem is that the system either becomes 
an insulator or, if it remains metallic, the residual attraction is typically weak. 
For instance, lattice instability has been seen to limit the superconducting 
transition temperature of the A15 compounds, the high temperature super- 
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conductors of a previous generation. Indeed, the previous generation of BCS 
based theories which addressed the issue always concluded that competing 
orders suppress superconductivity [44]. 

More recently it has been argued that near an instability to an ordered 
state there is a low lying collective mode (the incipient Goldstone mode of the 
ordered phase) which can play the role of the phonon in a BCS-like mecha- 
nism of superconductivity [29,61,62]. In an interesting variant of this idea, it 
has been argued that in the neighborhood of a zero temperature transition to 
an ordered phase, quantum critical fluctuations can mediate superconduct- 
ing pairing in a more or less traditional way [63,64,66]. There are reasons 
to expect this type of fluctuation mediated pair binding to lead to a depres- 
sion of T c . If the collective modes are nearly Goldstone modes (as opposed 
to relaxational “critical modes”), general considerations governing the cou- 
plings of such modes in the ordered phase imply that the superconducting 
transition temperature is depressed substantially from any naive estimate by 
large vertex corrections [67]. Moreover, in a regime of large fluctuations to 
a nearby ordered phase, one generally expects a density of states reduction 
due to the development of a pseudogap; feeding this psuedogapped density of 
states back into the BCS-Eliashberg theory will again result in a significant 
reduction of T c . 

6.3 Superconductivity in the Cuprates: 

General Considerations 

Some of the most important experimental facts concerning the cuprate high 
temperature superconductors are described with particular emphasis on those 
which indicate the need for a new approach to the mechanism of high tem- 
perature superconductivity. A perspective on the pseudogap phenomena and 
the origin of d-wave-like pairing is presented. 

While the principal focus of the present article is theoretical, the choice 
of topics and models and the approaches are very much motivated by our 
interest in the experimentally observed properties of the cuprate high tem- 
perature superconductors. In this section, we discuss briefly some of the most 
dramatic (and least controversial) aspects of the phenomenology of these ma- 
terials, and what sorts of constraints those observations imply for theory. As 
we are primarily interested in the origin of high temperature superconductiv- 
ity, we will deal here almost exclusively with experiments in the temperature 
and energy ranges between about T c /2 and a few times T c . 

Before starting, there are a number of descriptive terms that warrant 
definition. The parent state of each family of the high temperature super- 
conductors is an antiferromagnetic “Mott” insulator with one hole (and spin 
1/2) per planar copper [65]. These insulators are transformed into supercon- 
ductors by introducing a concentration, x , of “doped holes” into the copper 
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Fig. 6.1. Schematic phase diagram of a cuprate high temperature superconductor 
as a function of temperature and x — the density of doped holes per planar Cu. 
The solid lines represent phase transitions into the antiferromagnetic (AF) and 
superconducting (SC) states. The dashed line marks the opening of a pseudogap 
(PG). The latter crossover is not sharply defined and there is still debate on its 
position; see Refs. [82,83] 



oxide planes. As a function of increasing #, the antiferromagnetic transition 
temperature is rapidly suppressed to zero, then the superconducting transi- 
tion temperature rises from zero to a maximum and then drops down again. 
(See Fig. 6.1.) Where T c is an increasing function of x, the materials are 
said to be “underdoped.” They are “optimally doped” where T c reaches its 
maximum at x « 0.15, and they are “over doped” for larger x. In the under- 
doped regime there are a variety of crossover phenomena observed [82,83] at 
temperatures above T c in which various forms of spectral weight at low en- 
ergies are apparently suppressed — these phenomena are associated with the 
opening of a “psuedogap.” There are various families of high temperature su- 
perconductors, all of which have the same nearly square copper oxide planes, 
but different structures in the regions between the planes. One characteristic 
that seems to have a fairly direct connection with T c is the number of copper- 
oxide planes that are close enough to each other that interplane coupling may 
be significant; T c seems generally to increase with number of planes within a 
homologous series, at least as one progresses from “single layer” to “bilayer,” 
to “trilayer” materials [4,84]. 
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6.3.1 A Fermi Surface Instability Requires a Fermi Surface 

As has been stressed, for instance, by Schrieffer [1], BCS theory relies heavily 
on the accuracy with which the normal state is described by Fermi liquid 
theory. BCS superconductivity is a Fermi surface instability, which is only a 
reasonable concept if there is a well defined Fermi surface. BCS-Eliashberg 
theory relies on the dominance of a certain class of diagrams, summed to 
all orders in perturbation theory. This can be justified from phase space 
considerations for a Fermi liquid, but need not be valid more generally. To 
put it most physically, BCS theory pairs well defined quasiparticles, and 
therefore requires well defined quasiparticles in the normal state. 

There is ample evidence that in optimally and underdoped cuprates, at 
least, there are no well defined quasiparticles in the normal state. This can 
be deduced directly from ARPES studies of the single particle spectral func- 
tion [85-92], or indirectly from an analysis of various spin, current, and den- 
sity response functions of the system [3,4]. (Many, though not all, of these 
response functions have been successfully described [93-95] by the “marginal 
Fermi liquid” phenomenology.) Because we understand the nature of a Fermi 
liquid so well, it is relatively straightforward to establish that a system is a 
non-Fermi liquid, at least in extreme cases. It is much harder to establish the 
cause of this behavior — it could be due to the proximity of a fundamentally 
new non-Fermi liquid ground state phase of matter, or it could be because the 
characteristic coherence temperature, below which well defined quasiparticles 
dominate the physics, is lower than the temperatures of interest. Regardless 
of the reason for the breakdown of Fermi liquid theory, a description of the 
physics at scales of temperatures comparable to T c can clearly not be based 
on a quasiparticle description, and thus cannot rely on BCS theory. 

6.3.2 There is no Room for Retardation 

As stressed in Section 6.2.1, retardation plays a pivotal role in the BCS mech- 
anism. In the typical metallic superconductor, the Fermi energy is of order 
lOeV, while phonon frequencies are of order 10 -2 eV, so Ef/wd ~ 10 3 ! Since 
the renormalization of the Coulomb pseudopotential is logarithmic, this large 
value of the retardation is needed. In the cuprate superconductors, the band- 
width measured in ARPES is roughly E F « 0.3eV — this is a renormalized 
bandwidth of sorts, but this is presumably what determines the quasiparticle 
dynamics. Independent of anything else, the induced interaction must clearly 
be fast compared to the gap scale, up > 2Ao, where Aq is the magnitude 
of the superconducting gap. From either ARPES [96, 97] or tunnelling [98] 
experiments, we can estimate 2Ao ~ 0.06eV. Thus, a rough upper bound 
Ef/wd < Ef/2Aq ~ 5 can be established on how retarded an interaction in 
the cuprates can possibly be. That is almost not retarded at all! 




288 



E.W. Carlson et al. 



6.3.3 Pairing is Collective! 

For the most part, the superconducting coherence length, £o> cannot be di- 
rectly measured in the high temperature superconductors because, for T 
T c , the upper critical field, H c 2 , is too high to access readily. However, it 
can be inferred indirectly [99-103] in various ways, and for the most part 
people have concluded that £0 is approximately 2 or 3 lattice constants in 
typical optimally doped materials. This has lead many people to conclude 
that these materials are nearly in a “real space pairing” limit [104-108], in 
which pairs of holes form actual two particle bound states, and then Bose 
condense at T c . This notion is based on the observation that if x is the den- 
sity of “doped holes” per site, then the number of pairs per coherence area, 
N 0 = (l/2)x7r£n/a 2 , is a number which is approximately equal to 1 for “op- 
timal doping,” x « 0.15 — 0.20. 

However, there are strong a priori and empirical reasons to discard this 
viewpoint. 

On theoretical grounds: In a system dominated by strong repulsive inter- 
actions between electrons, it is clear that pairing must be a collective phe- 
nomenon. The Coulomb interaction between an isolated pair of doped holes 
would seem to be prohibitively large, and it seems unlikely that a strong 
enough effective attraction can emerge to make such a strong binding pos- 
sible. (Some numerical studies of this have been carried out, in the context 
of ladder systems, by Dagotto and collaborators [109].) Moreover, it is far 
from clear that the dimensional argument used above makes any sense: Why 
should we only count doped holes in making this estimate? What are the 
rest of the holes doing all this time? If we use the density of holes per site 
(1 + x), which is consistent with the area enclosed by the Fermi surface seen 
in ARPES [110], the resulting N p is an order of magnitude larger than the 
above estimate [111]. 

On experimental grounds: The essential defining feature of real space 
pairing is that the chemical potential moves below the bottom of the band. 
Incipient real space pairing must thus be associated with significant motion 
of the chemical potential toward the band bottom with pairing [104,105,113, 
114]. However, experimentally, the chemical potential is found to lie in the 
middle of the band, where the enclosed area of the Brilloin zone satisfies 
Luttinger’s theorem, and no significant motion at T c (or at any pseudogap 
temperature in underdoped materials) has been observed [115-119]. This fact, 
alone, establishes that the physics is nowhere near the real space pairing limit. 

6.3.4 What Determines the Symmetry of the Pair Wavefunction? 

Independent of but contemporary with the discovery of high temperature 
superconductivity in the cuprates, Scalapino, Loh, and Hirsch [120], in a 
prescient work suggested the possibility of superconductivity in the two di- 
mensional Hubbard model in the neighborhood of the antiferromagnetic state 




